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ABSTRACT: Crystal growth of MgSO4 aqueous solution on a cooled surface has been studied theoretically and experimentally.
The excess entropy production rate for heat and mass transport into, out of, and across the interface was used to define the fluxes
and forces of the system. The method describes the interface as a separate (two-dimensional) phase in local equilibrium. Coupled
heat and mass flux equations from non-equilibrium thermodynamics were defined for crystal growth and the temperature jump at
the interface of the growing crystal. All interface transfer resistivities were determined using MgSO4 ·7H2O crystallization on a
cooled surface as an example case. The coupling coefficient showed that between 20 and 30% of the enthalpy of crystallization is
returned to the liquid side during crystal growth. The coupling of heat and mass transport equations at the liquid-solid interface has
not been described before.

Introduction

We assume a crystal growing on a cooled solid surface from an
aqueous solution. Furthermore, we consider only the flat parts of
the growth layers on the crystal surface, that is, we disregard steps
and kinks, and surface integration phenomena, for a moment. Then
it can be expected that coupled heat and mass transfer effects, when
calculated with the Onsager equations, will, in principle, be
noticeable and will lead to a temperature jump at the interface,1

apart from the regular thermal and concentration diffusion boundary
layers. Using the crystallization of MgSO4 ·7H2O on a cooled metal
surface covered with a Thermochromatic Liquid Crystal (TLC)
sheet as an example case, we distinguish between the following
thermodynamic phases: the homogeneous solution phase, the crystal
phase, the TLC covered metal phase, the interfaces between the
homogeneous phases (described as two-dimensional), which are
the solid-solid interface between the crystal and TLC covered
metal, and the liquid-solid interface between the liquid and the
crystal. In this work we neglect the contribution of the solid-solid
interface between crystal and TLC covered metal.

First, the equations of transport of heat and mass through
this series of layers, and their application and predictions are
set up. All transport equations are in principle governed by the
second law of thermodynamics. The theory of non-equilibrium
thermodynamics can be used to derive, in a systematic manner,
these rate equations, including those which apply to the interface
assuming that the second law remains valid locally. We shall
document here a temperature jump at the crystal interface during
the crystallization of MgSO4 ·7H2O. The jump is predicted by
irreversible thermodynamics. We can thus interpret the measured
temperature jump and give the surface transfer resistivities.

General expressions for the excess entropy production rate of
an interface were derived a long time ago 2-4 for curved interfaces
that were allowed to move in space and change their curvature.
Such an analysis is rather complicated, and simplifications are
required. A first attempt to use non-equilibrium thermodynamics

in the description of crystallization was made by Ratkje and
Flesland5 in their studies of freeze concentration of ice from an
aqueous solution. That study, however, did not take into account
the heterogeneous nature of the problem which is essential.6 Badam
et al. recent measured the temperature jump in the liquid vapor
interface and showed the importance of the coupling coefficient.7

We are now able to take advantage of the 1996 results of
Kjelstrup and Bedeaux in their development of coupled transport
equations for a planar liquid-vapor interface and include the
heterogeneous nature of the system.8 An interface does not exist
without its bounding phases, and the transport processes in
question therefore address a heterogeneous system: the system
made up by two homogeneous phases and the interface between
these two phases. One may still question the need to invoke
this level of detail in the description, but we shall see that this
is the only way to describe properly the simultaneous transport
of heat and mass in a way that is consistent with the second
law of thermodynamics.

The aim of this work is to estimate the magnitude of the
temperature jump and to quantify the effect of the coupling of
heat and mass transport.

The paper is organized as follows. After a description of the
coupled transport of heat and mass in terms of non-equilibrium
thermodynamics across some heterogeneous layers in the Theory
section, we describe an experimental system and experiments
to test the theory in the Experimental Section. The data analysis
methodology is described in the Data Analysis section. Results
from measurements of temperature differences across the layers,
a discussion and a comparison with other theoretical methods
of data reduction are done in the Results and Discussion part.
We conclude with the general perspectives on the method.

Theory

System Description. A schematic drawing of the crystal-
lization system just on the cooled surface is shown in Figure
1a. The homogeneous liquid phase is indicated by (l), the crystal
phase by (s). The area between the solution and the crystal layers
is called interface (i), having a thickness of δi though it is
considered thermodynamically as a two-dimensional phase. In
Figure 1a, the variation of the MgSO4 concentration is shown
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from liquid to solid phase. The x-axis of Figure 1a has
coordinates for concentration in kmol m-3, whereas the y-axis
has coordinates in variable µm.

The three homogeneous phases, the TLC covered metal phase,
the crystal phase, and the solution phase, have all a thickness
of the order of millimeters. The interface between the crystal
and the TLC covered metal does not involve any mass flux,
and the contact resistance to heat transport through this layer
will be neglected.

Excess Densities for the Surface. In a macroscopic descrip-
tion, not only the homogeneous phases but also the interface
(between the solution and the crystal) is a separate thermo-
dynamic phase system. The thermodynamic properties of the
interface are given by the values of the excess densities as
defined by Gibbs.9 Excess concentration means the integral
of the concentration above (or below) the values of the nearby
phases. The location of the equimolar interface is such that
the surplus of moles of the component on one side of the
interface is equal to the deficiency of moles of the component
on the other side of the interface. The value of these densities
and the location of the interface will be defined through the
example of a liquid-solid interface in the crystallization
system. Figure 1b shows the equimolar surface of
MgSO4 · 7H2O by the horizontal line at i.

Calculation and determination of the location of this plane
(for excess surface concentration, excess density, excess internal
energy, excess enthalpy, the surface tension, and the excess
entropy) are explained in detail elsewhere.10

Heat and Mass Transport, and the Entropy Production
Equations for Crystallization. For analyzing crystallization of
the MgSO4 ·7H2O salt on the heat exchanger surface, the heat
and mass transfer equations must be defined from the entropy
production for three different regions, that is, at points “s”, “l”,
and “i” to obtain the temperature, concentration, and heat and
mass flux profiles.

1. Salt Layer “s”. The frame of reference for the transport
of heat and mass is the interface of the salt crystals growing at
the wall into the solution, so the observer is moving with the
interface. Transport (through the interface) from the solution
into the cold wall is chosen to be the positive direction of
transport.

Mass transport for “s”: The mass flux into the interface is
an aqueous solution, and out are the salt crystals. At this stage
mass conservation is valid, giving

Jl ) Js (1)

The mass flux is calculated by the measured crystal growth
rate (Vsalt) using,

Js )FsaltV
salt (2)

Heat transport in “s”: The heat flux into the salt can be
determined on the coolant side when the salt is growing on the
wall. From the energy balance of the coolant, we define the
total heat going though the wall (J′q) is equal to the heat flux
through the salt (J′sq).

Jq
′ ) Jq

′s (3)

Entropy production for “s”: The entropy production of the
salt is,

σs ) Jq
′s d

dx(1
T) (4)

The pure salt only has heat transport. We use Fourier’s law
as the linear law for heat transport, giving

Jq
′s )-λsaltdT

dx
(5)

Having constant heat flux and thermal conductivity, the
temperature profile of the salt on the TLC surface would be

Ts - TTLC ) δsalt

λsalt
Jq
′s (6)

If we include the heat exchanger metal wall and the thermo
liquid crystal (TLC) coating layer as well,

Ts - Tc ) (δsalt

λsalt
+ δTLC

λTLC
+ δwall

λwall)Jq
s (7)

2. Liquid Layer “l”. Entropy production for “l”: In the
liquid side of the interface, the entropy production has two terms,
namely, heat flux and mass flow rate.

σl ) Jq
′l d
dx(1

T)- Jl1
T

dµT,salt-aq

dx
(8)

The heat and mass transport and the entropy production
equations for the liquid layer in front of the interface are defined
with the following equations:

Mass transport for “l”: Mass flux on the salt side calculated
via eq 2 and, because of the mass conservation assumption, mass
flux on the liquid side (Jl) is found via eq 1.

Heat transport for “l”: The heat flux for the related layer is
defined in similar form to that for the salt layer given in eq 5:

Jq
′l )-λsalt-aqdT

dx
(9)

Equation 9 gives a continuous profile away from the surface.
We have then neglected the coupling of heat and mass in the
solution. The Soret coefficient in liquids is small in many cases.

Figure 1. (a) Variation in the molar density of the crystal % MgSO4 ·7H2O; (b) Determination of position of the equimolar surface of MgSO4

crystallization; the areas between the curve and the bulk densities on both sides of the lines are the same.

B Crystal Growth & Design, Vol. xxx, No. xx, XXXX Genceli et al.



3. Interface “i”. In the crystallization system, the interface
is the most interesting layer compared to the others as all the
reaction takes place over the interface. The layer is defined as
a two-dimensional thermodynamic system by excess densities
explained under Theory in the System Description.

Extrapolating the measured temperature profiles both from
the solid side and from the liquid side up to their contact point
(the interface) shows the temperature discontinuity across the
solid-liquid interface. We chose the interface at the equimolar
surface of the salt.

Heat and mass transport for “i”: At the interface, the energy
conservation for one-dimensional transport gives,

Jq
′s + JHcryst

s ) Jq
′l + JHcryst

l

Jq
′s ) Jq

′l +∆HcrystJ

J(Hcryst
s -Hcryst

l )) Jq
′l - Jq

′s < 0 (10)

In eq 10, it is seen that the enthalpy of crystallization can
partly be transported into the salt J′sq > 0 and partly be going
back into the mother liquid J′ lq < 0. The relative fraction of
the enthalpy of crystallization carried by the fluxes at uniform
temperature is given by the resistance to heat transfer and the
so-called heats of transfer, see definitions below.

Entropy production for “i”: The entropy production for the
interface has three terms at the steady state. Two of them are
from the heat conduction in and out of the interface and one
from the mass transport across it.1 The entropy production for
the salt in the interface could be defined as follows,

σi ) Jq
′s∆i,s(1

T)+ Jq
′l∆l,i(1

T)- J
1

Ti
∆l,sµT(Ti) (11)

The expression for the entropy production given in eq 11 is
valid for crystal growth. The subscript “i,s” means that the
difference is taken between the salt and the surface, the subscript
“l,i” means a difference between the surface and the solution,
while “l,s” means across the surface (i.e., between salt and the
solution). As the mass flux of the salt into and out of the surface
is constant, the chemical driving force into and out of the surface
were combined. Because of the inequality J′sq * J′ lq, the other
terms in eq 11 can not be combined in the similar way. The
expression describes all energy lost as heat at the interface.

It is not convenient to have a driving force depending on the
temperature of the surface. By introducing the energy balance
into the entropy production and by using the identity given in
eq 12, both the surface temperature and one of the heat fluxes
could be eliminated from eq 11.

1

Ti
∆l,sµT(Ti)) 1

Ti
(µs(Ti)- µl(Ti))) 1

Tl(µs(Tl)- µl(Tl)+

(Hs -Hl)( 1

Ti
- 1

Ts)) (12)

The entropy production for the interface could be rewritten
in the following form

σi ) Jq
′s∆l,s(1

T)+ J(- 1

Tl
∆l,sµT(Tl)) (13)

The thermodynamic driving forces for transport of heat and
mass from the entropy production are as follows:

∆l,s(1
T)) 1

Ts
- 1

Tl
)

∆s,lT

TlTs
≈

∆s,lT

(Tl)2
)-

∆l,sT

(Tl)2

- 1

Tl
∆l,sµT(Tl))-RTl

Tl
ln

as(Tl)

al(Tl)
)-R ln

as(Tl)

al(Tl)
(14)

The activity of the salt in the liquid is given at the liquid
temperature near the surface, at Tl. Since the activity of the salt
is more difficult to obtain, the activity of the liquid that would
have been in equilibrium with the salt at the temperature Tl is
taken in eq 14. The activity is calculated from the saturation
curve using the Pitzer Model.

Equations of Transport for Crystal Growth. For the surface
there is a linear relation between the thermodynamic forces and
the conjugate fluxes. In steady state, force-flux relations between
the interface (i) and the salt side (s) in terms of resistivities can
be written for constant mass flux and almost constant heat flux
as follows:

-
∆l,s(T)

(Tl)2
)Rqq

i,sJq
′s +Rq,µ

i,s J

- 1

Tl
∆l,sµT(Tl))Rµq

i,sJq
′s +Rµµ

i,s J (15)

These equations express that there are jumps in the intensive
variables like the temperature and the chemical potential at the
surface and that Ti * Ts, Tl as seen in Figure 1b. This fact is
normally not taken into account in the description of phase
transitions.11,12 In eq 15, Rqq

i,s and Rµµ
i,s are the two main

interface resistivities to heat and mass transfer respectively; and
Rqµ

i,s and Rµq
i,s are the coupling film resistivities for the interface.

According to Onsager relations Rqµ
i,s ) Rµq

i,s are equal. The
“heat of transfer” q*i,s for the salt side of the surface is defined
by the coefficient ratio.

q∗i,s ≡(Jq
′s

J )
Ts)Tl

)-
Rqµ

i,s

Rqq
i,s

(16)

By eq 16, the stationary state heat flux equation is defined as
follows:

Jq
′s )- 1

Rqq
i,s

∆l,s(T)

(Tl)2
+ q∗i,sJ (17)

Substituting eq 10 into eq 15 and using eq 12, we obtain the
following relations between the resistivities for the salt side and
the liquid side heat flux:1,13

Rqq
i,s )Rqq

i,l

Rqµ
i,s )Rµq

i,s )Rqµ
i,l -∆HcrystRqq

i,l

Rµµ
i,s )Rµµ

i,l - 2∆HcrystRµq
i,l + (∆Hcryst)

2Rqq
i,l (18)

The heat transfer coefficient ratio q*i,l for the liquid side of
the surface is defined by

q/i,l ≡(Jq
′l

J )
Ts)Tl

)-
Rqµ

i,l

Rqq
i,l

(19)

Equation 20 is derived from eqs 16 and 19 which shows that
the assumption of zero cross coefficients violates thermodynamic
laws.1

q/i,s - q/i,l )∆Hcryst (20)

The fraction of enthalpy carried out via the cooled surface
into the salt is defined with the parameter k,

Crystallization of MgSO4 ·7H2O on a Cooled Surface Crystal Growth & Design, Vol. xxx, No. xx, XXXX C



k) q/i,s

∆Hcryst
(21)

Experimental Section

Experimental Setup and Sampling. The schematic drawing of the
10 L crystallizer and the experimental setup used in this study are shown
in Figure 2. The top and the vertical sides of the crystallizer are
transparent. The bottom surface of the crystallizer consisted of a vertical
metal wall used as heat exchanger to regulate the bulk temperature.
The crystallizer was indirectly cooled via circulating ethylene glycol
from the Lauda RK 8 KP cooling machine through the heat exchanger.
The temperature of the cooling machine was controlled with an accuracy
of ( 0.1-0.5 °C.

The temperature of inlet (Tc
in) and outlet (Tc

out) of the coolant to
crystallizer and bulk solution temperatures at four locations in the
crystallizer (1.7 mm, T1, 6.7 mm, T2, 11.7 mm, T3, and 25 cm, T4,
away from the bottom surface) were measured with ASL F250 precision
thermometer connected to PT-100 temperature sensors with an accuracy
of ( 0.01 °C and resolution up to ( 0.001 °C at every 2 s. The
temperature and coolant flow rate data were collected in a computer
using the Lab-View data acquisition program. The experimental system
was thermally insulated wherever appropriate besides the top part.

The temperature at the bottom surface wall (Tw) was screened by a
thermochromatic liquid crystal (TLC, Hallcrest R33C1W) sheet layer
placed over it. TLC, changes its color with temperature, with a working
range between 33-34 °C. The TLC-sheet is illuminated using a slide
projector with a halogen lamp (color temperature 3400 °K, 320 W).
Its light is passed through a linear polarizing filter, and then projected
via a mirror onto the bottom of the tank under an angle of incidence of
75°. The tank bottom was observed from above through a second
polarizer using a Canon Powershot S2 IS digital photo camera. The
two polarizers suppress unwanted reflections on the water surface and
small scratches in the TLC-sheet, resulting in more saturated TLC-
reflected colors. Inline color screening of TLC surface photographic
image series (jpeg-compressed, 2592 ×1944 px) were recorded and
transferred to a PC every 2 s, on which further image processing was
done using MatLab, v. 6.0.14

The concentration profile within the crystallizer was defined through
the solution samples collected from the syringes connected to the wires
attached next to the four temperature sensors located at 1.7 mm, 6.7
mm, 11.7 mm, and 25 cm away from the bottom surface. Collected
sample concentrations were determined offline using Inductive Coupled
Plasma Atomic Emission Spectrometry (ICP-AES) and Ion Chromato-
graph with an error of (2.5% and pycnometer density measurement
with an error of (0.15 wt %.

The surface of the crystallizer shown in Figure 2 is magnified in
Figure 3. The temperatures at the cooled surface, metal wall, TLC
surface and on salt surface layers are labeled as Tc, Tw, TTLC, and Ts

correspondingly. The thickness of the stainless steel 316 metal wall

and TLC are 1 mm and 0.13 mm respectively. The interface thickness
(δi) is not known. The interface temperature on the liquid side (Tl) is
determined by linear extrapolation of the liquid temperature to the salt
interface.

Chemicals. A 29.72 wt % MgSO4 solution, prepared with 99.99 wt
% MgSO4 ·7H2O (J.T. Baker), and ultra pure water of 18.2 mΩ were
used in the experimental setups.

Experimental Procedure. Calibration. Calibration of the TLC-
colors was done in situ during a gradual cool-down and heat-up
procedure. Preheated MgSO4 solution was fed into the crystallizer.
When T1, the first temperature sensor in the bulk, and Tw, the metal
stainless steel metal plate temperature, readings were stabilized at the
same value, the picture of the TLC surface was taken. The Red-Green-
Blue (RGB) image files were mapped to Hue-Saturation-Intensity (HSI)
files using MatLab’s rgb2hsv procedure. On the basis of the Hue values
H, we obtained a one-to-one relationship (“calibration curve”) for T
versus H (provided 32.5 °C < T < 36 °C), which was shown to hardly
depend on illumination intensity and with an accuracy of (0.03 °C.14

This procedure was repeated many times for absolute TLC color
temperature assignment.

Experiment. The preheated MgSO4 solution was fed into the
crystallizer and stabilized at 37 °C for 10 min. When a homogeneous
temperature profile was achieved, the solution was cooled down
indirectly through the crystallizer’s bottom wall as heat flows from the
solution to the coolant. Under steady-state conditions and in the pres-
ence of any crystals, the temperature profile and the heat flux from the
solution into the coolant were continuous. The saturation temperature
of the solution for the related MgSO4 concentration was calculated to
be 35.7 °C.11 When the solution was cooled below its saturation
temperature, MgSO4 ·7H2O crystallization nucleation on the cold surface
was initiated via seeding. As the epsomite crystallization process is
exothermic and generated heat into the system, the temperature profile
and the heat flux were not continuous anymore. A temperature jump
was seen at the locations where crystals nucleate and grow. The
crystallization on the cooled surface is visualized by the naked eye
and by digital pictures. The temperature jump in the interface because
of nucleation and growth of MgSO4 ·7H2O crystals was confirmed by
the calculations using the values of TLC and temperature sensor
measurements.

Data Analysis

The salt surface temperature (Ts) was derived from the coolant
heat flux given in eq 6, whereas the liquid side temperature
(Tl) was calculated via linear extrapolation from the temperature
sensor readings located in the bulk (T1, T2, T3) to the interface
thickness.

TLC temperature values for crystal growing areas and
crystals-free areas were extracted from the pictures.

Figure 2. The schematic view of the experimental setup.
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The thickness of the salt (δs) growing into the liquid direction
and the mass flux (J) of the crystals were estimated using four

different approaches all of which overlap perfectly well with
each other. These approaches were using the Image J program
for measuring the crystal size changes in time, weighing the
crystal amount at the end of the experiment, and also doing
concentration measurement in the beginning and at the end of
the experiment and extracting the mass flux value from eq 10.

The chemical potential difference in eq 15 was calculated
using Pitzer model.15 The various equations and the constants
needed in the calculations are presented in the Appendix.

Results and Discussion

In Figure 4, single (a) and (c) MgSO4 ·7H2O crystal photos
on the TLC surface are presented. The transparency property
of MgSO4 ·7H2O crystals allows us to follow the temperature
profiles of the TLC surface both on crystal-free and for the
crystal covered areas. Undistinguished crystal borders on the
post-processing temperature images (b) and (d) support this fact.
The part of the heat (due to heat of crystallization) evolved in
the crystal side is transferred both under and near the borders
of the crystal on the TLC.

Crystallization is a dynamic process in which molecules or
ions dissolve and absorb on the crystal surface simultaneously
during growth. Therefore warmer or colder temperature readings
under the crystals compared to the surrounding is possible before

Figure 3. Magnified view (figure is not drawn proportional to its origin)
of the surface of Figure 2; k, fraction of the enthalpy of crystallization
carried out via the cooled surface, see eq 21.

Figure 4. (a, c) Picture of single crystals (labeled 1 to 7) on the TLC surface; (b, d) crystals post-processing temperature images on the TLC
surface; 1 pixel is 65 µm.
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stationary state conditions are established and can be detected
in the post-processing temperature images. Figure 4a-d is an
example of presenting the single crystal temperature reading
on the TLC. It is seen in the photos in panels a and c under the
crystals numbered 1 and 6; the temperature readings are warmer
than the surroundings crystal free area. However, for the crystals
numbered 2-5 and 7, the under crystal temperature readings
are colder than their surroundings. Additionally, the different
optical properties, such as the refractive index and the morphol-
ogy of the crystal, may affect the subjected crystal temperature
readings.

The effect of heat generated from the heat of crystallization
and transported through the crystal is not only conducted under
the crystal but also evolved in the horizontal direction of the
TLC. Therefore, the TLC temperature reading collected near
the crystals does not represent the TLC temperature reading
for crystal free area.

Taking into account all those facts, the temperature data
collection from TLC readings using single crystal values was
avoided. Instead, the representative temperature readings were
collected for the same moment from two different areas covered
with and without crystals. By using crystal group aVerage
temperature Values, these little variations due to the optical
properties and heat distribution in the horizontal direction of
the TLC are minimized and included in the accuracy of (0.03

°C. In Figure 5e a photo for the crystal-free area is presented,
and in Figure 5f, its post-processing temperature images are
presented. The averaged TLC temperature reading for crystal
free areas for this moment is determined as 33.6 °C. For the
same moment, an area covered with crystals and its post-
processing temperature image are also presented in panels g
and f of Figures 5, respectively, with an average temperature
reading value of 33.75 °C.

The interface, salt layer, T1 and T2 locations versus time are
shown in Figure 6. The time zero refers just after the seeding
moment.

The temperature readings and the results obtained following
the procedure described in the Data Analysis section are
presented in Figure 7. Temperature jumps across the interface
Tl - Ts are calculated 0.2 °C.

The indications of consistency of our measurement are listed
below.

-The coolant inlet temperature has lower values than the
coolant outlet temperature.

-The measured wall and calculated wall temperatures were
always equal to each other.

-The TTLC-without crystal (crystal free area on TLC) temperature
measurements were constant during the entire experiment.

-As discussed before, the crystals shapes can not be detected
in the TLC post-processing temperature images (see Figures

Figure 5. Picture of crystal free (e) and crystal covered (g) areas on the TLC surface and their post-processing temperature images (f, h); 1 pixel
is 65 µm.
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4a-d). This is due to the transparency property of the
MgSO4 ·7H2O crystals. This property allows us to use temper-
ature readings under the crystals.

The heat of transfer for the salt side divided by the enthalpy
of crystallization, the ratio k, was presented in Figure 8. The
ratio is calculated using the coupling coefficient ratio over the
resistivity to heat transfer at zero salt growth formulated in eq
16.

In crystallization calculations11,12 it is frequently assumed that
all of the heat of crystallization is transferred into the cold side
(i.e., to the salt side). In Figure 8, the calculated heat of transfer
divided by the enthalpy of crystallization q*i,s/∆H is presented
to show the error one can incur using this assumption. It is clear
that typically 70-80% of this heat is transferred into the solid
side whereas 20-30% of this latent heat is released and is
transferred back into the liquid side during MgSO4 ·7H2O
crystallization. The assumption of sending all the heat of the

phase transition to the cold side may be quantified by this
method of description. While the error may not seem very big
in this case, it is case dependent and might well be larger in
other systems.

The description allows also for the calculation of Rµµ, the
interface mass resistivity, using eq 15 and the coupling
coefficients Rqµ) Rµq. By taking advantage of the Onsager set
of equations, we have a new alternative to overcome (resolve)
the difficulty of finding the temperature jump in the absence of
a heat flux.

In Table 1, calculated driving forces and the coefficients for
one time period during the experiment are presented. The input
values are shown in the Appendix (Tables 2 and 3). The
interface resistivity coefficients for heat transfer (Rqq) and mass
transfer (Rµµ) are calculated as 2.1 × 10-7 m2 K-1 W-1 and
1.26 × 103 J m2 s K-1 mol-2, respectively. The coupling film
resistivity coefficients (Rqµ ) Rµq) are calculated to be -3.88
× 10-3 m2 s K-1 mol-1.

It is now possible to calculate the minimum chemical driving
force or degree of supersaturation at the temperature near the
phase boundary that is needed to overcome the temperature jump
before crystallization can take place. We obtain from eq 15 for
J ) 0 the criteria to have MgSO4 ·7H2O crystallization:

∆s,l(T)

Tl
e 0.5 × 10-4∆µT(Tl) (22)

This inequality explains that crystallization may be hindered
not only by the activation energy but also by the thermal force
acting in an unfavorable way. Such a relation may help us to
explain scaling formation on cold surfaces.

From eq 15 a relation between the coolant side heat flux and
mass flux can be derived.

J)- 1

Tl
∆µT(Tl)

1

Rµµ
i,s
-

Rµq
i,s

Rµµ
i,s

Jq
′s (23)

Equation 23 shows that a bigger heat flux on the salt side
promotes crystallization. In other words, when the cooling rate
is larger, the growth rate of the crystals increases. Mass transfer
on to the crystal surface becomes more difficult if ∆s,l(T)
becomes too large, and Jq

′s is reduced at the cost of Jq
′l.

An analogy can be derived between diffusion coefficient
(DAB) and mass resistivity (Rµµ). The general molar mass transfer
flux (NA′) relation according to Fick’s law presented in eq 24 is
proportional to the molar concentration gradient (∆CA/∆z) and
the diffusion coefficient (DAB).16

Figure 6. Location of T1, T2 temperature sensors and Ts, Tl temperature
locations versus time.

Figure 7. Coolant (Tinlet, Toutlet), TTLC-without crystal, Ts, and Tl temperatures
versus time.

Figure 8. Fraction of the enthalpy of crystallization that returns to the
solid side.

Table 1. Summary of the Crystallization Experiments

driving forces unit

ln [as(Tl)/al(Tl)] -0.30
∆l,sµT(Tl) ) RTl ln [as(Tl)/al(Tl)] -768.58 J mol-1

-∆l,sT/(Tl)2 2.02 × 10-6 K-1

coefficients unit

Rqq
i,s 2.10 × 10-7 m2 K-1 W1-

Rqµ
i,s ) Rqµ

i,s -3.88 × 10-3 m2 s K-1 mol-1

Rµµ
i,s 1.26 × 103 J m2 s K-1 mol-2

h 1.5 × 10-5 W m-2 K-1

DAB 8.5 × 10-10 m2 s-1

calculated values unit

q*,s 1.84 × 104 J mol-1

q*,s/∆H 0.77
q*,l -5.57 × 103 J mol-1

q*,l/∆H -0.23
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NA
′ )-DAB

∆CA

∆z
(24)

The force-flux relation in case of no heat transport can also
be simplified from eq 15, and mass flux (J) can be defined as
a function of mass resistivity (Rµµ

i,s) and chemical potential or,
in other words, concentration differences.

J)- 1

Rµµ
i,s T l

∆l,sµT(T l))- 1

Rµµ
i,s T l

RTl
∆l,s(C)

Cl
(25)

Equating eqs 24 and 25 and knowing that NA′ ) J, the
diffusion coefficient can be written in terms of mass resistivity
as shown in eq 26.

DAB )
∆zR

Rµµ
i,s Cl

(26)

If we choose the ∆z value as the interface thickness, 0.3
µm (δi), and use the Cl concentration of 2.33 mol/m3, the
DAB is calculated as 8.5 × 10-10 m2/s. This value is
comparable to the diffusion coefficient of water-MgSO4

system relation deduced from Gmelin and Lobo for the same
concentration and temperature by having the value of 8.8 ×
10-10 m2 s-1.11,17,18

A similar analogy between conductive heat transfer coef-
ficient (λ) and heat resistivity (Rqq) can be derived. The
general heat transfer flux (q′′ ) relation according to Fourier’s
law is proportional to the temperature (∆T/∆z) gradient in
the direction of the heat transfer and the thermal conductivity
coefficient (λ).16

q′′ ) λ
∆l,s(T)

∆z
(27)

The force-flux relation in case of no mass transport can
be simplified from eq 15, and the heat flux (Jq

′s) can be
defined as a function of heat resistivity (Rqq

i,s) and temperature
difference.

Jq
′s )- 1

Rqq
i,s

∆l,s(T)

(Tl)2
(28)

Equating eqs 27 and 28 knowing that q′′ ) Jq
′s, the conduction

heat transfer coefficient can be written in terms of heat resistivity
as shown in eq 29.

λ) ∆z

Rqq
i,s(Tl)2

(29)

For comparison, ∆z, as the interface thickness (δi) value, is
chosen as 0.3 µm. Using bulk side interface temperature and
heat resistivity, the thermal conductivity coefficient (λ) is
calculated as 1.5 × 10-5 W m-1 K-1, which is lower than the
bulk thermal conductivity value calculated for the
water-MgSO4 system relation deduced from ref 19 (Melinder)
having a value of 0.6 W m-1 K-1.11,19 By replacing the bulk
thermal conductivity value in eq 29, the interface thickness is
calculated to be 12 mm.

Mersmann (eq 3.19)12 assumes the interface temperature to
change within a very small range and does not define the
temperature as an independent parameter. Rather, the interface
temperature and concentration were derived from the phase
diagram. However, we treat the interface as an open system,
where we have heat fluxes in and out of the system (eq 10).
The temperature is then an independent variable.

Conclusion

Crystallization is mostly an exothermic process. According to
irreversible thermodynamics, the heat released during crystallization
at the interface is distributed to both the liquid and the solid phases
which are in contact with the interface also for isothermal
conditions. We present the temperature jump between the solid
and the liquid side of the interface and the heat of transfer for both
sides of the surface, using MgSO4 ·7H2O crystal growth on a cold
surface as example. For an epsomite crystal growth rate of 2.33 ×
10-3 mol m-2 s-1, around 20-30% of the heat of crystallization
is calculated to be transferred back into the liquid side. The interface
resistivity to mass transfer (Rµµ

i,s) is 1.26 × 103 J m2 s K-1 mol-2,
while the interface resistivity to heat transfer (Rqq

i,s) is 2.1 × 10-7

m2 K-1 W-1. This is the first time for which the coupling of the
heat and mass transfer equation at the liquid-solid interface
description and the heat of distribution calculation during crystal-
lization is documented.

Supporting Information Available: Further details about the Pitzer
Model. This material is available free of charge via the Internet at http://
pubs.acs.org.

Appendix

Table 2. Equations and Constants

constants unit

Cpfreezium ) 0.00274T(°C) + 2.818 kJ kg-1 K-1

Ffreezium ) -0.4T(°C) + 1289 kg m-3

λaq
MgSO4[T (°C),
C ) wt %]

) 5.6 × 10-1 + 2 × 10-3(T) -
6.9 × 10-6(T)2 - 6.4 × 10-4(C)
- 2.3 × 106(C)(T) + 7.8 ×
10-9(C)(T)2

W m-1 K-1

λsalt
MgSO4 20 2.427 W m-1 K-1

λsolid
metal+Vaseline ) wall 5 W m-1 K-1

λsolid
TLC 0.16 W m-1 K-1

∆Hcryst
MgSO4 395 J kmol-1

Ceq
MgSO4 ) 21.3 + 0.206 × T(°C) +

0.000833 × T2(°C)
wt %

Acold surface 0.031 m2

δw 5 mm
δTLC 0.13 mm
Acooled 0.0314 m2

Fsalt 1680 kg m-3

(for MgSO4 ·7H2O)

measured data unit and source

Tc
in 33.572 °C (PT100)

Tc
out 33.579 °C (PT100)

TTLC 33.666 °C (photos-without crystal)
T1 33.933 °C (PT100))
T2 34.274 °C (PT100)
T3 34.805 °C (PT100)
Fcoolant 374.60 l h-1

δs 0.35 mm

calculated values unit

Tc
log 33.575 °C

Cpfreezium 3.659 kJ kg-1 K-1

TTLC
without crystal 33.625 °C

Ts 33.681 °C
Tl 33.869 °C
J 2.33 × 10-3 mol m-2 s-1

J′cq 108.20 W m-2

J′q 52.37 W m-2

J∆Hcryst. 55.83 W m-2

Jq
′l 31.02 W m-2 (for no mass flux)

aw-l 0.937
aMg-l 0.093
aSO4-l 0.093
aw-s 0.945
aMg-s 0.085
aSO4-s 0.085
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Table 3. List of Captions

list of symbols unit

a activity
C concentration mol m-3

Cp specific heat kJ kg-1 K-1

DAB diffusion coefficient m2 s-1

∆Hcryst. heat of crystallization J mol-1

h convection heat transfer coefficient W m-2 K-1

J mass flux mol m-2 s-1

J′q heat flux J m-2 s-1

k enthalpy fraction transferred to the
coolant side

NA′ convective mass flux mol s-1 m-2

R ideal gas constant J K-1 mol-1

Rqq
i,s heat transfer resistivity of the surface

to the salt side
m2 s1 J-1 K-1

Rµµ
i,s mass transfer resistivity of the surface

to the salt side
J K-1 mol-2 m-2 s-1

Rqµ
i,s ) Rqµ

i,s coupling film resistivities of the
surface to the salt side

m2 s1 mol-1 K-1

Rqq
i,s heat transfer resistivity of the surface

to the liquid side
m2 s1 J-1 K-1

Rµµ
i,s mass transfer resistivity of the surface

to the liquid side
J K-1 mol-2 m-2 s-1

Rqµ
i,s ) Rqµ

i,s coupling film resistivities of the
surface to the liquid side

m2 s1 mol-1 K-1

q′′ convective heat flux W m-2

q*i,s heat of transfer coefficient ratio to the
salt side of the surface

J mol-1

q*i,l heat of transfer coefficient ratio to the
liquid side of the surface

J mol-1

T temperature °C
z distance from the salt surface m

Greek symbols Unit

δ thickness µm, mm
λ thermal conductivity W m-1 K-1

µ chemical potential J K-1

V measured velocity, salt growth rate m s-1

F density at the given condition kmol m-3

σ entropy production W m-2 K-1

sub-superscripts

c coolant
i interface
l liquid
s salt
TLC thermo liquid crystal
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