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Abstract

We review recent e¤orts aimed at analyzing energy transduction processes in
biological systems from the perspective of mesoscopic non-equilibrium ther-
modynamics. The inherent nonlinear nature of many of these systems, which
undergo activated processes, has over the years impeded the use of classical
non-equilibrium thermodynamics for their description, because this theory
accounts only for the linear regime of these processes.

The di‰culty of putting non-equilibrium thermodynamics methods into a
broader scope has recently been overcome. It has been shown that if one as-
sumes local equilibrium at short time and length scales, in the mesoscale
domain, the limitation of only providing linear laws can be removed and Ar-
rhenius type nonlinear laws can be derived. The new theory proposed here
provides a scenario under which transformations taking place in chemical
and biological processes can be studied. We show in this paper how the
theory can be applied to describe energy conversion processes in molecular
motors and pumps and conclude that both systems can be studied by means
of this common framework.



1. Introduction

Conversion of one form of energy into another is a very common feature,
which is observed in many di¤erent systems on all time and length scales.
Energy conversion processes take place in biological nanomachines that play
a crucial role in the movement of living organisms and in basic processes oc-
curring in biological cells known as molecular motors and pumps [1–3].
From a thermodynamical point of view, a motor is a device that consumes
energy in one form and converts it into mechanical work. Due to dissipation,
energy conversion is an irreversible process which makes the system need an
external energy source to keep it functional. This energy is obtained from the
hydrolysis of adenosine thriphosphate (ATP) [4]. One important di¤erence
between molecular motors and macroscopic motors is that in the former the
relative size of the thermal noise is much larger, which significantly a¤ects
their e‰ciency [5–9]. The fact that non-equilibrium thermodynamics has suc-
cessfully been applied to study energy transformations in macroscopic motors
has led to the question whether it is possible to use this theory to analyze the
behavior of these nanomachines.

A first step in the application of non-equilibrium thermodynamics [10] to the
energy transduction in biochemical kinetic processes was given in [11–13]. It
was shown that this theory can only account for the linear kinetic regime
when the rates are proportional to the a‰nities. Activated processes are,
however, inherently nonlinear since the system needs a minimum amount of
energy to proceed, which is the reason why they concluded that these pro-
cesses cannot be properly analyzed by means of (classical) non-equilibrium
thermodynamics [10]. Kinetic methods have then been used for this purpose
[14, 15]. In these methods, one performs first a thermodynamic treatment
to obtain equilibrium quantities such as the energies of the transition pro-
cesses. Subsequently, one undertakes a study of the kinetics to obtain non-
equilibrium quantities such as probability distributions and activation rates.
Activated jumps over a single energy barrier give a minimal model that can
account for many di¤erent processes that take place in biomolecules; DNA
looping [16] is one example that plays a very important role in gene transcrip-
tion. Although both studies are useful in providing a complete description of
the process, one might ask if a non-equilibrium thermodynamic treatment is
the most appropriate in order to describe biochemical processes more com-
pletely. There are arguments in favor of a positive answer to this question.
First, it was shown in [17] that despite the lack of a thermodynamic limit,
small systems such as biomolecules can be dealt with using the principles of
equilibrium thermodynamics [18–23]. Thermodynamics of small systems
was used in [24] to interpret stretching experiments performed with single
molecules showing that the potentials of mean force and mean elongation
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coincided with the Helmholtz and Gibbs energies of a thermodynamic de-
scription. Second, in many experiments performed, the molecule is embedded
in a heat bath and for this reason it undergoes Gaussian fluctuations, which
lead to compatibility between the underlying stochastic process and non-
equilibrium thermodynamics principles [25].

It has recently been shown that the use of modern non-equilibrium thermody-
namics methods for the description of activated processes does not necessarily
lead to a linear description [26]. When non-equilibrium thermodynamics is
applied, not as it is traditionally done on a large scale but rather on the
meso-scale, i.e., to the small distances and times, one can perfectly account
for the full dynamics of the process. The theory proposed is called mesoscopic
non-equilibrium thermodynamics. It has already been applied to di¤erent
situations involving activated processes [8, 26–29]. While the description is
perfectly linear on the mesoscopic scale, integration of these linear contri-
butions along the path connecting the initial and the final state leads to the
observed nonlinear behavior. In this paper, we will review how mesoscopic
non-equilibrium thermodynamics [30–35] can be used to characterize energy
transduction processes in biological motors and pumps.

The article is organized in the following way. In Section 2 we show how clas-
sical non-equilibrium thermodynamics can be applied to describe energy con-
version in molecular motors. These systems are analyzed in Section 3 under
the broader perspective given by mesoscopic non-equilibrium thermodynam-
ics. The same program is developed in Section 4 for biological pumps. In a
concluding section we summarize the main characteristics of the new formal-
ism proposed.

2. Classical non-equilibrium thermodynamics applied to
muscular contraction

Energy conversion processes are usually accompanied by energy dissipation.
It has therefore been natural to assume that these processes can be described
by non-equilibrium thermodynamics [10]. We review shortly the classical
non-equilibrium thermodynamics description of muscular contraction, which
give linear relations between the fluxes and conjugate forces [12].

Muscular contraction involves movement of an actin filament along the my-
osin thick filament, see Figure 1. The force given to the actin that causes mus-
cular contraction stems from the gradual rotation of the myosin head where
the bond to actin is tightened and the chemical potential lowered. The energy
provided by hydrolysis of ATP (adenosine thriphosphate) to ADP (adenosine
diphosphate) and P (inorganic phosphate) is used to raise the energy of the
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myosin head in its most rotated configuration. After the bond is broken, the
head group is free to attach further down the filament and repeat the process.

So far this process has been analyzed by means of classical non-equilibrium
thermodynamics only. The process is then described as a two-state process,
between the beginning and final states, see Figure 1. The overall chemical re-
action is:

ATP Ð ADP þ P ð1Þ

with the reaction Gibbs energy released is

DG ¼ mP þ mADP � mATP; ð2Þ

where mj is the chemical potential of component j. The Kinesin motor protein
hydrolyzes one ATP per 8nm step [36].

Non-equilibrium thermodynamics provides a description of these processes,
starting from the Gibbs equation:

T ds ¼ du� mATP dcATP � mADP dcADP � mP dcP: ð3Þ

Here s is the entropy density, cj is the concentration of component j, and u is
the internal energy density. The internal energy conservation law is given by

qu

qt
¼ �Fv; ð4Þ

where F is the total force and v is the velocity of the object, which transforms
the chemical energy to mechanical energy. The temperature T is kept con-
stant and there are assumed to be no heat fluxes. The balance equations for
the reacting species are

qcj

qt
¼erþ Jj; ð5Þ

where Jj are fluxes of species, r is the reaction rate, and t is the time. The
minus sign refers to ATP and the plus sign to the other species. The entropy
production then follows using Eqs. (4) and (5) together with the Gibbs equa-
tion:

s ¼ �r
1

T
DG � 1

T
Fv: ð6Þ
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According to the second law sb0. From this expression one then infers the
linear laws between fluxes and driving forces [12, 13, 37]:

r ¼ �Lrr

T
DG � Lrv

T
F ;

v ¼ �Lvr

T
DG � Lvv

T
F : ð7Þ

These equations describe linear active transport for small values of DG and
F . It follows from the second law that the diagonal coe‰cients Lrr and Lvv

are positive. The coupling coe‰cients are following Onsager’s symmetry rela-
tions [38–40] equal, Lvr ¼ Lrv. They may be either positive or negative. In the
absence of a force a positive reaction rate corresponds to a negative value of
the reaction Gibbs energy. Taking Lvr to be positive, this then gives a positive
velocity. Consequently, a frictional force will result that is negative. The force
is therefore generally in the direction opposite to the motion. The coupling of
transport and chemical reaction is possible because in this case the former oc-
curs in one dimension and then becomes a scalar process just like the chemi-
cal reaction.

Because the Gibbs energy di¤erences (to get motors in operation) are usually
high, of the order of 10kBT or even higher, the motors operate under far
from equilibrium conditions.

3. A mesoscopic description of muscular contraction

In order to describe the energy conversion process, the work and the dissipa-
tion of energy, we need a more detailed description of the cycle that the my-
osin head is passing through. The binding of ATP to the myosin head at its
low energy state and the dissociation of myosin from actin can be seen as a
first step in the cycle. This step is followed by three further steps; the gradual
reorientation of the myosin head, release of inorganic phosphate, and finally
the release of ADP. The system is then brought back to the initial state. Dur-
ing the catalytic cycle therefore, the actin filament slides along the myosin
thick filament with an increasing bond strength, until in the end, ATP breaks
the bond, and the myosin head is ready for an attachment further down the
actin.

We shall now sketch the energy transduction process is the cycle on a finer
scale than done above, where only two states were taken into consideration.
This shall be done using mesoscopic non-equilibrium thermodynamics. We
follow then the evolution of the system from its initial to its final state on
the mesoscopic scale. Each local state of the system in the catalytic cycle cor-
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responds to a particular molecular configuration in space and time. The states
can be allocated to a dimensionless internal reaction coordinate g, running
from 0, at which the myosin head is ready for a new attachment, to 1 when
ATP is used to break its bond to actin, see Figure 1.

We use now the assumption of local thermodynamic equilibrium on the
mesoscopic level along the g-coordinate and formulate the corresponding
Gibbs equation for the ensemble of molecules at coordinate g:

T dsðgÞ ¼ duðgÞ � GðgÞ dcrðgÞ: ð8Þ

Here crðgÞ is the concentration of the reactants and uðgÞ the internal energy
along the reaction coordinate. Furthermore, the Gibbs energy is along the
reaction coordinate. Before the reaction, this energy becomes Gð0Þ ¼ mATP,
whereas after the reaction, it becomes Gð1Þ ¼ mP þ mADP.

The internal energy balance can under this description be expressed as

quðgÞ
qt

¼ �FvðgÞ; ð9Þ

where vðgÞ is the (spacial) velocity of the molecular motor when the reaction
is in the state g. It is important to realize that the molecular motor does
not move along the g-coordinate like the reactants. It moves in space. For
the corresponding conservation equation, one may write

qcrðgÞ
qt

¼ � q

qg
crðgÞvðgÞ; ð10Þ

Figure 1 Scheme showing the translational motion of the myosin head along an actin fila-
ment. In a long- time scale, the motion is simply a jump from the initial position ðg ¼ 0Þ
to the final position ðg ¼ 1Þ. When considering a short-time scale, the motor moves slowly,
passing through di¤erent values of the reaction coordinate, g, with a velocity vðgÞ against the
force F .
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where we use g also along the spacial coordinate along which the molecular
motor moves, taking the appropriate scale factor one for ease of notation.
Mass conservation of the reactants can likewise be formulated at any position
in g-space through the conservation law

qcrðgÞ
qt

¼ � q

qg
rðgÞ: ð11Þ

Here rðgÞ is the local reaction flux along the reaction coordinate. The local
entropy production sðgÞ then follows from Eqs. (8)–(11):

Figure 2 The hydrolysis of the ATP is an activated process. Panel (a) represents the Gibbs
energy DG released in the chemical process and transformed by the motor into mechanical
work. Panel (b) shows the potential barrier as a function of the g -coodinate; gtr is the value
of the coordinate corresponding to the transition state.
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sðgÞ ¼ �rðgÞ 1

T

qGðgÞ
qg

� 1

T
FvðgÞ: ð12Þ

Since the activation barrier is high (see Figure 2), the reaction rate almost im-
mediately reaches a quasi-stationary state in which cr does not depend on the
time and as a consequence r does not depends on g. Using this property, the
entropy production (6) is recovered upon integration of Eq. (12). In the quasi-
stationary state, cr also does not depend on the time so that crðgÞvðgÞ also
does not depends on g. Along the spacial coordinate there is no transition
state energy. The concentration of molecular motors with the reactants in
the state g is therefore independent of g. This implies that also v is indepen-
dent of g under stationary state conditions.

The local flux–force relationships that follow from Eq. (12) are:

rðgÞ ¼ � lrrðgÞ
T

qG

qg
� lrvðgÞ

T
F ;

vðgÞ ¼ � lvrðgÞ
T

qG

qg
� lvvðgÞ

T
F ; ð13Þ

which are valid along the path going from the initial to the final state. At
each point of the path, the Onsager relation lrvðgÞ ¼ lvrðgÞ is satisfied and the
coe‰cients do not depend on the driving forces.

Since hydrolysis is an activated process, we can write the Gibbs energy as a
combination of the ideal contribution and an activation energy, FðgÞ:

GðgÞ ¼ G0 þ RT ln crðgÞ þFðgÞ: ð14Þ

The boundary values of GðgÞ are those defined above. The standard Gibbs
energy is chosen to be G0 ¼ m0

ATP. For the potential profile, correct boundary
conditions are obtained with Fð0Þ ¼ 0 and Fð1Þ ¼ m0

ADP þ m0
P � m0

ATP. The
activation energy barrier with the transition state, gtr, is illustrated in Figure 2.

To show how the linear flux–force relations (13) transform into nonlinear
global laws, we introduce the local fugacity zðgÞ (see Figure 3),

zðgÞ ¼ exp
GðgÞ � G0

RT

 !
¼ crðgÞ exp

FðgÞ
RT

� �
; ð15Þ

whose gradient is according to the mesoscopic non-equilibrium description
the thermodynamic force. The fugacity divided by the fugacity at equilibrium
can be understood as the probability distribution function in g-space divided
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by the equilibrium distribution, crðgÞ=cr; eqðgÞ. The use of probability distribu-
tions is a characteristic of a mesoscopic description. We shall furthermore
assume that the Onsager coe‰cients are proportional to the concentration of
the reactants, so that we may take djk C ljkðgÞR=crðgÞ to be independent of g.
The velocity along the g-coordinate (13) can then be rewritten in terms of the
new thermodynamic force,

vðgÞ ¼ � dvr

exp½FðgÞ=RT �
qzðgÞ
qg

� dvvcrðgÞ
RT

F ; ð16Þ

we have been used Eqs. (15) and (13).

The macroscopic flux in terms of the driving forces can be obtained by inte-
grating over g. Assuming quasi-stationary conditions, v is constant. Multiply-
ing with exp½FðgÞ=RT � and integrating along the g-coordinate, we obtain

v ¼ �DvrcATP exp
DG

RT

� �
� 1

� �
�DvvF ; ð17Þ

where

Dvr ¼ dvrcATP

ð1

0

dg exp
F

RT

� �� ��1

;

Dvv ¼
dvv

RT

ð1

0

zðgÞ dg
ð1

0

dg exp
F

RT

� �� ��1

: ð18Þ

We have also used expðGð0Þ � G0Þ=RT ¼ cATP.

Figure 3 During its evolution along the g-coordinate, the system passes through di¤erent mo-
lecular configurations. The mesoscopic description introduces a new concept: the local fugacity
zðgÞ, which is related to the probability distribution in g-space. Its gradient is the thermody-
namic driving force.
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The overall velocity (17) describes now the motion of the myosin head group
for some special conditions, but for arbitrary values of DG, and accounts for
the transduction process both in the linear and in the nonlinear regime. This
could not be done using the classical non-equilibrium thermodynamic
approach. Nonlinearities, inherent to the kinetics of the chemical reaction,
emerge in the global description if one proceeds with a thermodynamic anal-
ysis at the mesoscopic level, and subsequently coarsens the description by re-
taining only the initial and final states. At small values of the driving force,
Eq. (17) reduces to expression (7) valid only in the linear regime.

4. Biological pumps

In this section, we will analyze the well-studied [41–48] active transport of
Ca2þ across a biological or vesicular membrane by means of its ATPase (see
Figure 4). In this process, calcium ions are transported from side (i) to side
(o) through the surface membrane against a chemical potential di¤erence,
for a wide range of solute concentrations:

Ca2þðiÞ Ð Ca2þðsÞ Ð Ca2þðoÞ: ð19Þ

Counter-transport of protons maintains electro-neutrality [49]. Since the den-
sity of ATPases in the membrane is high, the rate of transport can also be
large, up to 8 10�8 mol/s mg [41].

The transport obtains energy from the hydrolysis of ATP on the membrane
surface:

Figure 4 Schematic picture of the biological membrane with the calcium ions being trans-
ported by the ATPase. The dotted line indicates the membrane region in which the ATP hy-
drolysis process takes place. The Ca2þ ions of the i-side use the energy released in the process
to move toward side o.
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ATPðsÞ Ð ADPðsÞ þ PðsÞ: ð20Þ

From now on, a superscript s will indicate that the corresponding variable is
defined at the membrane surface. The reaction Gibbs energy of the hydrolysis
reaction is typically �56 kJ/mol [41]:

DG s ¼ ms
P þ ms

ADP � ms
ATP: ð21Þ

The total process has a very high activation energy, 80–90 kJ/mol, attributed
to the conformational changes in the enzymes that are required for the trans-
port [49]. The molecular mechanism most likely involves a gradually increas-
ing bond between ATP and the ATPase and a rotation of the enzyme ‘‘shaft’’
that has the two binding sites for Ca2þ [50].

Figure 5 The figure shows the reversible nature of the pump in a mitochondria. When r > 0,
DG < 0 then Co

Ca2þ XCi
Ca2þ . Ions use the chemical energy of the hydrolysis of the ATP to go

into the cell, being JCa2þ > 0 (Panel [a]). Panel (b) shows the reverse process, in which r < 0,
DG > 0 and Co

Ca2þ XCi
Ca2þ . In this process, ATP synthesizes and ions leave the cell, being

JCa2þ < 0.
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Modelling active transport through pumps must describe di¤erent observed
features: the large degree of coupling between the ion transport and the ATP
hydrolysis, the reversible property of the pump (see Figure 5), the stochastic
nature of the process (see Figure 6) and the energy dissipation. Moreover, the
tight pump performance at small net driving forces and the slip at larger forces
or rates must be taken into account. The review of Berman [41] summarized
the understanding of slipping pumps, and concluded that the coupling
mechanism was not well understood. The common Post–Albers scheme
based on chemical kinetics [49] neither addresses coupling, nor energy dissi-
pation nor slippage. The coupling must, for symmetry reasons, take place at
the membrane surface, according to the Curie principle [29, 51]. The surface
of interest includes the site for the chemical reaction and the ion binding site.

4.1. Modelling the membrane surface

The membrane surface is the transition region between the solution and the
membrane in which the ATPase is embedded. The surface can be regarded
as a separate thermodynamic system for which we can define excess thermo-
dynamic variables [51]. It consists of the phospholipid headgroups and pro-
tein surfaces in the layer, plus adsorbed water, ions, reactants, and products.
We assume local equilibrium in this layer, meaning that all normal thermody-
namic relations apply for the surface excess variables. The gradients across
the thin biological membrane are enormous (about 108 V/m for the electric
field), but evidence is emerging that proves that the assumption of local equi-

Figure 6 The figure shows the stochastic nature of the pump. Ions may translocate at di¤er-
ent values of the reaction coordinate, g or g 0. J 0i

q is the heat flux and J o
Ca the current of Ca ions

depending on the g-coordinate.
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librium in the surface is valid [21, 52]. Local thermodynamic equilibrium in
the surface does not necessarily imply that there is chemical equilibrium.
The Gibbs equation for the surface element is

dss ¼ 1

T s
dus � ms

ATP

T s
dcs

ATP � ms
ADP

T s
dcs

ADP � ms
P

T s
dcs

P � ms
Ca

T s
dcs

Ca; ð22Þ

where ss is the excess surface entropy density, T s is the temperature of the
surface, us is the excess energy density, ms

j is the chemical potential at the sur-
face of component j, and cs

j is the excess surface density. All densities or con-
centrations, as well as fluxes, are given per mg of protein, the variable used in
the experiments.

It is assumed that the total entropy of the surface and the i-side remains un-
altered if the various components are moved from the i-side to the surface
and back, without moving internal energy. The assumption implies that
ms
j =T

s ¼ m i
j=T

i. On the other side of the surface, one assumes that internal
energy can be moved, without moving ions, to the o-side without altering the
entropy. This implies that T s ¼ T o. The Gibbs equation becomes

dss ¼ 1

T o
dus � m i

ATP

T i
dcs

ATP � m i
ADP

T i
dcs

ADP � m i
P

T i
dcs

P � m i
Ca

T i
dcs

Ca: ð23Þ

The Gibbs reaction energy is DG i ¼ m i
P þ m i

ADP � m i
ATP and can be found

from information about the concentrations of the reactant and products.

The excess entropy production rate for the surface ss, is determined [10, 51]
by substituting the first law and the mass balances into Gibbs equation and
then comparing the result with the entropy balance:

dss

dt
¼ �J o

s þ J i
s þ ss: ð24Þ

Here J i
s and J o

s are the entropy fluxes into and out of the surface. The en-
tropy flux is composed of the measurable heat flux divided by the tempera-
ture plus the entropy carried by all components:

Js ¼
J 0
q

T
þ
X
i

JiSi: ð25Þ
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Biological organelles operate normally at constant temperature. It is never-
theless known that a drop in the temperature outside the organelle can pro-
mote a reaction that triggers heat production [45]. In order to be able to de-
scribe such a coupling of fluxes, we need the full expression (25), even if the
system is close to being isothermal.

The result for the excess entropy production rate is

ss ¼ �r
1

T i
DG � J o

Ca

mo
Ca

T o
� m i

Ca

T i

� �
þ J i

q

1

T o
� 1

T i

� �
; ð26Þ

where J i
q is the total heat flux into the surface from the i-side, r is the reaction

rate, and J o
Ca is the calcium flux out of the surface to the o-side. These fluxes

are illustrated in Figure 7.

The total heat flux in Eq. (26), J l
q, is an energy flux [10, 51]. It is the sum of

the measurable heat flux and the partial molar enthalpies carried along with
the components. An equivalent expression is the temperature times the en-
tropy flux plus the chemical potentials carried along with the components,

J l
q ¼ J 0l

q þ
X
k

H l
kJ

l
k ¼ TlJ l

s þ
X
k

m l
kJ

l
k; ð27Þ

where k refers to all components, and l ¼ i or o. At a stationary state, the
left-hand side of Eq. (24) is zero. All expressions on a finer level of descrip-
tion must integrate to give Eq. (26). In active transport, the last term in the

Figure 7 Scheme representing the translocation of ions through a protein membrane. Ions use
the energy released in the hydrolysis process to pass through the membrane. Within the meso-
scopic non-equilibrium thermodynamics approach, the successive enzyme configurations are
parametrized by the g-coordinate.
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entropy production rate is negative due to the concentration di¤erences
(the entropy di¤erences) between the two sides while the term containing the
reaction Gibbs energy is positive and more than double the value of the last
term [41].

The resistance to transport of Ca2þ in the channel becomes small once the
transport mechanism changes from active to passive. The entropy production
rate in the channel can then be neglected, and the entropy production rate
given in Eq. (26) therefore applies to the whole membrane. Equation (26),
however, is not detailed enough for our purpose. We will proceed to give a
finer description of ss valid at the mesoscopic level.

4.2. Mesoscopic non-equilibrium thermodynamics description

In the case of motors, the distribution of the enzyme (Ca2þ-ATPase) over its
states can be addressed through a reaction coordinate, g (see Figure 6). We
can then assign the concentration of enzymes in any state crðgÞ, to a given
coordinate g. As is normal, the reaction coordinate is zero when the reaction
starts (the reactants come into contact with each other) and is unity when the
reaction is completed (products have been formed). We also use the concen-
tration, cs

CaðgÞ, to measure the amount of Ca2þ that is bound to the enzyme
when in a state given by the coordinate g. The internal energy of the enzyme
in state g is accordingly usðgÞ.

On this scale, the Gibbs equation written for a state g is

dssðgÞ ¼ dusðgÞ
T sðgÞ �

G sðgÞ
T sðgÞ dcrðgÞ �

ms
CaðgÞ
T sðgÞ dc

s
CaðgÞ: ð28Þ

The excess variables for the whole surface can be obtained upon integration
in g-space of the g-dependent variables. The function G sðgÞ decreases uni-
formly with g. Were it not for the coupling between the reaction rate, the ion
flux, and the heat flux, a purely dissipative contribution to ss. We assume
ms

CaðgÞ=T sðgÞ ¼ m i
Ca=T

i and that the entropy does not change when we move
internal energy from the surface to the o-side, which implies that T sðgÞ ¼ T o.
We define G iðgÞ=T i ¼ GsðgÞ=T sðgÞ. The Gibbs equation then becomes

dssðgÞ ¼ dusðgÞ
T o

� G iðgÞ
T i

dcrðgÞ �
m i

Ca

T i
dcs

CaðgÞ: ð29Þ

At the beginning and end of the coordinate, the Gibbs energies are G ið0Þ ¼
m i

ATP and G ið1Þ ¼ m i
P þ m i

ADP, respectively.
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Conversion of chemical energy into movement is a stochastic process where
fluctuations in state variables and their probability distribution [53–55] play
a crucial role. The probability that the enzyme is in a g-state along the reac-
tion coordinate is proportional to the concentration of that state. With c0 as a
normalization factor (in mol/mg), the probability of finding the enzyme in
this state is crðgÞ=c0. Similarly, the probability of finding Ca2þ bound to the
enzyme in this state is csCaðgÞ=c

s;0
Ca , where c

s;0
Ca is the proper normalization fac-

tor. The fugacity, defined above in Eq. (15), can be viewed as a probability
density for the states that are involved. The Gibbs energy is here the sum of
an (ideal) contribution to the energy, RT ln crðgÞ=c0, plus FðgÞ. Correct
boundary conditions for G iðgÞ are obtained with Fð0Þ ¼ m0

ATP and Fð1Þ ¼
m0

ADP þ m0
P.

In equilibrium, G iðgÞ ¼ Geq and T i ¼ Teq, and zðgÞ ¼ zeq is then constant.
The equilibrium distribution follows:

ceqðgÞ
c0

¼ zeq exp �FðgÞ
RTeq

� �
: ð30Þ

The activation energy has a large maximum at the transition state, gtr [49], see
Figure 2. We see from Eq. (30), that the concentration ctrðgÞ is correspond-
ingly low at this peak.

The entropy change along the g-coordinate is equal to the entropy production
rate, ssðgÞ, minus the divergence of an entropy flux along the g-coordinate,
plus the entropy flux into the element from the i-side, J i

sðgÞ, and from the
element into the o-side, J o

s ðgÞ, respectively. The entropy balance is then given
by

dssðgÞ
dt

¼ ssðgÞ � q

qg
JsðgÞ þ J i

sðgÞ � J o
s ðgÞ: ð31Þ

When an enzyme changes its state g, entropy is not only produced, but also
carried along, as reflected in the second term on the right hand side of the
equation. The two last terms reflect that internal energy and Ca2þ ions (i.e.,
entropy) can go from an enzyme in the state g directly into the i- or the
o-phase. We give equations for the internal energy and Ca2þ concentration
below Eqs. (29) and (30). These transports produce entropy (dissipate energy
as heat) and give entropy flows into the i- and o-phases.

Enzymes in the state g change their state only by the reaction flux along the g
coordinate, see Figure 7. The progress of the reaction (the reaction rate) is
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uniquely tied to this coordinate; as was said above, that fact is formulated in
Eq. (31).

On the other hand, it is known that Ca2þ ions can leak through the Ca-AT-
Pase without making synthesis of ATP. This means that Ca2þ ions do not
flow along the g-coordinate. They can be bound to the enzyme but can escape
from it at any g-state; see Figure 7, as described in Eq. (31). In this manner,
we describe slip in the molecular pump as a stochastic event. The pump slips
if the ion goes to the i-phase at a randomly chosen g-state of the enzyme:

qcrðgÞ
qt

¼ � qrðgÞ
qg

;

qcs
CaðgÞ
qt

¼ J i
CaðgÞ � J o

CaðgÞ: ð32Þ

The reaction rate along the g coordinate satisfies the boundary condition
rð0Þ ¼ rð1Þ ¼ r where r is the reaction rate in Eq. (26). The fluxes of calcium
ions used in Eq. (26), J i

Ca and J o
Ca, are obtained by integrating J i

CaðgÞ and
J o

CaðgÞ over g.

The internal energy balance contains the total heat fluxes:

qusðgÞ
qt

¼ J i
qðgÞ � J o

q ðgÞ: ð33Þ

The total heat flux does not move along the g coordinate. This is expressed by
the lack of divergence of such a flux in g-space.

The conservation laws (32) and (33) can now be introduced into the Gibbs
equation (28). Comparing this result with the balance equation (31) for the
entropy, we can identify the net entropy fluxes,

JsðgÞ ¼ �rðgÞGðgÞ
T i

;

J i
sðgÞ ¼

1

T i
ðJ i

qðgÞ � J i
CaðgÞm i

CaÞ;

J o
s ðgÞ ¼

1

T o
ðJ o

q ðgÞ � J o
CaðgÞmo

CaÞ; ð34Þ

and the entropy production in g-space,
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ssðgÞ ¼ �rðgÞ 1

T i

qGðgÞ
qg

� J o
CaðgÞ

mo
Ca

T o
� m i

Ca

T i

� �

þ J i
qðgÞ

1

T o
� 1

T i

� �
: ð35Þ

This is the expression for the entropy production at the mesoscopic level, in
our description. When the probability distribution along the g coordinate is
stationary, rðgÞ ¼ r is constant and integration of Eq. (35) over g gives Eq.
(26). In this context, J i

qðgÞ, J o
s ðgÞ, J o

CaðgÞ integrate out to J i
q, J

o
s , J o

Ca. For the

entropy flux on the i-side, however, we have,

J i
s ¼

ð1

0

� q

qg
JsðgÞ þ J i

sðgÞ
� �

dg: ð36Þ

The flux–force relationships that follow from Eq. (35) are

rðgÞ ¼ � lrrðgÞ
T i

qGðgÞ
qg

� lrdðgÞ
mo

Ca

T o
� m i

Ca

T i

� �
þ lrqðgÞ

1

T o
� 1

T i

� �
;

J o
CaðgÞ ¼ � ldrðgÞ

T i

qGðgÞ
qg

� lddðgÞ
mo

Ca

T o
� m i

Ca

T i

� �
þ ldqðgÞ

1

T o
� 1

T i

� �
;

J i
qðgÞ ¼ � lqrðgÞ

T i

qGðgÞ
qg

� lqdðgÞ
mo

Ca

T o
� m i

Ca

T i

� �
þ lqqðgÞ

1

T o
� 1

T i

� �
; ð37Þ

where Onsager relations are lijðgÞ ¼ ljiðgÞ. From the isothermal case we know
that the cross coe‰cient lrdðgÞ ¼ ldrðgÞ is large. Through a non-zero ldqðgÞ ¼
lqdðgÞ, a low temperature on the i-side promotes transport of Ca2þ ions while,
conversely, a chemical potential di¤erence of the calcium ions leads to heat
transport and entropy production. The values of the coe‰cients that couple
the heat flux to the other fluxes are not known, but the foundation is laid for
a description, for instance, of a variety of thermal observations [45].

To show that the linear equations (37) give nonlinear laws at the macroscopic
level, we substitute Eq. (15) into Eq. (37), obtaining

rðgÞ ¼ � drrR

exp½FðgÞ=RT i�
qzðgÞ
qg

� drd
crðgÞ
co

mo
Ca

T o
� m i

Ca

T i

� �

þ drq
crðgÞ
co

1

T o
� 1

T i

� �
;
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J o
CaðgÞ ¼ � ddrR

exp½FðgÞ=RT i�
qzðgÞ
qg

� ddd
crðgÞ
co

mo
Ca

T o
� m i

Ca

T i

� �

þ ddq
crðgÞ
co

1

T o
� 1

T i

� �
;

J i
qðgÞ ¼ � dqrR

exp½FðgÞ=RT i�
qzðgÞ
qg

� dqd
crðgÞ
co

mo
Ca

T o
� m i

Ca

T i

� �

þ dqq
crðgÞ
co

1

T o
� 1

T i

� �
; ð38Þ

where conductivities are normally in good approximation proportional to the
concentrations; under this approximation, the coe‰cient

dij C
lijðgÞco
crðgÞ

ð39Þ

is independent of g.

Since the potential barrier along the reaction coordinate is high, the system
will after a short time reach a quasi-stationary state. The reaction rate is
then independent of g, i.e., rðgÞ ¼ r. It is likely that a reaction rate that is con-
stant in g-space leads to a constant total heat flux and likewise to a constant
ion flux. After having written J o

CaðgÞ ¼ J o
Ca and J i

qðgÞ ¼ J i
q and by multiplying

left and right with exp½FðgÞ=RT i� and integrating from 0 to 1, we obtain the
flux equations in a way that can be related to experimental results:

r ¼ �Drr 1 � exp �DG i

RT i

� �� �
�Drd

mo
Ca

RT o
� m i

Ca

RT i

� �
�Drq 1 � T i

T o

� �
;

J o
Ca ¼ �Ddr 1 � exp �DG i

RT i

� �� �
�Ddd

mo
Ca

RT o
� m i

Ca

RT i

� �
�Ddq 1 � T i

T o

� �
;

J i
q ¼ �Dqr 1 � exp �DG i

RT i

� �� �
�Dqd

mo
Ca

RT o
� m i

Ca

RT i

� �

�Dqq 1 � T i

T o

� �
; ð40Þ

where
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Djr ¼ djr

R exp
m i

ADP þ m i
P

RT i

� �
Z

;

Djd ¼ djd

R

ð1

0

zðgÞ dg

Z
;

Djq ¼ djq

ð1

0

zðgÞ dg

T iZ
; ð41Þ

with

Z ¼
ð1

0

exp
FðgÞ
RT i

� �
dg;

and where j ¼ r; d; q. The driving forces appear in dimensionless groups
so the transport coe‰cients have the dimension of the relevant flux. The
D-matrix is thus not symmetric.

The relations that follow, due to the Onsager symmetry of the d-matrix, are

Ddr ¼
exp

m i
ADP þ m i

P

RT i

� �
ð1

0

zðgÞ dg
Drd ;

Dqr ¼
exp

m i
ADP þ m i

P

RT i

� �
ð1

0

zðgÞ dg
RT iDrq;

Dqd ¼ RT iDdq: ð42Þ

The matrix of coe‰cients describes a process that can be reversed by altering
the direction of the driving forces. It has been shown that the coupling coe‰-
cients are large [8], and none of them can be neglected. It is also clear that the
reaction rate is nonlinear in the chemical force as pointed out before [29].
This general result has been obtained only by assuming local equilibrium in
g-space.
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4.3. Tight and slipping pumps

Tight pumps are characterized by a constant ratio n, whose definition is

nðgÞ ¼ J 0
Ca

r
¼ ldrðgÞ

lrrðgÞ
¼ lddðgÞ

ldrðgÞ
: ð43Þ

The ATPase has two binding sites for the ion, and both ions are transported
simultaneously as one ATP is hydrolyzed. The ratio is then n ¼ 2 for the
Ca2þ-ATPase. This situation takes place when the Ca-level on the inside ves-
icle is small, below 50 mM. In this case, the entropy production becomes

ss ¼ J i
q

1

T o
� 1

T i

� �
� r

1

T i
DG � 2

mo
Ca

T o
� m i

Ca

T i

� �� �
: ð44Þ

Frequently, the ATPase does not pump 2 ions per ATP hydrolyzed. When
the flux ratio is smaller than 2, the pump is said to slip. Given a particular
turnover of ATP, the transport of ions is then less e‰cient. This situation cor-
responds to a smaller coupling between hydrolysis and di¤usion. This degree
of coupling can be quantified through the coe‰cients Ddr and Drd .

The slip can be described by means of the three factors ar, ad , and aq, which
describe changes in the Dij-matrix. Using Eqs. (39) and (41) we define

Ddj

Drj

¼ ddj

drj
¼ ldjðgÞ

lrjðgÞ
C2 1 � aj

� �
; ð45Þ

where j ¼ r; d; q. A tight pump has ar ¼ ad ¼ aq ¼ 0. Using these relations
and Eq. (40), we can express the deviation from n ¼ 2. The deviation in terms
of the forces and the reaction rate is

J o
Ca

r
¼ 2

�
1 þ ar

Drr

r
1 � exp �DG i

RT i

� �� �
þ ad

Drd

r

mo
Ca

RT o
� m i

Ca

RT i

� �

þ aq
Drq

r
1 � T i

T o

� ��
: ð46Þ
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This ratio can also be written in terms of the thermodynamic forces:

Xr ¼ � 1 � exp �DG i

RT i

� �� �
;

Xd ¼ � mo
Ca

RT o
� m i

Ca

RT i

� �
;

Xq ¼ � 1 � T i

T o

� �
: ð47Þ

One obtains [8]

J o
Ca

r
¼ 2 1 � ar �

ðad � arÞ
Drr

Drd

Xd

Xr

þ ðaq � arÞ
Drq

Drd

Xq

Xr

1 þ Drr

Drd

Xd

Xr

þ Drq

Drd

Xq

Xr

2
664

3
775: ð48Þ

Under normal operating conditions, r and J o
Ca are positive. The force XG is

large and positive, while Xd is negative and smaller. The thermal force Xq is
smaller than one. In principle, all three forces may contribute to slippage, but
one may expect ar to be more important than the other coe‰cients. After all,
the deficiency to pump is mostly due to a reduction in Ddr. With ad ¼ aqQ0
(or ad ¼ aq ¼ ar), expression (48) simplifies to

J o
Ca

r
¼ 2ð1 � aÞ: ð49Þ

The a in Eq. (49) can be interpreted as an e¤ective slip coe‰cient, containing
the last three terms of Eq. (48). The flux ratio is the measured property, and
the e¤ective slip coe‰cient can be considered as defined by Eq. (49), and in-
terpreted by Eqs. (48) and (40).

Pump operation gives two types of heat e¤ects: reversible and irreversible; see
Figure 5. Reversible heat e¤ects are described by the coupling coe‰cients Dqr

and Dqd . These e¤ects may change the direction of the total heat flux when
the direction of the force is changed. Irreversible heat e¤ects are described
by Fourier’s law. When the pump slips, the reversible heat e¤ects will become
smaller while the irreversible ones grow.

Even if temperature di¤erences through the system are small, it is necessary
to include the heat flux to be able to describe the experimental observations
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by de Meis and colleagues [42–48], who found that thermal e¤ects to some
degree could be reversed. Their observation of heating as well as cooling ef-
fects, depending on whether the pump operated in the forward or backward
mode, makes it necessary to use the heat flux and the thermal force in the de-
scription of active transport. We have assumed that slip is due to a failure in
the way the pump pushes ions along, and not due to a failure in the reaction
mechanism or in the way heat is conducted. This means that one can use Eq.
(49) to find a.

5. Discussion

In this paper, we have reviewed recent works that propose mesoscopic non-
equilibrium thermodynamics to study biological systems operating under far
from equilibrium conditions. This new approach gives a treatment at the mes-
oscale, and is able to completely characterize kinetic processes taking place in
chemical and biochemical systems. The approach extends the use of non-
equilibrium thermodynamics [10] to the domain of biological systems and
their transformations. Traditional non-equilibrium thermodynamics carries
out an analysis of these processes in terms of only two states of the activated
process: the initial state and the final state. This coarsened description only
provides linear relationships for the rates in terms of the chemical potential
di¤erences, giving laws that are only approximations to the actual biochemi-
cal kinetics.

In the more detailed scenario proposed, one assumes that the transformation,
instead of being viewed as a sudden switch, occurs via many small intermedi-
ate jumps leading the system through a virtual continuum of states. When a
non-equilibrium thermodynamics scheme is applied not to the overall trans-
formation but to these small steps, the resulting linear contributions to the
rate integrate to provide the observed nonlinear behavior. The thermodynamic
description of the kinetic process proposed is valid when the intermediate
states persist in the time scale considered and can therefore be considered as
thermodynamic states. The system equilibrates locally along the reaction co-
ordinate. The transformation can be viewed as a di¤usion process over the
activation barrier. This situation is encountered in many biological processes.
Examples can be found in the molecular motors and biological pumps dis-
cussed in this article in which conversion of chemical energy, from the ATP
hydrolysis process, can be studied.

The theory we have presented could be useful in describing other types of
active transport in biological systems, such as the ones taking place in molec-
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ular motors for which translational [56] or rotational motion may be induced
at the expense of the energy provided by the chemical reaction [50]. It can
also be used to take a more detailed look at pump slippage, believed to occur
for high driving forces and indicated by a variable stoichiometry [37, 57]. One
advantage of the present formulation, not contained in kinetic approaches, is
that the energy dissipated as heat [41] can be directly calculated from Tss. A
large value of Tss suggests that the surface may be nonisothermal, while Tss

has meaning also for nonlinear flux–force relations.
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[30] Pérez-Madrid, A., Rubi, J.M., Mazur, P., Brownian-motion in the presence of a
temperature-gradient, Physica A, 212 (1994), 231.

[31] Rubi, J.M., Mazur, P., Simultaneous Brownian motion of N particles in a tem-
perature gradient, Physica A, 250 (1998), 253.
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