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Summary
The objective of this thesis was to gain a better understanding about the
transport of gas and heat across a membrane and to shed light on the coupling
effects between heat and mass transfer.

As a model system, we have chosen a silicalite-1 membrane with n-butane as
representative of an organic molecule to be transported. A silicalite is a pure
siliceous zeolite with periodic arrangements of cages and channels of nanome-
ter dimensions. It exhibits specific properties of adsorption and catalysis and,
for these reasons, it is ideally suited to a number of different industrial appli-
cations, e.g. for catalytic cracking and for separation processes.

The dynamic behaviour of the molecules entering a membrane and inside its
micropores plays an essential role in determining its catalytic and separating
properties. The diffusive and adsorptive properties of alkanes in zeolites have
been the focus of numerous experimental and theoretical studies. Whereas
the equilibrium data in the literature are consistent, the dynamic data, i.e.
diffusivities, show variation of several orders of magnitude depending on the
experimental technique that is used. Although several possible explanations
have been suggested, the origin of this discrepancy still remains unclear.

In this work molecular dynamics (MD) simulations have been used to study the
simultaneous transport of gas and heat into and across a silicalite membrane.
These simulations allow to follow the time evolution of the system and are
ideally suited to get insight into the microscopic mechanisms of the processes
involved. With MD simulations both equilibrium as well as the dynamical
behaviour of a system can be studied. For these reasons MD simulations were
used to obtain the equilibrium properties, i.e. the adsorption isotherms, as well
as the transport properties of the silicalite-butane system. Both transport in
the zeolite pores and through the external surfaces were investigated. In some
of the studies the transport processes were described by non-equilibrium ther-
modynamics (NET) and specific non-equilibrium molecular dynamics (NEMD)
algorithms were developed for the purpose. NET is a new theory in the context
of zeolite transport. A purpose has therefore also been to test the usefulness
and viability of this theory. Gradients of temperature and butane concentra-
tion were created in the crystal to get insight in the thermal diffusion process,
i.e. mass transport induced by thermal forces, and across the external surface,
in order to obtain the surface transport resistivities. According to our knowl-
edge, this is the first time that a solid surface is studied by NEMD simulations
in the framework of NET. Therefore, there are not any other reports on coef-
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ficients for heat and mass transport of the surface or inside the silicalite. This
work attempts to use NEMD to provide a first set of such coefficients.
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Chapter 1

Introduction

1.1 Zeolites

Zeolites are crystalline microporous solids with a three-dimensional structure
constructed from covalently bonded TO4 tetrahedra, where the tetrahedral
atom T is usually Silicium or Alliminium. Adjacent tetrahedra share vertexes
forming a framework of uniformly sized channels and/or cages of molecular
dimensions, typically 3-10 Å [1]. As the pores preferentially adsorb molecules
that fit snugly inside them and exclude molecules that are too large, they act
as molecular sieves.

The different properties of zeolitic materials are essentially determined by their
structures. For example, sorption characteristics depend upon the size of the
pore openings and the void volume; ion-exchange selectivity upon the number
of cation sites and their accessibility; catalytic behaviour upon the pore open-
ings, the dimensions of the channels, the cation sites, and the space available
for reactions intermediates; and host applications on the size and spacing of
the cages [1]. For these reasons, the main feature of a zeolite is its frame-
work type, which describes the connectivity of the coordinated atoms T in the
highest possible symmetry without reference to chemical composition. The
framework type defines the size and the shape of the pore openings, the di-
mensionality of the channel system, the volume and the arrangement of the
cages and the types of cation sites available.

Up to now, 136 different structures have been reported [2], of which about 40
are naturally occurring, and the rest has been synthesized in a laboratory. In
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Figure 1.1: Schematic representation of the pore structure of silicalite (MFI
type framework).

Fig. 1.1, the structure of the zeolite investigated in this thesis, the silicalite, is
depicted.

The silicalite is a pure siliceous MFI zeolite characterized by interconnected
straight and zig-zag channels of nominal pore size of about 5.5 Å. This zeolite is
hydrophobic and organophilic and for these reasons is used in catalytic cracking
processes. Moreover, given that its pore openings are approximately the same
size as the kinetic diameter of many small hydrocarbon molecules, it has the
potential to be used by industries for separation processes. In particular, it
could be used for the separation of alkane isomers, since the minimum kinetic
diameter of linear alkanes is of 4.3 Å, while the one of small branched alkanes
varies between 5.0 and 6.2 Å [3].

1.2 The challenge

Understanding the adsorption and the diffusion of molecules into and through
the zeolite pores is of crucial importance in catalytic and separation processes.
There exist a large body of theoretical and experimental work that investigates
the diffusion properties of small alkanes in zeolites. The experimental meth-
ods can conveniently be divided into two broad categories: macroscopic and
microscopic methods.
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Macroscopic techniques (e.g. uptake rate measurements, zero-length column
(ZLC) and membrane permeation) typically use a bed of zeolite crystals or
a zeolite membrane, and measure the response to a change of the adsorbate
concentration in the surrounding gas phase.

The microscopic techniques (e.g. pulsed field gradient (PFG) NMR and quasi-
elastic neutro scattering (QENS)) are capable of measuring the mobility of
adsorbates on a much shorter time- and length-scale than the previous tech-
niques.

These two groups of experiments differ in two essential features. Uptake mea-
surements are carried out in non-equilibrium conditions, and are based on the
observation of macroscopic phenomena, like the change in overall mass or pres-
sure. As these experiments measure the response to a concentration change,
these methods usually measure the transport diffusivity. PFG and QENS are
equilibrium techniques, sensitive to a microscopic scale of observation. They
can in principle measure the propagation of molecules through a single zeo-
lite crystal, and can directly probe the underlying microscopic mechanisms of
diffusion.

In literature we can find large discrepancies between the values of diffusivities
recorded by these two types of techniques for the same guest-host systems [4].
In particular macroscopic measurements yield diffusivities several orders of
magnitude lower than the microscopic measurements. In Fig. 1.2, an overview
of the values of diffusivities that can be obtained by the different techniques is
shown.

These discrepancies are related to the fact that while the macroscopic methods
measure the mass transport through the crystal and the crystal surface, the mi-
croscopic techniques monitor diffusion processes on displacement scales much
smaller than the crystal size. For this reason, transport resistances on a crys-
tal surface have a limited influence on the diffusivities obtained by microscopic
methods while can strongly influence the results obtained by macroscopic one.
However a straightforward explanation of this problem is still missing.

Adsorption in zeolites has been explained as a two step process: adsorption to
the external crystal surface and subsequent intra-crystalline diffusion. Exper-
imental evidence shows that intra-crystalline diffusion of small molecules is a
surprisingly rapid process [5, 6] so that adsorption rates, in these cases, are
generally controlled by processes other than diffusion. A retardation of the
transport has been related to a variety of reasons. Besides those originating
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Figure 1.2: Range of diffusivities that can be obtained with different methods
for the same system.

from experimental conditions, e.g. structural defects at the surface and the
presence of other molecular species at the surface, there are also retardation
effects intrinsic to the adsorption process.

The sorption in microporous adsorbents is often associated with large heat
generation, the influence of which maybe important when the diffusing process
is rapid and the heat of adsorption is high. However, the thermal effects were
not taken into account until the conflicting results for diffusivities obtained by
traditional transient uptakes and microscopic methods were observed. From
then on, different models have been tested to analyze non-isothermal adsorp-
tion in microporous materials and it turned out that the intrusion of thermal
effects may be one of the possible explanations of the discrepancies. Several
models describing non-isothermal adsorption can be found in literature [7, 8].
Ruthven [9] proposed a model that took into account the temperature depen-
dence of both the diffusion and the equilibrium. In the initial stage of the
uptake, the dominant effect is the temperature dependence of the diffusivity,
which increases the rate of adsorption and decreases the rate of desorption. In
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the second stage the effect of the temperature dependence of the equilibrium
becomes dominant and retards both adsorption and desorption. Therefore non-
isothermal adsorption curves generally show an initial rapid uptake followed
by a slow approach to equilibrium in the long range region.

Barrer and Kärger [10, 11] postulated the presence of surface barriers ("evap-
oration barriers") that arise due to the steep change in the potential energy at
the zeolite surface.

Recently, Kärger et al. [12] employed the interference microscopy technique to
get direct information about the rate of molecular exchange at the interface
of nanoporous materials with the surrounding atmosphere. Surface perme-
abilities were found to vary with varying adsorbate concentrations and surface
resistances were found to be the dominating mechanism in many cases.

In the past decade, several researchers [13–15] investigated the intra-crystalline
diffusion of hydrocarbon sorbates inside the zeolite crystal via molecular sim-
ulations. Their simulation studies yielded diffusion coefficients in agreement
with PFG-NMR and QENS.

Other authors focused on the zeolite-gas interface. Vignè-Maedar [16] used
molecular dynamics (MD) simulations to examine the trajectories of argon
and xenon atoms passing through the outer surface of MFI and MOR-type
zeolite crystals. They observed that the flux of the larger molecule, xenon,
was significantly retarded relative to that of argon, but further concluded that
the size effects of the permeating molecules were not sufficient to explain the
surface resistance. Gulìn-Gonzalez and co-workers studied [17], with MD simu-
lations, the influence of the potential energy difference between the intra- and
inter-crystalline space of a zeolite crystal on the adsorption and desorption
processes. They found that the speed of approach to equilibrium is related
to both the geometric surface resistance and this potential energy difference.
Ford end Gland [18] used MD simulations to get the mass transfer coefficient
for hard spheres passing through a barrier comprised of slit-pore mouths. They
found a significant mass transfer resistance at the pore openings which they at-
tributed to steric and energetic interactions between the adsorbed spheres and
the atoms constituting the pore mouths. This resistance was very sensitive to
small changes in the particle size whenever the ratio between the penetrating
particles diameter and the pore diameter was close to unity. Ahunbay et al.
[19, 20] performed simulations to study the surface resistances in single crys-
tal zeolites using Dual Control Volume-Grand Canonical Molecular Dynamics
(DCV-GCMD). They also showed that the magnitude and the range of surface
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resistance in zeolites depend both on the permeant-crystal interaction size and
energy of the permeants, but that the size effect was more important. Other
authors related the surface resistance to the probability that the adsorbates
have to stick to the surface [21]. They define a sticking coefficient which repre-
sents the probability that, on encountering the particle surface, a molecule will
be captured and will enter the intra-particle space rather than being rejected.

1.3 Non-equilibrium thermodynamics and MD simulations

A different approach to investigate the surface properties is offered by non-
equilibrium thermodynamics (NET). NET is a theory describing transport
processes in systems that are out of global equilibrium [22]. In NET the second
law is reformulated in terms of the local entropy production of the system being
larger than or equal to zero, under the assumption that the system is in local
equilibrium. In Onsager’s formulation the entropy production is given by the
product sum of so-called conjugate fluxes, Ji, and forces, Xi, in the system. In
his theory each force is a linear function of all the conjugate thermodynamic
fluxes:

Xi =
N∑

j=1

RijJj (1.1)

Following Onsager, the matrix of resistivity is symmetric, thus simplifying the
transport problem by reducing the number of phenomenological coefficients
needed to describe the process.

Over the last ten years the NET theory has been extended to transport in
heterogeneous systems and in particular to surface transport phenomena [22].
This theory not only predicts excess resistivities to the transport of heat and
mass across the surfaces, but also large coupling effects between the two phe-
nomena. Such effects have so far been neglected, and they may play a role in
zeolite-gas adsorption, and in general for membrane gas transport processes.

The NET theory has been tested using non-equilibrium molecular dynamics
(NEMD) simulations. NEMD simulations is a technique to compute transport
properties of classical many-body systems. In general NEMD simulations are
virtual experiments in which one can apply also extreme conditions, which can
not be realized in normal experiments. With these simulations one can directly
study variations of temperature, pressure and density across an interface and
get the resistivity coefficients for transport of heat and mass across the surface.
The computational results can then be used to test theoretical results and the
assumption on which they are based. NEMD simulations were performed by Xu
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et al. and Simon et al. to investigate the liquid-vapour interface of argon like
particles [23] and n-octane [24] and obtain the interface transfer resistivities.
This useful technique can now be used to study the surface of a zeolite-gas
system.

1.4 Aim and outline of the thesis

From the overview presented in paragraph 1.2 it is evident that the source
of the discrepancy between macroscopic and microscopic measurements of dif-
fusivities in zeolites still remains the subject of much debate. The influence
of the external surface of the zeolite crystals on the uptake has been much
less thoroughly investigated in comparison to intra-crystalline transport. A
detailed study of the transport properties of zeolite surfaces is still lacking.

The aim of this doctoral thesis is to shed light on the transport of heat and
mass across the zeolite-gas interface to reveal molecular mechanisms of rate
limiting processes and factor that can influence the gas adsorption in zeo-
lites. This is done by investigating the transport of n-butane molecules across
a silicalite-1 membrane through MD simulations. The silicalite is simulated
with a flexible atomic model, which allows stretching and bendings of bonds.
The n-butane molecule is modeled with an United Atom model, characterized
by stretching, bending and torsion interactions between the CHi groups and
coupling between the different vibration modes. The silicalite-butane system
is analyzed in the framework of non-equilibrium thermodynamics. This means
that the silicalite surface, as described by excess densities, is considered as an
independent thermodynamic system characterized by its own temperature and
chemical potential also in non-equilibrium conditions.

The outline of the thesis is the following.

First an overview of the basic concepts of diffusion in zeolites and of the ex-
perimental methods that are available to study the subject is given in chapter
2.

In chapter 3, a brief description of the most famous molecular simulations
techniques used to study alkanes in zeolites is given.

In chapter 4, the non-equilibrium thermodynamic theory and its extension to
heterogeneous systems and in particular membranes is presented.

In chapter 5, the assumption of the local equilibrium hypothesis is verified
by NEMD simulations for four different systems where heat and mass are
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transported. The study includes also the case of transport of argon atoms and
heat across a zeolite crystal. Some general criteria required in order to obey
local equilibrium are given.

In chapter 6, the adsorption of n-butane on a silicalite-1 membrane is ana-
lyzed by transient NEMD simulations. We show that a significant tempera-
ture change accompanies adsorption and intra-crystalline transport, and leads
to a significant varying thermal driving force across the crystal surface. This
thermal driving force which retards the overall adsorption process is attributed
to the high resistance of the surface to heat transfer, in agreement with the
proposition of Ruthven [9].

In chapter 7 we focus on the equilibrium properties of the system. Equilibrium
molecular dynamics (EMD) simulations are used to obtain the isotherms of the
adsorption of n-butane both in the zeolite pores and on the external surface.
The surface is described by Gibbs excess properties and is regarded as an
autonomous system with is own temperature and chemical potential. Two
different surface structures are considered: a flat surface, and a surface with
a zig-zag texture. The equilibrium data obtained by this study are used in
the next chapters to compute the properties of systems subjected to non-
equilibrium conditions.

In chapter 8, the transport of heat and n-butane in the crystal pores are investi-
gated by NEMD simulations. These transport processes are coupled according
to classical non-equilibrium thermodynamics. The crystal is first subjected to
temperature differences in condition of zero net mass flux of butane. This al-
lows us to obtain the thermal conductivity, the Soret coefficient and the heat of
transfer carried by the butane molecules. Then a constant mass flux of butane
was created in the system at uniform temperature to get the inter-diffusion
coefficient. Specific NEMD algorithms were developed for the purpose, the
"Insertion" algorithm and the "Soft Heat Exchange" algorithm. This study
aimed to analyze the thermal diffusion effect, i.e mass transport induced by a
thermal force. In fact, although this phenomenon was discovered by Soret in
1879, its molecular origin remains largely unexplained. So, another aim was
to prove numerically a recently proposed relation between the heat of transfer
of one component moving in another and its partial molar enthalpy.

Finally, in chapter 9, attention is given to the surface, i.e. the interface be-
tween the zeolite pore openings and the gas phase. Gradients of temperature
and concentration are created across the surface by NEMD simulations. The
assumption of local equilibrium is verified by comparing the non-equilibrium
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results with equilibrium data. In stationary state, the properties of the whole
surface are computed using the fluxes at the right hand side of the interface as
well as at the left hand side. The surface resistivities are calculated at different
surface temperatures and gas pressures. To gain physical insight, the transport
equations are further decomposed into two sets. The surface is then regarded
as a series of two resistances; three coefficients are obtained for the zeolite
side and two for the gas side. We found that the resistance to heat transfer
is dominated by the gas side of the surface, while the silicalite side dominates
the resistance to mass transfer and the value of the coupling coefficient. This
is the first time that these coefficients are reported for transport of heat and
mass into and across a zeolite.





Chapter 2

Diffusion in zeolites

Diffusion in porous materials has been widely studied over the past fifty years
but our understanding of the subject is still far from complete. Various ex-
perimental techniques have been employed. These techniques can be roughly
divided in macroscopic and microscopic methods, depending on the time and
lengths scale at which they probe the diffusive process. In the following chap-
ter, the different definitions of diffusivities and an overview on the experimental
techniques available to study diffusion in zeolites are given.

2.1 Diffusion in porous systems

The diffusion of molecules in pores and the diffusional activation energy are
directly related to the pore size, dp, as shown schematically in Fig. 2.1, or
more specifically to the ratio of the pore diameter to the mean free path, λ,
and the collision diameter of the sorbate molecules.

In large pores (dp >> λ) collisions between molecules occur much more fre-
quently than collisions with the pore walls and the dominant mechanism is
molecular diffusion. When the pore size becomes smaller than the molecules
mean free path, mobility starts to depend on the pore dimensions and Knudsen
diffusion takes over. As the size of the pores becomes comparable with the ef-
fective diameter of the diffusing molecule, the interaction of the molecule with
the pore walls becomes more and more important. Steric effects become signif-
icant and diffusion turns to be an activated process. This regime of diffusion
is called configurational diffusion or intra-crystalline diffusion and is typical
of microporous materials. The diffusivity will depend strongly on the pore
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Figure 2.1: Effect of the pore diameter on diffusivity and diffusional activation
energy, showing the different regimes.

diameter, the structure of the pore walls, the interaction between the diffusing
molecules and the crystal atoms, the shape of the diffusing molecules and way
the channels are connected.

2.2 Definitions of diffusivities

The quantities associated with molecular diffusion of guest molecules in mi-
croporous materials have been carefully defined in numerous sources [11, 25].
Diffusion is defined by different diffusion coefficients describing different as-
pects of mass transfer. On overview of the different definitions is given here
[13].

At thermodynamic equilibrium, i.e. in the absence of concentration gradients,
the motion of a sorbate molecule is described by the self-diffusivity, Ds, defined
by the Einstein relation:

Ds = lim
t→∞

〈
|ri(t) − ri(0)|2

〉
6t

(2.1)

where the term in pointed brackets is the mean-squared displacement (MSD)
of the sorbate molecule i. Ds is a property of an individual particle, i.e. a
microscopic property: it characterizes the displacement of a tagged particle in
a sea of identical untagged particles. The magnitude of Ds can be determined
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experimentally using microscopic (or equilibrium) techniques such as pulsed-
field gradient NMR and neutron scattering, see paragraph 2.3.2.

The self-diffusivity defined by Eq. (2.1) can be equivalently calculated from the
long-time integral of the velocity auto-correlation function (VACF), a quantity
that expresses correlations between the velocity of a particle i at different times:

Ds =
1
3

∫ ∞

0
〈vi(t)vi(0)〉 dt (2.2)

Equation (2.2) is known as a Green-Kubo relation.

When a gradient in the intra-crystalline sorbate concentration exists, non-
equilibrium conditions occur in the zeolite-sorbate system. The proportionality
between the sorbate flux, J, and the concentration gradient, ∇c, is then given
by Fick’s law

J = −Dt∇c (2.3)

Here Dt is the transport diffusivity. Dt is related directly to the macroscopic
transport of matter and can be obtained by macroscopic (or non-equilibrium)
methods involving the measurements of uptake and permeation rates and anal-
ysis of frequency responses, see paragraph 2.3.1.

The transport diffusivity can be related to a microscopic description of the
system through a phenomenological equation known as the Darken equation,
although it is a result from the theories of Maxwell and Stefan:

Dt(c) = D0(c)
(

∂ ln f

∂ ln c

)
T

(2.4)

where f is the sorbate fugacity, which can be replaced by the pressure for an
ideal gas, c is its intra-crystalline concentration and T is the system temper-
ature. D0 is known as the corrected (or Maxwell-Stefan) diffusivity and is
related to the collective mobility of the adsorbed molecules. It can be calcu-
lated as

D0 = lim
t→∞

N∑
i=1

N∑
j=1

〈|ri(t) − ri(0)| |rj(t) − rj(0)|〉
6Nt

(2.5)

or alternatively as

D0 =
∫ ∞

0

N∑
i=1

N∑
j=1

〈vi(t)vj(0)〉
3N

dt (2.6)
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where N is the number of sorbate molecules. Although D0 is often approxi-
mately equal to Ds, comparing Eqs. (2.2) and (2.6) it is clear that they are
different properties: in fact while Ds is an individual property that depends
only on the auto-correlation of individual molecule velocities, D0 is a collective
property, i.e. it depends on the total flux of all adsorbed molecules and in-
cludes both auto- and cross-velocity correlations. Only in the limit of infinitely
diluted systems, where intermolecular interactions are negligible and the veloc-
ities of different molecules are completely uncorrelated, the collective mobility
is equal to the self-diffusivity. In general at higher loadings cross correlations
exists between the particles velocities and D0 > Ds.

In Eq. (2.3), the term (ln f/ ln c)T is simply the gradient of the equilibrium
isotherm in logarithmic coordinates and represents the thermodynamic correc-
tion factor Γ, which is introduced based on the assumption that in irreversible
thermodynamics the driving force for diffusion is the chemical potential gra-
dient rather than the concentration gradient [11]. If the system is thermody-
namically ideal (f = p ∝ c), d ln p/d ln c = 1 and the transport and corrected
diffusivities become identical. However in the more general case of thermody-
namically non-ideal system, the transport diffusivity is seen as the product of
D0 and Γ, which arises from non-linearity of the relationship between activity
and concentration.

Zeolitic systems usually exhibit a Langmuir-type isotherm (see chapter 7 for
more details) given by:

c

csat
=

Kp

1 + Kp
(2.7)

where csat is the saturation loading and K is the equilibrium constant. In-
troducing the Langmuir model (2.7) in the expression of the thermodynamic
correction factor we obtain

Γ =
1

1 − c/csat
(2.8)

In this case Γ approaches 1 as c → 0 and only in this limiting case the corrected
and the transport diffusivities are equal. However as c increases, Γ increases
and Eq. (2.4) predicts that Dt > D0.

The dependence of diffusion in zeolite on the concentration has been observed
both experimentally [26] and with molecular simulations [13, 27]. Chen and
Yang [28] derived a modified form of the Darken relation that takes into account
the effects of the constriction of the zeolite structure on the mass transport.
With this model different behaviours for the one-component Fick’s diffusivity
in different zeolite are described as a function of the amount adsorbed.
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Table 2.1: Measurements of diffusion in zeolite crystals: historical development
[1].

Method Author
Direct monitoring of transient concentration profile Tiselius(1943)
Transient Sorption Rate
- Volumetric/gravimetric Barrer (1940)
- Piezometric Bulow (1970), Do
NMR relaxation Resing (1967)
Pulse Field Gradient (PFG) NMR Pfeifer, Kärger, Lechert (early 1970s)
Gas chromatography Haynes, Ma, Ruthven (mid 1970s)
Membrane permeation Hayhurst, Wernick (1983)
Effectiveness factor Haag, Post (early 1980s)
Zero-Length column (ZLC) Eic and Ruthven (mid 1980s)
Frequency Response Yasuda, Rees (late 1980s)
Quasi-Elastic Neutron Scattering (QENS) Cohen de Lara, Jobic (late 1980s)
Liquid chromatography Awum (1988)
Fourier Transform Infrared Spectroscopy (FTIR) Niessen and Kärger (1991)
Differential Adsorption Bed Do (1991)
Infra Red (IR) and IR Frequency Response Grenier, Meunier, Bourdin (1994)
Tracer ZLC Hufton (1994)
Temporal Analysis of Products (TAP) reactor Baerns and Keipert, Nijhuis (1997)
Interference microscopy Schemmert (1999)

2.3 Experimental techniques

As mentioned in the Introduction, the knowledge of diffusion processes in ze-
olites is of crucial importance for many technological applications because it
controls the time scale and therefore the efficiency of such processes. Many
experimental methods are available for studying the diffusivities in zeolitic
materials. Table 2.1 lists some of them with their approximate chronology
[1]. These methods can be divided into two main categories: macroscopic and
microscopic methods, depending on whether the technique measures a bulk
flux or attempts to track and average the movement of individual molecules.
The macroscopic category can be further sub-divided into transient and quasi
steady state methods as shown in Tab. 2.2 [1].

A detailed description of the different experimental techniques has been re-
ported by numerous authors [1, 7, 11]. In the next paragraphs, only a short
overview of some of the experimental techniques available nowadays will be
given. A description of theoretical methods based on molecular simulations
will be instead presented in the next chapter.
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Table 2.2: Classification of methods for measuring intra-crystalline diffusion
in zeolites [1].

| QENS
Microscopic ≺ NMR - Relaxation
methods | PFG NMR

| Interference microscopy

| Sorption Rate
| Flow - ZLC
| Batch
| - DAB
| - gravimetric
| - piezometric
| - FTIR

| Transient ≺ - Temp response
| |
| | Chromatographic
| | - Gas phase
| | - Liquid phase
| | - Wall coated column

Macroscopic ≺ |
methods | | Frequency response

| -Pressure
| -Pressure/Temperature
|
| | Membrane
| Quasi | - Wicked Kallenbach
| steady ≺ - Single Crystal
| state | - Zeolite Membrane

|
| Catalyst effectiveness factor

2.3.1 Macroscopic techniques

Membrane permeation

Permeation measurements provide in principle a straightforward approach to
diffusion measurements. With this technique the flux of the adsorbate through
membrane is measured under well defined conditions of sorbate pressure on
the hight and low pressure faces. The transport diffusivity is then calculated
directly from the quotient of the flux and the concentration gradient.

Uptake rate measurements

Uptake techniques are based on the measurement of the response of the ze-
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olitic system to a change in the pressure or concentration of the surrounding
gas phase. Examples are the gravimetric method, which uses a vacuum mi-
crobalance to measure the change in weight of the zeolite sample after being
exposed to the gas phase, volumetric methods, which measure the change in
the amount of gas phase molecules in the sorption vessel and piezometric meth-
ods, in which the quantity of sorbate adsorbed is deduced from measurements
of the change in the system pressure. Recently, the tapered element oscillating
microbalance (TEOM) technique has been introduced, which measures the up-
take in a zeolite sample via a change in eigenfrequency of the oscillating tube
holding the sample [29]. When diffusion is slow (time scale of tens of minutes)
such methods can yield reliable diffusivity values but, for rapid processes, the
intrusion of heat transfer resistance, external diffusion and valve effects makes
it difficult to derive reliable diffusivities.

Chromatographic methods

The chromatographic technique has been introduced as an alternative to sorp-
tion rate measurements, as the use of a steady-state flow with a sufficiently
high velocity can significantly reduce the influence of the external resistances to
heat and mass transfer of the system. The technique is based on the measure-
ment of the dynamic response of a packed adsorbent column to a perturbation
in the sorbate concentration at the inlet. By making measurements over a
range of flow rates, it is possible to separate the contributions due to mass
transfer resistance and axial mixing and so to determine the intra-crystalline
diffusivity. The conventional chromatographic method uses either a pulse or a
step injection of sorbate, but in the last decades a number of variations on the
traditional technique have been introduced.

The frequency response method [30] uses a periodic sinusoidal perturbation of
the inlet concentration, and obtains information on the dominant mass transfer
resistance from the "phase" shift and amplitude of the response of the chro-
matographic column. The zero-length column (ZLC) method [31] follows the
desorption of the sorbate from a previously equilibrated small sample of ad-
sorbent into an inert gas stream. With this technique, the external resistances
to heat and mass transfer are minimized. More recently, temporal analysis
of products (TAP) reactor systems [32] have been introduced, which use a
mass spectrometer to measure the pulse response of an adsorbent bed under
ultra-high vacuum conditions after the injection of small doses of gases.
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2.3.2 Microscopic techniques

Pulsed Field Gradient NMR

The Pulsed Field Gradient (PFG) [33] NMR is a steady state technique that
yields a direct measurement of the self-diffusivity. This method consists in
applying two pulsed magnetic gradient fields over two short time intervals to
a sample in which the nuclear spins have been excited by a large constant
magnetic field. If the molecules do not change their positions during the time
interval between the two gradient pulses, the second gradient pulse would ex-
actly counteract the effect of the first pulse, leaving all spins in phase. However,
if there was a displacement of the molecules, phase coherence is partially lost
and the measured spin echo signal will loose part of its value. Measurements
of the extent of the signal attenuation as a function of the intensity and/or
duration of the gradient pulse provides direct information on the mean squared
displacement of the diffusing molecules. A number of conditions concerning
the duration of the time interval between the two gradient pulses relative to
the spin-spin relaxation time must be fulfilled. Moreover the displacement
must be less than the crystalline diameter. The result of these limitations is to
restrict the method to relatively rapidly diffusing systems (Ds ≈ 10−12 - 10−13

m2s−1). For slower intra-crystalline diffusions, a modification of the PFG-
NMR technique known as Fast Tracer Desorption (FTD) NMR method has
been developed. Combination of the PFG and FTD-NMR methods has been
successfully used to provide direct evidence of a surface barrier, cf. [34, 35].

Quasi-Elastic Neutron Scattering

Quasi-elastic neutron scattering (QENS) has been introduced in the early 90’s
as an alternative to PFG-NMR measurements to measure the intra crystalline
diffusion in zeolites [36]. This technique is based on the analysis of the quasi-
elastic broadening in the energy of the scattered neutron beam caused by an
energy transfer between the incident wave and the diffusing molecules, which,
in its turn, depends on the elementary diffusion process of the particles. QENS
experiments yield information on molecular mobility at the local scale (< 10
Å). The estimation of the long range micropore diffusivities from such mea-
surements depends on estimating the jump length as well as on the implicit
assumption that the long range diffusion is controlled by the same process that
controls the local mobility [1].

Recently, QENS experiments were carried out [37] to determine the Fick’s
diffusivity, the self-diffusivity and the thermodynamic correction factor Γ, for
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n-hexane and n-heptane in MFI zeolite for a variety of loadings. The exper-
imental results of diffusivity were found to be about an order of magnitude
lower than those determined from simulations.

Interference microscopy

The interference microscopy method is based on an analysis of the interfer-
ence pattern generated by superimposing light beams passing through the
nanoporous crystal and the surrounding atmosphere. Since the optical density
of the crystal is a function of the concentration of the guest molecules, changes
in local concentration directly appear in corresponding changes in the interfer-
ence pattern. Vice versa, from the interference patterns one may deduce the
corresponding concentration profiles.

The first application of interference microscopy to the observation of transient
concentration profiles of guest molecules in nanoporous systems was reported
nearly a decade ago [38]. This technique was employed by Kortunov et al.
[39] to study the role of surface defects in molecular uptake experiments and,
more recently, by Heinke et al. [12, 40, 41] to direct monitor guest diffusion in
nanoporous systems.





Chapter 3

Molecular simulations

Parallel to the experimental investigations presented in the previous chapter,
modeling of diffusion processes in zeolites was also carried out in order to get a
better understanding of how the diffusion depends on various parameters such
as the zeolite structure, the geometric shape of the diffusing molecules and the
operating conditions.
In this chapter a description of the Monte Carlo and molecular dynamics tech-
niques and a brief review of the results of diffusion in zeolites obtained by these
approaches is given.

3.1 The principles

Molecular simulations have made enormous progress in recent years, and are
gradually becoming a ubiquitous tool in many fields of science and engineering.
This is partly due to the ever-increasing speed of computers and, perhaps to
a larger extent, to the development of new methods for simulation of complex
fluids and materials [42]. A molecular simulation generally consists of a com-
puter realization of a system in which actual molecular configurations are used
to extract structural, thermodynamic and dynamic information [43]. The term
"configuration" denotes a set of Cartesian coordinates (and momenta in the
case of dynamic simulations) for all the atoms or molecules that constitute a
system. Generally a molecular simulation is characterized by 3 steps: (1) con-
struction of a model, (2) calculation of molecular trajectories, and (3) analysis
of those trajectories to obtain properties values [44]. The model consists of two
parts: a model for interactions among the molecules constituting the system
and a model for interactions between the molecules and their environment. The
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Figure 3.1: Relative degree of determinism in various molecular simulations
methods.

former is contained in potential energy functions, which implicitly describe the
geometric shapes of individual molecules. The latter encompasses boundary
conditions, which describe how the particles interact with their surroundings.
In step 2, molecular positions are computed. The way in which this is done and,
consequently, how the molecular trajectories are analyzed in order to get the
system properties, distinguish the different simulation methods. In molecular
dynamics (MD) the positions are obtained by numerically solving differential
equations of motion and, hence, the positions are connected in time and reveal
dynamics of individual molecules as in a motion picture. In other simulation
methods the molecular positions are not temporally related. For instance, in
Monte Carlo (MC) simulations the positions are generated stochastically such
that a molecular configuration depends only on the previous configuration.
In still other simulations methods, the positions are computed from hybrid
schemes that involve some stochastic features as in Monte Carlo and some de-
terministic features, as in molecular dynamics. These various methods can be
arranged according to the degree of determinism used in generating molecular
positions, as in Fig. 3.1 [44].

Here a brief description the two main molecular simulations methods used to
study adsorption and diffusion in zeolites, namely Monte Carlo and molecular
dynamics simulations, is given.

3.2 Monte Carlo simulations

The expression "Monte Carlo method" is actually very general. MC methods
are a class of computational algorithms that rely on repeated random sam-
pling to compute their results. Starting from an initial configuration, random
perturbations of the system are proposed (e.g., by performing random displace-
ments of the atoms from their original positions). By "accepting" only some
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of the resulting random configurations, one can construct an ensemble of those
distributed according to well-defined functions of the energy, temperature, and
other relevant thermodynamic variables.

The most known MC algorithm was derived by Metropolis et al. [45]. It
involves the following principal steps: (1) Initial positions ri are assigned to
the N molecules of the system and the total potential energy U is computed.
(2) A new configuration is created by moving an arbitrarily chosen molecule
from position r to r′. (3) The move is accepted if U ′ < U , being U ′ the total
potential energy of the new configuration. If U ′ > U , the move is accepted
with probability proportional to the Boltzmann factor exp(−ΔU/kT ) where
ΔU = U ′ − U , k is the Boltzmann constant and T the temperature. (4)
If the move is rejected, the process is repeated starting from the previous
configuration.

Several variants of the Metropolis MC method have been proposed. An exam-
ple is the force-biased algorithm [46, 47], in which the direction of the proposed
move is taken to be that of the force exerted on the molecule by all other par-
ticles. These techniques are designed to sample representative microstates
(snapshots or configurations) of a system at equilibrium; macroscopic prop-
erties are found as the average of microscopic quantities measured over the
ensemble of snapshots.

Many researchers have already employed MC simulations, and in particular
Grand Canonical Monte Carlo (GCMC) and Configurational Bias Monte Carlo
(CBMC) to study adsorption of alkanes in zeolites. Many examples can be
found in literature. I will just cite few of them. Vlugt et al. [48] used
the CBMC technique for computing the adsorption isotherms of linear and
branched 2-methylalkanes on silicalite. Krishna et al. [49] also used CBMC
to calculate the sorption isotherms of methane, ethane, propane, and n- and
iso-butane, as well as of various binary, ternary and quaternary mixtures.
Moreover Du et al. [50] and Macedonia et al. [51] simulated the adsorption of
short linear alkanes (methane, ethane, propane, and butane) and their binary
mixtures in silicalite respectively by CBMC in the grand-canonical ensemble
and by GCMC.

MC simulations demonstrated to be very efficient in computing equilibrium
properties of zeolite-gas systems but are not well suited for calculating time
dependent properties. To get access to the diffusion in zeolites, the Dynamic
(or Kinetic) Monte Carlo (DMC) technique is used [52–54]. The DMC tech-
nique provides a numerical solution to a stochastic description where the time
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evolution of the system proceeds through jumps between configurations in
phase space. In this technique, the zeolite crystal is modeled as a network of
interconnected pores. Transport of molecules proceeds through a sequence of
jumps from one adsorption site to another. The first step of DMC simulations
is the definition of the zeolite pore network. Often, simple square or cubic lat-
tices are used, but sometimes more detailed models are developed in order to
accurately mimic the adsorption sites and connectivity of the real system under
investigation. The next step consists in assigning appropriate hopping rates
to the different possible jumps that describe the diffusion process. Starting
from an initial configuration, the evolution in time of the system is obtained
by creating a list of al possible events and assigning a tentative time for each of
them according to a Poisson distribution. The first possible event in the list is
then executed and the event list is updated. A number of different algorithms
are available for advancing the time [55], which differ in implementation but
are conceptually identical.

The DMC simulations use a coarse-grained model of the zeolite-adsorbate sys-
tem. Therefore are computationally much less demanding than molecular dy-
namics simulations and can be used to simulate on much larger time and length
scales. The coarse graining is however also the greatest disadvantage of this
method since a lot of details regarding the zeolite-adsorbate and adsorbate-
adsorbate interactions are lost. Moreover, not all systems might be suitably
represented by a hopping mechanism.

3.3 Molecular dynamics simulations

Molecular dynamics (MD) simulations compute the motions of individual mole-
cules. They describe how positions, velocities and orientations change in time.
This is a modern realization of old idea in science, which can be traced back
to the time on Newton: the behaviour of a system can be obtained if we
have a set of initial conditions and forces of interactions between the system’s
particles [44]. First a model for the interactions between the particles is need.
Usually a two-body potential is used. A common pair potential inter-particles
interactions in fluids is the Lennard-Jones (LJ) potential.

ULJ(rij) = 4εij

[(
σij

rij

)12

−
(

σij

rij

)6
]

(3.1)

Here rij is the distance between particles i and j, εij is the well depth (the
minimum of the potential between two particles) and σij is the collision diam-
eter (separation for which the potential energy between two particles is zero).
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Figure 3.2: Classical LJ potential, truncated LJ potential and truncated and
shifted LJ potential.

The LJ potential is characterized by an attractive part that varies as r−6 and
a repulsive part that varies as r−12. The parameters εij and σij are cross-
interaction parameters that can be found from the self-interaction ones by the
Lorentz-Berthelot mixing rules:

σij = (σii + σjj)/2 εij = (εiiεjj)1/2 (3.2)

In order to reduce the computing time, a truncated LJ potential is employed,
which is taken to be equal to zero beyond a cut-off distance r ≥ rc. The
truncated LJ potential contains a discontinuity at rij = rc: whenever a pair
of molecules crosses this boundary, the total energy will not be conserved. To
avoid this contribution and obtain a consistent description of the system, it is
necessary to subtract to the potential function a quantity equal to its value in
r = rc and thus use a shifted truncated LJ potential [56], see Fig. 3.2.

In addition to the inter-molecular potentials, also intra-molecular potentials
have to be defined, which describe the bond-stretching, bending and torsion
vibrations of each particle. A commonly used simplification of the calculation
of intra-molecular potentials is given by the United Atom model that considers
groups of atoms as single interaction sites. For example the CH3 or CH2 units
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of an alkane chain can be "lumped" into one interaction group described by
one single pair of effective LJ parameters. Once all interactions are defined, the
total potential energy experienced by a particle i, Ui, is known and the force
acting on it, Fi, can be obtained from the gradient if this potential energy:

Fi = −∇Ui (3.3)

The system’s dynamics is then obtained by integrating Newton’s equation of
motion:

Fi = miai (3.4)

where mi is the mass of particle i and ai its acceleration (ai = dvi/dt =
d2ri/dt2, being vi the particle velocity). A popular algorithm to solve this
equation is the velocity Verlet algorithm [56]:

ri(t + δt) = ri(t) + δtv(t) +
1
2
δt2ai(t) (3.5)

vi(t + δt) = vi(t) +
1
2
δt [ai(t) + ai(t + δt)] (3.6)

in which δt is the time step of the integration. A typical time step for MD
simulations has to be smaller than any characteristic time in the system. Too
small time steps lead to a trajectory that covers only a small part of the
phase space while too large time steps lead to instabilities in the integration
algorithm. For molecular systems δt is of the order of 10−15 s.

All the thermodynamics and transport properties of the system can then be
derived from time averages of the measured mechanical properties of the par-
ticles. According to the ergodic hypothesis, the time average provided by
molecular dynamics should be the same as the ensemble average provided by
Monte Carlo.

The molecular dynamics methods encompass two general forms: one for sys-
tems at equilibrium, another for systems away from equilibrium. Equilibrium
molecular dynamics (EMD) simulations are typically applied to an isolated sys-
tem containing a fixed number of molecules N and fixed volume V . Because
the system is isolated, its total energy E is constant. With non-equilibrium
molecular dynamics (NEMD) simulations the system is subjected to an exter-
nal force and its response to this force is analyzed. Gradients can be applied
to the systems by perturbation of his boundary in so called boundary-driven
(BD) NEMD [57, 58], or fluxes can be set up via the boundaries and the re-
sulting gradients can be studied. This method simulates therefore experiments
in its determination of transport properties.
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MD simulations have been used to study the adsorption and the diffusion of
alkanes in zeolites. With EMD simulations the self-diffusion coefficient of a
component is computed by taking the slope of the mean squared displacement
at long times, following the Einstein relation (2.1), see paragraph 2.2 or equiv-
alently by evaluating the time integral of the auto-correlation function using
the Green-Kubo relation (2.2).

Examples of the use of EMD simulations to study the diffusion processes of
alkanes in zeolites are provided by the work of Goodbody el al. [59] who have
simulated methane and at a preliminary level also n-butane adsorbed in sili-
calite, by June et al. [60] and Hernandez et al. [14] who have reported results
for the adsorption of n-butane and n-hexane in the zeolite silicalite. Moreover
Leroy et al. [61] obtained the self-diffusion coefficients for a series of n-alkanes
adsorbed in silicalite comparing the use of rigid and flexible frameworks and
Gergidis et al. studied the transport of n-butane - methane mixtures in sili-
calite at 200 K using both MD simulations and quasi-elastic neutron scattering
experiments [62, 63]. This list is by no means exhaustive.

With NEMD simulations it is possible to create a gradient of concentration in
the system and get directly the Fick’s diffusivity from the Fick’s law (2.3). The
first efforts to calculate the Fick’s diffusivities in zeolites were made by Maginn
et al. in 1993 for methane in silicalite [13]. They developed two NEMD meth-
ods, one involving the relaxation of a concentration gradient in the simulations
box and another using an external force applied to the molecules and equiva-
lent to a chemical potential gradient and studying the response of the system
to this perturbating field. The first method was an attempt to mimic as closely
as possible the transient conditions prevailing in a macroscopic measurement,
such as the uptake rate experiment. Fritzsche et al. [64] applied a concen-
tration gradient in a MD simulation to calculate the transport diffusivities of
methane in LTA zeolite. They found that Dt increases with increasing concen-
tration and for small concentrations it approach the self-diffusivity determined
by EMD simulations.

For permeation through membrane two BD-NEMD methods have been used in
the last 10 years: the dual control volume grand canonical molecular dynamics
(DCV-GCMD) method, which is a hybrid method that periodically performs
MC molecular insertion and deletion attempts in specific regions (the control
volumes), and then propagates the system through time using molecular dy-
namics and the μVT-NEMD method, which is a combination of the GCMC
and the BD-NEMD. Examples are given by the works of Martin et al. [65],
Chandross et al. [66] and Furukawa et al. [27, 57].





Chapter 4

Non-equilibrium
thermodynamics

This chapter explains how accurate and reliable flux equations can be obtained
following non-equilibrium thermodynamics and shows what this theory can add
to the analysis of transport phenomena.

4.1 The principles

As mentioned in the Introduction, non-equilibrium thermodynamics (NET) is
a theory that describes transports in irreversible processes. According to this
theory, the system is described by defining its local entropy production σ. The
total entropy production is the integral of the local entropy production over
the volume, V , of the system. In stationary state it is also equal to the entropy
flux leaving the system, Jo

s , minus the entropy flux entering the system, J i
s.∫

V
σdV = Jo

s − J i
s ≥ 0 (4.1)

Only processes which lead to an increase in entropy are possible, so the nec-
essary and sufficient condition for a stable state in an isolated system is that
the entropy has reached its maximum.

The system entropy production is given by the product sum of conjugate fluxes,
Ji, and forces, Xi.

σ =
∑

i

JiXi (4.2)
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Between fluxes and forces there exists a linear relation of the type

Ji =
∑

j

LijXj (4.3)

where the coefficient Lij are the Onsager phenomenological coefficients, or
conductivities. Onsager prescribed that each flux had to be connected to its
conjugate force via the extensive variables that define the flux. He assumed
that the variables and the rate laws were the same on the macroscopic and
microscopic level; this is the so-called regression hypothesis. Making also use
of the principle of microscopic reversibility, Onsager proved that the reciprocal
relations were valid

Lij = Lji (4.4)

This means that the matrix of the phenomenological coefficients is symmetric.

In order to use non-equilibrium thermodynamics, the complete set of exten-
sive, independent thermodynamic variables, αi must then be identified and the
conjugate fluxes and forces have to be expressed as:

Ji =
dαi

dt
and Xi =

∂S

∂αi
(4.5)

4.2 What can non-equilibrium thermodynamics offer?

Classical thermodynamics deals with equilibrium states and any transition
between states is taken to proceed through a sequence of equilibrium states,
i.e. through a reversible path. By contrast, most of real application, e.g. in
the process industry, in the electrochemical industry, in biological systems as
well in laboratory experiments, deal with heterogeneous systems that are not in
global equilibrium. For these systems the transport phenomena are irreversible
and can not be described in the framework of classical thermodynamics. The
main reasons why it is important to use the NET theory in these cases are
listed below [22].

1. The theory gives an accurate description of coupled transport
processes.

Many natural and man-made processes are adequately described only if
coupling among fluxes are taken into account. Several examples can be
given. For instance, there are always large fluxes of mass and heat that
accompany charge transport in batteries and electrolysis cells. Electrical
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energy is frequently used to transport mass in biological systems. Salt
concentration differences between river water and sea water can be used
to generate electric power. Pure water can be generated from salt water
by application of pressure gradients. The simple flux equations of heat,
mass and charge transport given by Fourier, Fick and Ohm’s laws are
not enough to describe the phenomena reported above and the transport
equations must include coupling between the various fluxes. Couplings
means that the transport of mass will take place in a system not only
when the gradient in the chemical potential is different from zero, but
also when there are gradients in temperature or electric potential.

2. A framework is obtained for the definition of experiments.

The transport properties of a system can be defined by NET and an ad-
hoc experimental set-up can be designed to measure them, using the same
theory. An example is given by the transport across an ion-exchange
membrane [67].

3. The theory quantifies not only the entropy that is produced
during transport, but also the work that is done and the lost
work.

Non-equilibrium thermodynamics is probably the only method that can
be used to assess how energy resources are exploited within a system. In
fact the theory deals with energy conversion on the local level and a link
to exergy analysis can be obtained by integrating to the system level.

4. The theory allows to check that the thermodynamics equations
that have been used to model the system are in agreement with
the second law.

The entropy balance of the system and the expression for the entropy
production can be used to control the internal consistency of the ther-
modynamic description. In fact the entropy flux difference and the in-
tegral of σ over the system volume, see Eq. (4.1), can be calculated
independently and must give the same answer.
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4.3 Transport of heat and mass

4.3.1 The homogeneous phase

To obtain the set of generalized forces and fluxes, the time dependence of the
entropy must be considered. The starting point is the Gibb’s equation. We
shall consider a system with transport of mass and heat only. For a small
volume element containing different molecular species we can write:

dU = TdS − pdV +
N∑

i=1

μidNi (4.6)

where U , S, V , T , p, μi and Ni have their usual thermodynamics significance,
denoting respectively the internal energy, entropy, volume, pressure, chemical
potentials and numbers of molecules of the various components.

By replacing U , S and Ni by the densities of the same variables per unit
volume, u = U/V , s = S/V , ci = Ni/V , we obtain the local form of the Gibb’s
equation:

du = Tds +
N∑

i=1

μidci (4.7)

The time derivative of the entropy density becomes:

∂s

∂t
=

1
T

∂u

∂t
− 1

T

N∑
i=1

μi
∂ci

∂t
(4.8)

By introducing the mass balance equation (in absence of chemical reactions)

∂ci

∂t
= −∇Ji (4.9)

and the energy balance equation (in absence of electric fields)

∂u

∂t
= −∇Jq (4.10)

and expressing the rate of change in the local entropy production as

∂s

∂t
= −∇Js + σ (4.11)

we obtain:

σ = Jq

(
∇ 1

T

)
+

N∑
i=1

Ji

(
−∇μi

T

)
(4.12)
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In the equations above Ji, Jq and Js are respectively the mass flux of compo-
nent i, the total energy flux and the entropy flux. By substituting the total
energy flux, Jq, with the measurable heat flux, J ′

q = Jq −
∑

HiJi, where Hi

is the partial molar enthalpy carried by component i, we find an alternative
expression of the entropy production:

σ = J ′
q

(
∇ 1

T

)
+

N∑
i=1

Ji

(
− 1

T
∇μi,T

)
(4.13)

where ∇μi,T is the gradient of chemical potential keeping the temperature
constant. For transport of a single component m in condition of non uniform
temperature, the flux-force relations thus become, from (4.13):

J ′
q = lqq∇

(
1
T

)
+ lqm

(
− 1

T
∇μm,T

)
(4.14)

Jm = lmq∇
(

1
T

)
+ lmm

(
− 1

T
∇μm,T

)
(4.15)

Alternatively forces can be expressed as linear function of fluxes by replacing
the conductivity matrix by the resistivity matrix.

∇
(

1
T

)
= rqqJ

′
q + rqmJm (4.16)

− 1
T
∇μm,T = rmqJ

′
q + rmmJm (4.17)

The diagonal coefficients can be related to the thermal conductivity, λ, and
the diffusion coefficient, Dm, of the system.

λ = −
[

J ′
q

∇T

]
Jm=0

=
1

T 2rqq
(4.18)

Dm = −
[

Jm

∇cm

]
dT=0

=
1
T

∂μm,T

∂cm

(
rmm − rmqrqm

rqq

)−1

(4.19)

In the above equations we can recognize the Fourier’s law (4.18) and the Fick’s
law (4.19).

The cross coefficients express the coupling between mass and heat transport.
Mass transport that takes place due to a temperature gradient is expressed by
the thermal diffusion coefficient DT or by the Soret coefficient sT :

DT = −
[

Jm

cm∇T

]
dcm=0

= −rmq/rqq

T 2cm

(
rmm − rmqrqm

rqq

)−1

(4.20)
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s

Figure 4.1: Schematic representation of the interface between two homogeneous
phases.

sT = −
[ ∇cm

cm∇T

]
Jm=0

=
DT

Dm
(4.21)

The reciprocal effect, i.e. transport that is due to a concentration gradient, is
defined by the Dufour coefficient DD:

DD = −
[

J ′
q

∇cm

]
dT=0

= −rqm

rqq
Dm (4.22)

In chapter 8 transport equations will be derived for the specific case of trans-
port of n-butane and heat across a silicalite crystal and the thermal diffusion
phenomenon will be analyzed in details.

4.3.2 The surface

The surface is defined as the interface between two homogeneous phases, see
Fig. 4.1.

The thermodynamic properties of the interface can be defined using Gibbs
method (1961) as surface excess densities of mass, N s

i , entropy Ss and energy
U s. The Gibbs equation for the total excess internal energy, U s, of an interface
in equilibrium is

dU s = TdSs + γsdΩ +
N∑

i=1

μidN s
i (4.23)

where Ω is the surface area and γs is the surface tension. To find the local
expression of the Gibbs equation we need now variables given by unit of surface
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area. These are the excess energy density us = U s/Ω, the excess concentration
Γs

i = N s
i /Ω and the excess entropy density ss = Ss/Ω. When we introduce

these variables into Eq. (4.23) we obtain:

dus = Tdss +
N∑

i=1

μidΓs
i (4.24)

We now go further by making the assumption of local equilibrium. The inter-
face is in local equilibrium when the local thermodynamic relations are valid in
each point along the interface at any moment of time, also when the system is
out of global equilibrium. With this assumption we can define the temperature
and the chemical potential of the surface by the derivatives

T s =
(

dus

dss

)
Γs

i

and μs =
(

dus

dΓs
i

)
ss,Γs

j

(4.25)

The temperature and the chemical potential defined in this manner depend
only on the surface excess variables and not on the variables in the adjacent
homogeneous phases. The time derivative of the entropy density is given by

∂ss

∂t
=

1
T s

∂us

∂t
− 1

T s

N∑
i=1

μs
i

∂Γs
i

∂t
(4.26)

The balance equation for the excess concentration of component i is

∂Γs
i

∂t
= J l

i − Jr
i (4.27)

where J l
i is the flux of i into the interface from the left side and Jr

i is the flux of
i out of the interface on the right hand side. The change of the excess energy
density of the surface is given by the energy flux into the surface, J l

q, minus
the energy flux out of the surface, Jr

q :

∂us

∂t
= J l

q − Jr
q (4.28)

The change of entropy in the interfacial area element is the result of the flow
of entropy in, J l

s, and out, Jr
s of the interface, and of the excess entropy

production rate of the surface, σs:

∂ss

∂t
= J l

s − Jr
s + σs (4.29)
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σs can be defined explicitly by introducing the mass balance (4.27) and the
energy conservation law (4.28) into the local form of Gibb’s equation (4.26).
By doing that we obtain:

σs =J l
q

(
1
T s

− 1
T l

)
+ Jr

q

(
1
T r

− 1
T s

)
(4.30)

−
N∑

i=1

J l
i

(
μs

i

T s
− μl

i

T l

)
−

N∑
i=1

Jr
i

(
μr

i

T r
− μs

i

T s

)

where the superscript l and r refer respectively to the properties of the homo-
geneous phases on the left and on the right side of the surface. Introducing
the the measurable heat of transfers J ′l

q and J ′r
q we find:

σs =J ′l
q Δl,s

(
1
T

)
+ J ′r

q Δs,r

(
1
T

)
(4.31)

−
N∑

i=1

J ′l
i

1
T s

Δl,sμi,T (T s) −
N∑

i=1

J ′r
i

1
T s

Δs,rμi,T (T s)

Here short notations for jumps of variables across the interface were introduced.

It is now possible to write the flux-forces relations for the two sides of the
surface. For the flux of one component m through the surface we obtain:

Δl,s
1
T

= rs,l
qq J ′l

q + rs,l
qmJ l

m (4.32)

− 1
T s

Δl,sμm,T (T s) = rs,l
mqJ

′l
q + rs,l

mmJ l
m

for the left side of the surface and

Δs,r
1
T

= rs,r
qq J ′r

q + rs,r
qmJr

m (4.33)

− 1
T s

Δs,rμm,T (T s) = rs,r
mqJ

′r
q + rs,r

mmJr
m

for the right side. The matrix of resistivity coefficients represents the excess
resistivities of surface. They may depend on the interface temperature and
composition but not on the driving forces.

The interface resistivities have been obtained by NEMD simulations for the
liquid-vapour interface of Lennard-Jones spline particles by Røsjorde et al.
[68] and Xu et al. [23]. First the location of the surface was established: the
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surface started where the equation of state of the vapour was no longer valid
and ended where the density of the liquid phase started to vary in a linear
manner. It was established that the surface was in local equilibrium: the
surface tension calculated for a system out of global equilibrium was indeed
the same as for the system in global equilibrium at the same temperature [68].
Moreover the Onsager reciprocal relations were verified [23]. However up to
now, the interface between a solid and a gas phase has not been investigated
by NEMD. In chapter 9 the flux-forces relations are derived for the surface of
a silicalite membrane in contact with n-butane gas. The surface temperature
and chemical potential are defined and the surface resistivities are obtained
both for the zeolite side and for the gas side of the surface as a function of
the gas pressure and surface temperature. Equations for the whole surface in
stationary state are also derived and three independent transport coefficients
are obtained. Up to our knowledge, this is the first time that such coefficients
are reported.
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Abstract

The assumption of local equilibrium is validated in four different systems where
heat and mass are transported. Mass fluxes up to 13 kmol/m2s and temper-
ature gradients up to 1012 K/m were used. A two-component mixture, two
vapour-liquid interfaces, a chemical reaction in a temperature gradient and gas
adsorbed in zeolite were studied using non-equilibrium molecular dynamics. In
all cases, we verified that thermodynamic variables obeyed normal thermody-
namic relations, within an accuracy better than 5%. The heat and mass fluxes,
and the reaction rate were linearly related to the driving forces. Onsager’s
reciprocal relations were validated for two systems. Equipartition of kinetic
energy applied to all directions. There was no need to invoke any dependence
of the thermodynamic variables on the gradients. Away from global equilib-
rium, the local velocity distribution was found to deviate from the Maxwell
distribution in the direction of transport. The deviation was in a form that
is used by the Enskog method to solve the Boltzmann equation. New general
criteria were formulated for thermodynamic state variables, P . In order to
obey local equilibrium, the relative fluctuation in the state variable needs only
to fulfill δP/P � 1/

√
N , where N is the number of particles in the volume

element. The variation of the variable in the direction of transport needs to
fulfill ΔP/P = 	x∇P/P � 1, where the length of the volume element in di-
rection of transport, 	x, is of the order of the diameter of a molecule. These
criteria are much less restrictive than proposed earlier, and allows us to use
thermodynamic equations in open volume elements with a surprisingly small
number (8-18) of particles.

5.1 Introduction

In the modeling of chemical and mechanical processes in typical engineering
problems, it is normally taken as granted that thermodynamic equations apply
and can be used in any volume element of the system. But systems of interest
to engineering are now becoming smaller. Microfluid processes and nanoscale
control volumes are being investigated at large fluid velocities and gradients. It
is therefore of interest to examine when our normal thermodynamic equations
apply. How far can we go down in dimensions and time, and still use these
equations? Can criteria be formulated such that we know that they hold?

It is thus of great practical interest to have quantitative criteria for the validity
of the assumption of local equilibrium. Such can be obtained by asking how
big can the gradients be, or how small can the system be, in terms of the
number of interacting particles, before thermodynamic relations stop being
valid. When can we expect deviations in the presence of chemical reactions, or
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during chemisorption of reactants on a surface? And how can the system be
characterized, when local equilibrium applies, in a system that is clearly out
of global equilibrium?

In the field of non-equilibrium thermodynamics, the assumption of local equi-
librium is of fundamental importance. When the equations of thermodynamics
hold in local volume elements, we can use the Gibbs relation and calculate en-
tropy fluxes and entropy production in the presence of irreversible processes.
The assumption is crucial for the proof of the Onsager relations [22, 69, 70].

Knowledge of conditions for local equilibrium will therefore not only have a
practical consequence for the use of thermodynamic equations on a macroscopic
level [22] but also on a mesoscopic [71–74] level and thus for the development
of thermodynamic theories, so as to be able to deal with nano-systems. To
our knowledge these issues have not been thoroughly addressed before. This
work attempts to summarize and to expand on some earlier works on this topic
[15, 23, 68, 75–87].

The method of non-equilibrium molecular dynamics (NEMD) simulation is
well suited to examine such questions, see [88] and references therein. The
technique is invaluable in its ability to give assumptions made in the theory
a quantitative and molecular footing. In NEMD simulations, one does not a
priori assume validity of thermodynamic relations. Thermodynamic properties
are being derived from a purely mechanical description, described in Section
5.2.2 below. The method will therefore serve as an independent verification of
thermodynamic relations.

The NEMD method has already been used in some studies that examine the ba-
sic assumption of non-equilibrium thermodynamics. This work gives a review
of what has been done so far using this technique, in homogeneous mixtures
[75–83], in systems with interfaces [15, 23, 68, 84] and on chemical reactions
[85–87]. We shall add new results on heterogeneous microporous systems for
further substantiation.

With the NEMD technique one is able to generate large temperature gradients,
as high as 6 × 1011 K/m [75, 85], and use large mass fluxes, around 13 kmol/m2

s [84]. These are extreme conditions that seldom appear in engineering prob-
lems, so one would expect deviations from local equilibrium near these values.
Deviations have so far only been found for even larger temperature gradients,
as we shall see.

One would expect that non-equilibrium statistical mechanics gives criteria for
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validity of local equilibrium. As discussed extensively by Kreuzer in his book
[89] such criteria were given rigorously only for a dilute gas. For such gases
Meixner [90, 91] used the Enskog solution method of the Boltzmann equa-
tion and found that local equilibrium is valid when the temperature variation
ΔT over a mean free path 	 is much smaller than the absolute temperature,
ΔT = 	∇T � T . Similar conditions applied to other thermodynamic vari-
ables. Kreuzer argued that the difference ΔP in a variable across a cell with
thickness lx is at most of the order of the fluctuation of the variable, δP, in
the cell. The fluctuation should be much smaller than the average value of the
variable P . Combining these two criteria, Kreuzer gave as basic criterion for
the validity of local equilibrium:

ΔP = lx∇P � δP � P (5.1)

For a gas lx = 	 was the mean free path. In a liquid or a solid there is no natural
way to choose lx. Kreuzer proceeded to give arguments to prove the general
validity of his criterion and to establish the size of lx. We refer to his book
for the details. On the basis of the results from the NEMD simulations, to be
discussed below, we shall conclude, like Tenenbaum et al. [75] and Hafskjold
and Ratkje [79], that his criterion is much too restrictive.

Orban and Bellemans [92] as well as Haile [44] proposed that the velocity part
of Boltzmann’s HB-function

HB =
∫

f(v) lnf(v)dv (5.2)

can be used as a criterion for local equilibrium. (Subscript B has been added
to separate HB from the enthalpy.) Here f(v) is the velocity distribution of
the particles in the system. By comparing HB to the value found from the
Maxwell distribution one has a measure of how close a volume element is to
equilibrium. We shall come back to how to chose the size of a volume element
in a liquid or a solid.

NEMD simulations allow us to characterize non-equilibrium systems on the
molecular scale, and one purpose of these studies has been to develop a molec-
ular understanding of the properties of a system that obeys local equilibrium.
Hafskjold and Ratkje [79] gave some criteria for a homogeneous two-component
mixture with transport of heat and mass. We shall restate these, and check
their generality by studying other systems. We investigate the criteria in mi-
croporous heterogeneous systems as well as in the presence of a chemical reac-
tion. The presence of a chemical reaction can affect the number of independent
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components in a system. If chemical reactions are in equilibrium, the number
of components must, according to the phase rule, be reduced by the number
of chemical reactions. In other respects the thermodynamic relations must
remain unaltered in form.

A system which is not in equilibrium, and a system in global equilibrium,
differ in their local fluctuations [93]. When the system is in global equilibrium,
equal-time correlations of the densities and the temperature are short-range,
if one is not too close to the critical point. Away from equilibrium long-
range contributions to these correlations appear. The type of fluctuations
are thus an important characteristic of a non-equilibrium system, also when
local equilibrium is obeyed. We refer to [93] for a detailed discussion of these
properties.

The article is organized as follows. We give a description of necessary details
of the NEMD technique, and how thermodynamic quantities can be calculated
from a 100% mechanical description of molecular or atomic movements in
Section 5.2. The separate systems are then presented along with observations
on their properties in the non-equilibrium situation in Section 5.3. General
statements are formulated in Section 5.4 based on the experience of the system
analyzed, and possibilities for future work are pointed out.

5.2 The non-equilibrium molecular dynamics simulation tech-
nique

Non-equilibrium molecular dynamics simulation (NEMD) is a computer tech-
nique designed to investigate behavior in systems out of equilibrium. The sys-
tem behavior follows from the interaction between particles. Such interactions
can for instance be described by a pair potential like the Lennard-Jones poten-
tial [94, 95]. Algorithms for NEMD were developed in particular by Hafskjold
and coworkers [58, 79, 81, 82, 88, 96–100], but also by other authors [75, 101–
104]. Gradients are applied to the system by perturbation of its boundaries.
Alternatively, one can set up a flux via the boundaries, and study resulting
gradients. In so-called boundary driven or direct NEMD (the method used
here) one can simulate experiments and determine transport properties.

In NEMD, the computer is used to solve Newton’s equations of motion for the
particles in the system. On a microscopic level, the particle motion appears
chaotic, even if Newton’s laws are reversible in time. NEMD and other com-
puter techniques use periodic boundary conditions, which mimic a larger and
more representative system in a computer-efficient manner. A particle leaving
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Cold layers

61-69

Hot layers

1-4

Hot layers

125-128

Figure 5.1: Lennard-Jones spline particles distributed in a temperature gradient
that span across a fluid [23]. The cell is symmetric, with hot ends and a cold
center.

one box, enters the next, in a way that makes the system periodic, and intro-
duces a plane of symmetry in the center of the box. NEMD simulations are
mainly run until a stationary state is obtained. An average over a layer with
only a few particles, but over long time intervals, can then replace an average
over a thicker layer with many particles. The time- average is taken as the
ensemble average in a layer (the ergodic hypothesis).

When a non-equilibrium system is in a stationary state, the fluxes of energy
and mass are constant. A liquid and a vapour phase may coexist in this case,
when the boundary conditions are appropriate. The liquid phase appears in the
middle of the box, since energy is removed there. On each high-temperature
side, a vapour phase is formed. Two surfaces are then formed between the
vapour and liquid. The situation is thus ideal for studies of surfaces. A snap-
shot of this situation is illustrated in Fig. 5.1. A similar more complicated
case is gas adsorption in a micro-porous material [105].

In order to determine transport properties, one first needs equilibrium proper-
ties of the system. One can use NEMD to find both types of data. The equation
of state (in equilibrium systems) is found setting the gradients equal to zero.
The transport properties (in non-equilibrium systems) are next obtained.

Simulations can not be expected to give values found by experiments, even if
much progress has been made in this direction the last years [106]. The expres-
sion for the interaction potential is a guess for a real system. The advantage of
NEMD is that trends and variations in properties can be traced back to parts
of the interaction potential that cause the variation. This property means that
NEMD gives molecular insight in system behavior. This is the usefulness of
NEMD: It acts as a tool to help understand experimental results, and it can
be used to test assumptions made in the theory. Since it is difficult to do
experiments in heterogeneous systems on a molecular scale, the technique is
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valuable.

5.2.1 The interaction potential

Between every pair of particles, a potential exists, so that particles close to each
other repel each other and particles further away from each other attract each
other. A common pair potential for particle interaction in fluids in NEMD, is
the Lennard-Jones pair potential, or simply the Lennard-Jones potential:

uij = 4εij

[(
σij

rij

)12

−
(

σij

rij

)6
]

(5.3)

Here uij is the potential between particle i and j, εij is the minimum of the
potential between particle i and j, ri and rj are the positions of particle i and j,
rij ≡ |ri − rj| is the distance between particle i and j, and σij is the distance
between particles when the potential is equal to zero. In a one-component
system of Lennard-Jones particles there is only one such distance σ and one
minimum potential ε. In a two-component mixture there are three different
σ’s and three different minimum potentials.

In the computations one usually uses a cut-off Lennard-Jones potential, which
is taken equal to zero for distances beyond a cut-off distance, r > rc. One
also uses a shifted cut-off Lennard-Jones potential, which is taken equal to
the cut-off Lennard-Jones potential minus its value in r = rc. The cut-off
Lennard-Jones potential is often used in molecular dynamics simulations. This
potential gives a singularity in the acceleration when particles move across rc,
where the potential energy jumps. In order to avoid this contribution and
obtain a consistent description of equilibrium and non-equilibrium properties,
it is necessary to shift the cut-off Lennard-Jones potential, see Goujon et al.
[107] for a discussion.

As an alternative, one has also used the Lennard-Jones spline potential to
describe the particle interaction. This potential is the same as the Lennard
Jones potential until a switch distance rs chosen at or beyond the inflection
point (26/7)1/6 σij of the potential. The potential is expressed in terms of the
inter-particle distance rij between any pair of particles i and j by

uij (rij) =

⎧⎪⎨
⎪⎩

4εij

[
(σij/rij)

12 − (σij/rij)
6
]

aij (rij − rc)
2 + bij (rij − rc)

3

0

0 < rij < rs

rs < rij < rc

rc < rij

(5.4)
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where rc is the truncation distance beyond which the potential is zero. The
constants aij and bij are chosen such that the potential and its derivative are
continuous at rs. This implies that

aij = 3
uij (rs)

(rs − rc)
2 − u′

ij (rs)
(rs − rc)

bij = −2
uij (rs)

(rs − rc)
3 +

u′
ij (rs)

(rs − rc)
2 (5.5)

where the prime indicates a derivative. In rc, the potential and its derivative
are also continuous. A common choice [23, 84] for the switch distance is the
inflection point, rs = (26/7)1/6 σij  1.2445σij . Assuming furthermore that
the cubic potential also has an inflection point at the switch distance, it follows
that rc = (67/48)rs  1.7371σij . The Lennard Jones spline potential with
these choices is rather short range. In some simulations [84] one therefore
chooses rc = 2.5σ as the truncation distance and rs = (48/67) rc. This leads
to significant changes in the equilibrium as well as in the non-equilibrium
behavior of the system, but this topic is not of interest now.

Intermolecular and intramolecular potentials can also be used to simulate
molecular and crystal behavior [15, 105]. In order to model a chemical re-
action, without resorting to quantum mechanics, two-body interactions are
not enough [108]. Also three-body interactions must be added. Xu et al. [85–
87] studied the chemical reaction of 2F to F2 in a temperature gradient, using
potentials developed by Stillinger and Weber [108]. Their potential surface Φ
for the reaction was:

Φ(r1, ..., rN ) =
∑

pairs i,j

u2(rij) +
∑

triplets i,j,k

u3(rij , rik, rjk) (5.6)

Here u2 is the two-atom potential, a function of the atom-atom distance
rij ≡ |ri − rj |, and u3 is the three-atom potential, determined by three-atom
distances rij, rik and rjk. The subscripts i, j and k indicate different atoms.
The pair potential u2 was selected to give a good representation of the isolated
diatomic molecule, while the three-atom potential u3 was fitted to the atomic
behavior, scaling from the well-known potential surface of H + H2.

When Lennard-Jones potentials are used to model a mixture, each molecule is
approximated by a sphere of a given diameter σ and with a given interaction
parameter ε [79]. In order to deal with ionic or polarized systems, one normally
adds a Coulomb-type potential or a Yukawa potential to the expressions above
[82]. Charged systems are much less studied than electroneutral systems.
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NEMD programs use reduced variables instead of real variables. Variables are
made dimensionless by division by the proper combination of σ, m and ε for
component 1. The advantage of using reduced variables in NEMD is that they
can be converted to any fluid of interest. For instance, for argon-like particles
we have ε/kB = 124 K, m = 6.64 × 10−26 kg and σ = 3.42 × 10−10 m, see
Røsjorde et al. [68] for details.

5.2.2 Calculations

The NEMD simulation starts with construction of a rectangular box with di-
mensions Lx, Ly and Lz. Here x is the direction along the box, y is the
vertical direction and z is the depth direction, see Fig. 5.1. The box contains
N particles. The molar density is changed by varying the box size, using:

ρ = V
N

NA
= LxLyLz

N

NA
(5.7)

where NA is Avogadro’s number and ρ is the overall molar density of particles.
We are mostly interested in transports in the x−direction. In the direction
of transport, the box is divided into equal layers for monitoring of local prop-
erties. The cell used is usually not cubic Lx > Ly = Lz. The temperature,
density, pressure, composition, enthalpy, fluxes, and other properties of inter-
est can be computed in each layer. The box in Fig. 5.1 has, say, a temperature
gradient between the ends and the center of the box. All the stationary state
simulations, that are reported here, were done such that profiles (fluxes) are
symmetric (antisymmetric) with respect to the center of the box in the direc-
tion of transport. Periodic boundary conditions are used. When a particle
crosses one of the boundary planes it is reinserted with the same velocity on
the opposite side of the box. The amounts of energy added and removed are
equal, so that total energy is conserved and the energy flux is constant. A dif-
fusion flux can be simulated by swapping particles of different types between
the layers in the center and the layers at the end of the cell. The velocities
of these particles are scaled so that no kinetic energy is exchanged and total
momentum is conserved.

Irreversibilities are introduced by controlling some variables in layers in the
middle and near the ends of the box (in the direction of transport). The walls
of the box can be either directly interacting walls, like in a porous system [104],
or regions where the temperature, chemical potential, or momentum is set by
a local perturbation of the system [75]. A gradient in chemical potential or a
concentration gradient can be introduced by manipulating the particle types
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and molecular properties in the end and center regions, for instance by particle
swapping [109–111].

For instance, in the simulations of a one component two-phase system, N =
4096 was used with Lx = 16Ly = 16Lz [23, 68, 84, 112]. The box was divided
into 128 layers in the x-direction. Layers 1-4 and 125-128 were thermostatted to
a high temperature while layers 61-68 were thermostatted to a low temperature,
see Fig. 5.1. A mass flux from the vapour to the liquid (condensation) was
simulated by removing particles from the low temperature layers in the center,
layers 61-68, moving them to one of the high temperature layers at the ends
of the cell. In this process, the particle maintains its y− and z−coordinates,
while its x−coordinate is changed by ±Lx/2.

In NEMD all molecular properties are calculated from the mechanical proper-
ties of the system. These calculations are explained below for a box divided
into 128 layers. The expressions for 32 layers can be obtained by replacing 128
and 64 by 32 and 16 in the formulas below.

Consider again the box in Fig. 5.1. For stationary states, the fluxes can be
found using time averages in all 128 layers. Likewise, we can calculate the
average kinetic energies, potential energies and the number of particles in each
layer. Using the symmetry of the system around the center of the box, the
mean of the properties in each half is calculated. In this way, statistics become
even better. The result then stems from a system with only 64 layers, where
each layer is the mean of the corresponding two layers in the original system.
The volume of such a pair of layers is V/64, where V = LxLyLz is the volume
of the box. The molar density of component k in a layer is the number of
particles of that component, Nk,ν , in each pair of layers divided by Avogadro’s
number and by the volume of the pair of layers:

ρk,ν ≡ Nk,ν

NA

64
V

(5.8)

The molar flux, Jk,ν, and the average velocity, vk,ν , of component k in each
pair of layers ν, with ν = 1, ..., 64, is found from:

Jk,ν ≡ ρk,νvk,ν ≡ 64
V NA

∑
i∈k,i∈layers

vi (5.9)

where vi is the velocity of particle i. The sum is over particles of component
k in layers ν and 129 − ν. The x-component of the velocities in layer 129 − ν
are inverted before adding them in Eq. (5.9). The frame of reference for
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the velocities and thus for the flux, is the wall of the box. In the stationary
states considered, the mass flux is in the x-direction. The total molar density,
ρν , number of particles per layer, Nν , molar flux, Jν , and the average molar
velocity, vν , in layer ν are given by:

ρν ≡ Nν

NA

64
V

≡
∑

k

ρk,ν =
1

NA

64
V

∑
k

Nk,ν

ρνvν ≡ Jν ≡
∑

k

Jk,ν =
∑

k

ρk,νvk,ν (5.10)

The temperature, Tν , in each pair of layers ν, is given from the average kinetic
energy according to the equipartition principle:

3
2
kBTνNν =

3
2
kBTν

∑
k

Nk,ν =
1
2

∑
i∈layers

mi | vi − vν |2 (5.11)

where mi is the mass of particle i.

The pressure tensor is found by time averaging the microscopic pressure tensor.

pν,αβ =
64
V

∑
i∈layers

⎛
⎝mivi,αvi,β +

∑
j �=i

Fij,αrij,β

⎞
⎠ (5.12)

where vi,α, is the velocity of particle i in the direction α, Fij,α is the force
exerted on particle i by particle j in the direction α, and rij,β = ri,β − rj,β is
the component of the vector from particle j to particle i in the direction β.
The x-component of the velocities in layer 129 − ν are inverted before adding
them in Eqs. (5.11) and (5.12). For a one-dimensional transport problem,
like illustrated in Fig. 5.1, there is no change in the densities in the direction
parallel to the surface, but there is a large change in density in the direction
normal to the surface (the direction of transport). This causes the pressure in
the directions parallel, p‖ = pyy = pzz, and normal, p⊥ = pxx, to the surface to
be different in the interfacial region. The off-diagonal elements of the pressure
tensor are found to be zero. The surface tension is due to the difference between
the parallel and the normal pressure and is calculated from:

γ = − Lx

128

64∑
ν=1

(
p‖ − p⊥

)
(5.13)

Todd et al. [113] developed an alternative algorithm for pressure calculation
in heterogeneous systems; the method-of-planes. This gives only the normal
pressure tensor for planar surfaces [15].
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The measurable heat flux in each layer, J′
q,ν , cannot be computed directly,

because it is not a mechanical property. It is, however, related to the total
heat flux (the energy flux), Jq,ν , by

J′
q,ν = Jq,ν −

∑
i∈k

HkJk,ν (5.14)

where Hk is the partial molar enthalpy of component k. In order to determine
the partial molar enthalpy, we need the enthalpy as function of composition,
which in principle requires a series of simulations [81, 97]. The total heat
(energy) flux can be expressed in terms of mechanical quantities as follows
[95, 114]:

Jq,ν =
64
V

∑
i∈layers

⎛
⎝[1

2
miv2

i + φi

]
vi +

1
2

∑
j �=i

[vi · Fij] rij

⎞
⎠ (5.15)

where φi is the potential energy of particle i in the field of all the other particles,
Fij is the force acting on i due to j, and rij = ri − rj is the vector from the
position of j to the position of i. The presence of a chemical reaction leads to
a modification in the energy flux to include three-body interactions [85–87].

Once the energy flux is known, the measurable heat flux can be determined
from Eq. (5.14). Three important cases avoid the non-trivial task of deter-
mining Hk; (1) binary isotope mixtures with H1 = H2, giving J′

q,ν = Jq,ν in
the mean molar frame of reference, for which J1 = −J2, and (2) binary mix-
tures for which J1 = J2 = 0, again with J′

q = Jq as the result, and (3) ideal
mixtures with Hk equal to the molar enthalpy of component k. The energy
flux is computed for each layer with Eq. (5.15), such that the first summation
includes only those particles i that are in the given layer. The energy flux can
alternatively be computed from the amount of energy added and withdrawn
from the thermostats.

5.3 Conditions for local equilibrium.

The most obvious statement on local equilibrium is the following: There is local
equilibrium in a system, when standard thermodynamic relations apply to any
volume element of the system at any time. This statement was first tested in a
two-component system with NEMD by Hafskjold and Ratkje [79]. We give now
the essence of their analysis, before we review other works [58, 81, 82, 88, 96–
100] and present new data [23, 84–87, 105]. All systems studied have coupled
transports of heat and mass at steady state.
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5.3.1 Homogeneous binary mixtures

The first system under study was an equimolar binary isotope gas mixture
of N = 512 particles in a rectangular box [79]. The Lennard-Jones spline
potential with the short truncation distance rc = (67/48)rs  1.737σ was
used. For an isotope mixture σ and ε are the same for all particle pairs.
The authors gave all results in reduces variables. All thermodynamic and
transport properties of the system were derived from the mechanical properties
of the set of colliding particles in NEMD, as described in Section 5.2. The
particle properties in each layer were examined at 20,000 time step intervals of
calculation. Each run included 20,000,000 time steps of δt∗ = 0.002 in reduced
units. The study concerned stationary states. In order to avoid transient
effects, the first 400,000 time steps of each run were discarded. A heat flux
was generated using the HEX algorithm [79] by thermostatting two layers in
the center to a low temperature and one layer at each end of the box to a high
temperature.

It was first observed that the assumption of local equilibrium was true. The
enthalpy, H, and the pressure, p, were calculated for each layer in the presence
and absence of the temperature gradient. For the same state variables, identical
local values for H (circle symbols), p (triangular symbols) and potential energy
U (square symbols) were obtained in the two cases [79]. The results are shown
with open symbols in Fig. 5.2. Selected results for equilibrium calculations for
the same state variables are shown with filled symbols in the same figure. The
results were the same, so it was concluded that thermodynamic relations are
valid locally in the temperature gradient. The gradient (108 K/m) across the
volume element did thus not lead to a violation of the assumption.

For the two-component equimolar mixture with m1/m2 = 10 at stationary
state, at reduced temperature T ∗ = 2 and reduced density n∗ = 0.1, the
following properties were typical [79]. The thickness of the layers in which local
equilibrium was established varied between 0.54 and 0.85 particle diameters
when the box was divided into 32 layers. This is very thin. On the average
there were only 16 particles in each of the 32 layers. The relative fluctuation
in the number of particles in the layers was on the average δN/N  0.20.
Fluctuations in the temperature obeyed δT/T < 0.03, and lx∇T  δT where
lx is the thickness of the layer. In the case considered, no substantial deviation
from the Maxwell distribution was found. This is why the H-function for the
velocity distribution deviated not more than 1% from the value predicted by
the Maxwell distribution. Small deviations proportional to the temperature
gradient should exist. They are used in the Enskog method of solution of the
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Figure 5.2: The enthalpy (circles), the potential energy (squares) and the pres-
sure (triangles) in a two-component mixture in a temperature gradient (open
symbols) and in mixtures that are in global equilibrium with the same state vari-
ables (filled symbols). The particles interact with a Lennard-Jones potential.
They have the same diameter, the same potential depth, and a mass ratio of
m1/m2 = 10. Reproduced from Stat. Phys. 78 (1995) 463-494 with permission
of Springer.

Boltzmann equation in kinetic theory [69], and do not lead to violation of local
equilibrium. The temperature, as calculated from the equipartition principle,
was the same with velocities from either of the three directions in space in
the homogeneous system. This implies equipartition of kinetic energy in the
three directions. This is clearly an important property of a system in local
equilibrium, and can serve as a criterion.

A surprisingly low number of particles (16) was enough to give a statistical basis
for calculation of thermodynamic properties. This can be explained by the use
of averages over a sufficiently long time. As said, a layer thickness of 0.54 times
the particle diameter was enough. In these thin layers the relative particle
number fluctuation went up to 0.28. Thermodynamic (average) properties
are nevertheless obtained with an accuracy near 5%. Clearly stationary state
calculations give good statistics. The fluctuation in temperature was here only
a fraction of the fluctuation in the particle number. Last but not least linear
force-flux relations and the Onsager relations were found to be valid.
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Hafskjold and coworkers [81] tested also the assumption of local equilibrium in
systems with large chemical potential gradients. A variation in mole fraction
from very near 0 to very near 1 was realized using a large mass flux (the value
was not stated). Perfect agreement between equilibrium and non-equilibrium
results were again found for all control volumes.

5.3.2 Two-phase systems and gas-liquid interface

Several two-phase systems have been studied in a temperature gradient [15, 23,
68, 82–84]. Bresme and coworkers studied water [83] and salts [82] under the
influence of heat transport. For Coulomb and Yukawa potential systems, it was
found that the equation of state was obeyed everywhere in the non-equilibrium
system, except at the boundaries where the system was perturbed to maintain
a given temperature. The NEMD method was able to develop densities and
temperatures that fulfilled the equation of state everywhere else. It was also
tested that transport properties did not depend on the value of the flux, i.e.
that the flux-force relation was linear. The driving forces were smaller than
those used by Hafskjold and Ratkje, however [79].

Other authors studied the equation of state for the surface; the relation be-
tween the surface tension and the temperature [15, 23, 68, 84]. The relation
was determined in equilibrium and in the presence of a temperature gradient.
This needed a definition of the location of the surface (see below). Røsjorde et
al. [15, 23, 68, 84, 112] used a NEMD cell with 4096 particles. This number
ensured that there were enough particles in the vapour phase to obtain mean-
ingful averages. In order to address the question whether one is in the vapour
or in the surface it was important to choose the overall molar density such
that the vapour region is longer than the mean free path of the particles in
this region. The cell was non-cubic, with ratios Lx/Ly = Lx/Lz = 16, where
Li is the length of the cell in the i-th direction. By choosing the proper overall
particle density and temperatures, and using the phase diagram, a temper-
ature gradient was used to generate a liquid region in the center of the cell
with vapour on both sides. The box was subdivided into 128 layers, with a
thickness 3

√
1/2ρNA in meters, where ρNA = N/LxLyLz is the overall particle

density in the box. The mean free path in vapour layer ν was calculated from
the formula, 	 = 1/(σ2ρνNAπ

√
2), from kinetic gas theory. In the simulations,

the mean free path had values up to about 10 layer thicknesses close to the
triple point.

A heat flux was simulated with the HEX algorithm [79]. A particle flux from
the vapour to the liquid (condensation) was simulated, using the MEX al-
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Figure 5.3: Density profiles from two NEMD simulations of heat and mass
transfer through a surface. Case 1 is far from and Case 2 is close to the
critical point. Data are taken from Røsjorde et al. [68].

gorithm [79] that removed a particle from the low temperature layers in the
center and inserted it into one of the high temperature layers at the end of the
cell. The particle maintained its y− and z−coordinates while its x−coordinate
was changed by ±Lx/2. In order to avoid large perturbations of the energy
of the system, the particle insertion was done with a probability given by the
Boltzmann factor. NEMD simulations were done for a number of cases along
the phase line where two phases coexist, with a heat flux present, and with or
without a particle flux. Stationary density profiles in the left half of the cell
are shown for two cases in Fig. 5.3.

Gibbs [115] gave a definition of the surface as a transition region with a finite
thickness bounded by planes of similarly chosen points. The simulation results
illustrated in Fig. 5.3 showed [68] that we can identify the plane on the vapour
side as the plane where, on one side, the equation of state for the vapour is still
valid, while on the other side this is no longer the case. The plane on the liquid
side, where the change is more abrupt, could be found by visual inspection.
The region between these planes is then the interfacial region. Through such
choices, the surface was found to have a thickness of about typically 10 layers,
which is about 5 nm in real units, for densities away from the critical point.
The thickness increased to about 25 layers close to the critical point. The
thickness close to the triple point was larger than one would expect on the
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Figure 5.4: Temperature profiles from two NEMD simulations of heat and mass
transfer through a surface see also Fig. 5.3. Case 1 is far from and Case 2 is
close to the critical point. Data are taken from Røsjorde et al. [68]

basis of only visual inspection of the curves. Such a visual inspection can
therefore not be used to determine the interfacial region. The deviation from
the equation of state for the homogeneous vapour phase occurs already before
it shows up in the graph.

The temperature of the surface was calculated from the kinetic energies of the
particles within these boundaries. It was found to be in good approximation
equal to the temperature of the first liquid layer outside the interfacial region.
The temperatures of all layers are plotted for the cases of Fig. 5.3 in Fig.
5.4. For each layer outside the interfacial region, and for the whole interfacial
region, the temperatures computed from velocity components along or normal
to the surface were the same.

The surface tension from the NEMD simulations was plotted as a function of
the temperature of the surface, see Fig. 5.5. For comparison, the results of
simulations for the equilibrium surface are also given. The figure shows that the
surface indeed is in local equilibrium in the presence of temperature gradients
of up to 3 × 108 K/m between the cold and the hot layers [23]. The uncertainty
in the equilibrium results is the same as in the results obtained the presence
of a gradient. The accuracy is a few percent. The law of corresponding states
was also confirmed [84].

Simon and coworkers [15] considered a similar system with chain molecules;
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Figure 5.5: The surface tension as a function of the temperature of the sur-
face. The points in the curve derive from equilibrium (filled squares) and non-
equilibrium molecular dynamics simulations (open circles). Reproduced from
J. Colloid Interface Sci. 299 (2006) 452-463 with permission of Elsevier.

heat transfer in a box with 2000 molecules of n-octane. The molecules in-
teracted with a truncated Lennard-Jones potential, and had vibrational and
rotational degrees of freedom. The length of the molecule was five times larger
than the layer thickness in the direction of transport (1.3 Å) and there were
on the average 8 molecules per layer in the box. The equimolar surface was
determined as mentioned above. It consisted of several layers. Also for these
simulations, the surface tension for the stationary states was found to be the
same function of the surface temperature as in equilibrium. This again verified
local equilibrium.

In summary we found that the equation of state for the surface and the law
of corresponding states applied, in the presence of temperature gradients up
to 109 K/m [84] and with mass fluxes up to 13 kmol/m2s, meaning that local
equilibrium was obeyed for these conditions. The system was also in local
equilibrium in the liquid and vapour regions away from the interfacial region.

The following properties characterized the system further [23, 68, 84, 112]:
The mean free path in the vapour phase was smaller than the length of the
vapour phase in the direction of transport by a factor near 2. It was larger
than the thickness of the layers in the direction of transport by a factor up
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to 10. The temperature computed from velocities normal to the surface (the
direction of transport) were the same as those computed from velocities along
the surface. This implies equipartition of kinetic energy in the three directions.
The thickness of the layers was roughly equal to the diameter of an atomic
particle. On the average, the vapour had 8-10 particles in a volume element.
The relative temperature difference across a layer was 	x∇T/T � 0.004. We
no longer have the data available to calculate the fluctuations in the layers.
Linear-flux force relations were observed, and Onsager relations were verified
[23].

5.3.3 A chemical reaction in a temperature gradient

The chemical reaction
2F � F2 (5.16)

was studied near, but not at chemical equilibrium [85–87]. Local chemical
equilibrium is a special case of local thermodynamic equilibrium. In chemical
equilibrium, the reaction Gibbs energy ΔrG = 0. From reaction kinetics and
thermodynamics, we can express the net reaction rate by the law of mass action
as:

r = −kfc
2
F (1 − exp (−ΔrG/RT )) (5.17)

where ΔrG = μF2 − 2μF. The reacting system was first studied at isothermal
conditions. Chemical equilibrium was then established. At global equilibrium
we found that the velocity distributions of both the atoms and the molecules
had a zero average velocity and were Maxwellian within 1% accuracy, as ex-
pected (not shown).

The NEMD studies were done with a reduced temperature difference across
the system between 0.2 and 0.5. The number of F plus 2 times the number of
F2 particles in the simulations was 1000. The chemical reaction did not deviate
much from local chemical equilibrium, making ΔrG/RT small, and justifying
a linear expansion of the exponential term above. The reaction rate became
linear in the driving force according to

r = −kfc
2
F,eqΔrG/RT (5.18)

Linear force-flux relations expressing the temperature and the Gibbs energy
gradients along the box in terms of the measurable heat flux and the flux of
F2, were also given.

The box was divided into 128 layers in the direction of the temperature gra-
dient. The temperatures and velocities of the atoms and the molecules in the
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layer were calculated. Component fluxes were generated, varying across the
system. The finite rate of the chemical reaction lead to:

JF(x) = −2JF2(x) (5.19)

The average number of F particles plus 2 times the average number of F2

particles in a layer was less than 8.

The Maxwell distribution for the x−component of the velocity of component
k in layer l is:

f0
k,l(vx) =

√
mk

2πkBTl
exp

(
−mk(vx − 〈vx〉k,l)2

2kBTl

)
(5.20)

where kB is Boltzmann’s constant, mk is the mass of the particle in question,
vx is the x−component of the particle’s velocity, 〈vx〉k,l is the average velocity
of particles of component k in layer l and Tl is the temperature in layer l
calculated from the average kinetic energy. The distributions in the y- and
the z-directions are similar. With a temperature gradient in the x-direction,
the Enskog method to solve the Boltzmann equation in kinetic theory uses a
perturbation of the velocity distribution in this direction [69], giving:

fk,l(vx) = f0
k,l(vx) (1 + φk,l) (5.21)

where φk,l is a function of (vx − 〈vx〉k,l), the temperature and composition of
the layer, and is proportional to the temperature gradient in the layer:

φk,l = −Ak,l

(
∂T

∂x

)
l

(5.22)

The velocity distributions for the x-components of the atoms, F, and the
molecules, F2 in the system were calculated in global equilibrium, and in the
system with a gradient, see [86] for details. The result was compared to the
Maxwell velocity distributions for the two components calculated from Eq.
(5.20) using the temperature of the layer in question. The temperatures were
found from the average kinetic energy in the x-direction. The presence of a
temperature gradient across the system shifted the velocity distributions. The
shift for F2 gave JF2 , while the shift for F gave JF. The molecules had a
sharper distribution than the atoms had (not shown).

Each distribution was close to a Maxwellian one, but deviated in a predictable
way. The deviation φ was plotted for F in a particular layer, see Fig. 5.6. We
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Figure 5.6: The correction, φ, to the Maxwell velocity distributions of the x-
component of the velocity of fluor atom in the center layer of the box. Symbols
denote NEMD simulation results at different temperatures. Case 6: T= 9500
K, and Case 8: T = 16200 K as described by Xu et al. [85].

observed that the shift increased linearly with the temperature gradient, as
used in the Enskog method to solve the Boltzmann equation in kinetic theory
[69], cf. Eq. (5.22). The temperature gradient perturbs the Maxwell distri-
bution of velocities, but only in the direction of transport. The perturbation
observed in Fig. 5.6 does not alter the law of mass action, Eq. (5.17), and
can therefore be considered small enough to not affect local thermodynamic
equilibrium. This confirmation of Eq. (5.22) is important. As explained by
Ross and Mazur, we have a sound basis for a description of the system within
the context of classical non-equilibrium thermodynamics when this equation
applies [69, 116]. All thermodynamic relations apply, and the entropy produc-
tion of the chemical reaction is well defined, in spite of the inherent non-linear
relation between the rate and the driving force, Eq. (5.17). The temperature
computed from velocities in the direction of transport were the same as those
computed from velocities perpendicular to this direction. This implies again
equipartition of kinetic energy in the three directions.

Temperature gradients as large as 1.1 × 1012 K/m lead to deviations in these
properties, by giving a velocity distribution that deviated more significantly
from a Maxwell distribution. This value of the gradient served as an upper
value for validity of local equilibrium for this case. We conclude that this re-
action is in local thermodynamic equilibrium, and not in chemical equilibrium,
for temperature gradients below this value.
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The chemical reaction in a temperature gradient up to 6.6 × 1011K/m was
furthermore characterized by: the layer thickness was roughly equal to 0.54
times the diameter of an atom (1.214 Å). On the average there were 8 particles
in a volume element, where the number of particles was taken to be the number
of F atoms plus 2 times the number of F2 molecules. Fluctuations in the
number of particles were δN/N  0.37. Fluctuations in the temperature were
δT/T  0.31. The size of the fluctuations was calculated from available NEMD
data and have not been published before. The variation of the temperature
across a layer was ΔT/T = 	x∇T/T = 0.003. Linear flux-force relations for
coupled transports of heat and mass were found.

5.3.4 Argon in zeolite

We can finally report on argon in zeolite under non-equilibrium conditions. A
crystal of silicalite-1 (a pure siliceous zeolite with chemical formula SiO2) was
used with 431 atoms of argon. The crystal (without defects) was simulated by
a flexible atomic model [117], allowing for stretching and bending of bonds. It
was composed by 36 unit cells (3456 atoms of silicon and 6912 atoms of oxygen)
with an orthorhombic Pnma crystallographic structure [118]. By taking the
crystallographic parameters a = 20.022 Å, b = 19.899 Å, c = 13.383 Å, with
b the direction of the straight channels, the dimensions of the crystal were
La = 2a, Lb = 6b and Lc = 3c. The initial atomic positions were determined
from crystallographic experimental data [118]. We used the crystallographic
axis of zeolite as frame of reference for the whole simulation box, x for a, y for
b, z for c. Periodic boundary conditions were applied in all the 3 directions at
the ends of the crystal.

A symmetric temperature gradient was created across the system in the y-
direction using the HEX algorithm [58]. In this procedure the simulation box
was divided into 24 layers perpendicular to the y-direction. A constant lower
temperature TL was imposed in the 2 central layers and at a higher temperature
TH > TL in the two layers at the end of the periodic box. As a consequence
the system developed hot and cold regions separated by intermediate regions
characterized by a temperature gradient, a constant internal energy flux (deter-
mined by the amount of kinetic energy added/removed in the external/central
layers), and a concentration gradient. The average temperature in each layer
and the average concentration are plotted in Fig. 5.7. Given the symmetry
of the box with respect to the center of the zeolite in the y-direction, only
the left hand side is shown. The size of a layer was determined from energy
considerations. The crystallographic periodicity of the zeolite gives a periodic
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Figure 5.7: The temperature gradient across the zeolite crystal, and the cor-
responding distribution of argon particles at Soret equilibrium. Two layers on
each side of the box are perturbed by the thermostatting procedure and should
not be considered in an evaluation of local equilibrium.

profile for the potential energy of the crystal and argon. Looking at Fig. 5.8
we notice that three energy levels are present in a quarter of a cell (4.97475
Å). These correspond to 1) straight channels, 2) zig-zag channels and 3) their
intersections. As a consequence, in order to have appropriate averages of local
properties, the size of the layer in the y-direction must be equal to a quarter
of a cell or a multiple of it.

For this kind of system the mean free path is smaller than the pore diameter,
which is much smaller than the extension of the pore in the direction of the
transport. For each control volume, the instantaneous particle properties were
stored every 100 time steps over a interval of 200.000 time steps of calculation
(corresponding to 2000 ps).

For each layer, the enthalpy H and the potential energy Up were calculated
in the presence and absence of the gradient. The quantities which are calcu-
lated from the argon-argon interactions plus the argon-zeolite interactions, are
reported per mole gas (the zeolite-zeolite contribution is constant). They are
shown in Fig. 5.9. The value of H (full line) and Up (dashed line) are plotted
versus the temperature for the system in a the temperature gradient. Results
from equilibrium simulations at 180 K, 200 K and 220 K are also represented;
by single symbols (filled circles for H and dashed for Up). Since the results
are the same also in this case, we can say that thermodynamic relations are
valid locally in the temperature gradient, and that the assumption of local
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Figure 5.8: The potential energy for interaction of argon with zeolite as a func-
tion of position across the zeolite crystal. The different maxima and minima
arise from the crystal structure and are described in the text.

equilibrium is true. The temperature was calculated from the kinetic energy
of the argon particles with velocities in the 3 directions. The 3 energies were
the same except for in the second layer, where the velocities are perturbed
due to the presence of the thermostat in the first layer. The distribution of
the y-component of the particle velocities in a control volume subject to a
temperature gradient of 8.7 × 109 K/m in this direction was close to being
Maxwellian. The distribution of the velocities in the other 2 directions were
Maxwellian. The temperature of the volume element, as calculated from the
equipartition principle for kinetic energies, is independent of the direction in
space.

The following properties further characterized the system: The layer thickness
was roughly 1.5 times the diameter of an argon atom (3.4 Å). The layers
contained an average of 18 particles. The fluctuations in the number of particles
were δN/N  0.18. Fluctuations in the temperature were δT/T  0.20. The
variation of the temperature across a layer was ΔT/T = ∇T × ly/T  0.02.
The flux-force relations for coupled transports were linear.

5.4 Discussion and conclusion

The examples reported in the preceding section give strong support for the va-
lidity of thermodynamic equations under extreme temperature gradients. We
have demonstrated local equilibrium, as defined by validity of thermodynamic
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equations, in systems with temperature gradients up to 6 × 1011 K/m, and
mass fluxes up to 13 kmol/m2 s, with around 10 particles in a volume element
of a molecular size. Accuracies in the thermodynamic variables are in the per-
centage range. Indeed, we can therefore use thermodynamic equations under
rather extreme conditions. The example with the chemical reaction may serve
as a model for flame combustion. The studies of liquid-vapour interfaces and
gas in zeolite mean that we can use thermodynamic equations for transport
across thin interfaces and nanoporous rocks exposed to gradients, even if there
is only a small number of particles in the volume elements considered. Com-
mon to all systems are that they are open. Averages were calculated over long
(nano second) time spans.

As stated already by Tenenbaum et al. [75], the basic reason to conclude that
a volume element is in local equilibrium, is the validity of the equations of
state under non-equilibrium conditions in that volume. We have indeed found
such validities, for all non-equilibrium conditions used, except the case when
the temperature gradient exceeded 1012 K/m in the system with the chemi-
cal reaction. When local equilibrium applies, it follows from non-equilibrium
thermodynamics [22], that heat and mass transport can be described by linear
flux-force relations and Onsager relations apply (in the absence of turbulence
and radiation). From the tests on local equilibrium, we therefore now expect
that this applies to combustion-like situations, at interfaces as well as in nano-
pores. This is useful information.

We proceed to state and discuss eight conditions for volume elements in local
equilibrium. A summary of most of the findings is also given in Tab. 5.1.

1. The mean free path 	 of a particle in a vapour phase should be smaller
than the length of the vapour phase in the direction of transport.

2. The temperature in each layer of thickness lx, as calculated from the
average kinetic energies, must be the same in all three directions in space.
This is in accordance with the equipartition principle.

3. The value of the Boltzmann HB-function in each layer of a system
exposed to gradients is close (within 1-2%) to the value given by the
Maxwell distribution.

4. The velocity distribution in the direction of transport in each layer can
have a small deviation from the Maxwell distribution, cf. Eq. (5.21).
The deviation must be linear in the applied thermodynamic force, cf.
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Figure 5.9: The system enthalpy and potential energy in the presence and ab-
sence of a temperature gradient. The full and dashed lines show the variation
in H and Up with T at equilibrium. The points are calculated for a system in
a gradient at the temperature in question.

Table 5.1: Characteristic properties of four selected systems in a temperature
gradient. The systems obey equipartition of kinetic energy in all directions and
have linear flux-force relations. P is a thermodynamic property of a volume
element with thickness lx, T the temperature and N the particle number. The
ratio ΔP/P gives the accuracy in the determination of an equilibrium property
in the element, while δ denotes the fluctuations in a property. The Boltzmann
HB function was found valid within 1% and Onsager relations were validated
[79]. The law of corresponding states applied [84]. Onsager relations were
validated [23] for a surface more than 10 layers thick. The reaction was 2F �
F2 and Maxwell-distributions obeyed Eqs. (5.21)-(5.22).

System ∇T/Km−1 lx/Å N ΔP/P δT/T δN/N

1. Two-component
mixture [79] 108 1.8 16 0.03 0.03 0.28
2.Vapour-liquid
Ar [68, 84] 3 × 108 3.4 10 0.05 - -
Octane [15] 109 1.3 8 0.05 - -
3. Chemical rx [85] 6.6 × 1011 1.2 8 0.31 0.37
4. Ar in zeolite 8.7 × 109 3.4 18 0.03 0.20 0.18
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Eq. (5.22). This is a property used in the Enskog solution method of the
Boltzmann equation in kinetic theory.

5. The relative change in a thermodynamic variable P across a layer with
a thickness 	x in the direction of transport must be much smaller than
one:

ΔP/P = 	x∇P/P � 1 (5.23)

6. The average number of particles N in a layer, which is in local equilib-
rium, can be as small as 8.

7. Local equilibrium can be expected in layers with a thickness 	x down to
a fraction of the particle diameter.

8. The relative fluctuation of a thermodynamic variable P is restricted by:

δP/P � 1/
√

N (5.24)

Criterion 1 is not surprising. We like to add, however, that we found that this
property need only be obeyed in the direction of transport. Criterion 2 on the
temperature calculation can be used to check if a given volume element has
been properly chosen. For instance, for argon in zeolite, it was necessary to
cover at least a quarter of a unit cell, to have a properly defined temperature, cf.
Fig. 5.8. For the liquid-vapour interface it was necessary to consider the whole
interfacial region, which can be like 5-10 layers thick, in order to assure the
validity of this property. This fact is important for discussions on the definition
of the temperature in non-equilibrium systems (see below). Criterion 3 on the
Boltzmann HB-function follows more or less from criterion 4. Criterion 4 is
more specific; the linearity of Eq. (5.22) can be tested in molecular dynamics
simulations. It has not been used systematically before, and we propose now
that this be done, in cases of doubt, as a test for local equilibrium.

Criterion 5 seems obvious, but is central. We need to allocate a value of P to
the volume element, and this can only be done with any accuracy if Eq. (5.23)
is fulfilled. This was also stated by Kreuzer [89]. The variation in P across the
layer can, however, be seen as the accuracy, with which the non-equilibrium
system in question is able to develop a thermodynamic variable in a layer that
fulfills normal equations of state, laws of corresponding states etc. We may now
remember, that the molecular description in NEMD is purely mechanical, and
that no assumption has been made a priori about the value of a thermodynamic
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variable. This is why NEMD gives an answer to the questions posed on local
equilibrium.

Criteria 6-8 are more surprising, but the results confirm the observations of
Hafskjold and Ratkje [79] and Tenenbaum et al. [75]. Like these authors,
we have found that a volume element in local equilibrium does not need to
contain a large number of particles, see criterion 6. Due to the open nature of
the volume element and the long time-averaging that is possible for stationary
states, the average particle number was as small as 8 in some cases. The
thickness of the layer, for which local equilibrium is established in the direction
of transport (criterion 7), can be as small or even smaller than the diameter
of the particles in question. Local equilibrium was fulfilled for temperature
gradients up to 109 K/m in layers with a thickness of about 3.5 Å [15, 23, 68,
84]. The minimum size of the volume element that we find for the direction of
transport, is remarkable. According to criterion 7, this size can be as small as
a fraction of the diameter of the particles. This is a useful result for model

Criteria 5 and 7 are true for gradients that are 3 orders of magnitude larger than
those considered by Kreuzer. The fluctuation in the number of particles in a
volume element is smaller, but not much smaller, than the number of particles
in the volume element. This finding is expressed by criterion 8. Kreuzer used
Eq. (5.1) as a restriction (ΔP = lx∇P � δP � P ). In order to make
this relation valid, he needed to take the size of the volume element in three
directions lx much larger. For liquid argon at 100 K he gives lx = 3500 Å and
N = 9× 108, see page 16 of his book [89]. It follows from our results that this
is not needed for local equilibrium in a volume element. We find that δP can
be much larger than ΔP = lx∇P . Our conclusion is therefore that criteria
7 and 8, Eqs. (5.23) and (5.24), are more appropriate than Eq. (5.1) for the
validity of local equilibrium.

The general restriction δP/P � 1/
√

N is surprisingly weak, and must be
easy to obey. This finding is new, and adds broad credence to the validity of
our thermodynamic equations in heterogeneous and nanoporous systems. The
different nature of the examples make us confident that the criteria have some
general validity.

An important conclusion of this work is that also the temperature in all non-
equilibrium systems considered, is perfectly well defined. The temperature was
always obtained using standard procedures in thermodynamics. In particular
we did not need to introduce a "non-equilibrium temperature" which depends
on the heat flux according to the theory of extended thermodynamics. In their
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article on a possible experimental test on the deviation of the non-equilibrium
temperature from the thermodynamic temperature, Jou and Casas-Vásquez
[119] gave a quantitative estimate of the difference of the equilibrium and
the non-equilibrium temperatures. They concluded that a difference becomes
measurable (equal to 9.6 × 10−2 K) for a CO2 gas at 300 K and 0.1 atm in
a temperature gradient of the order of 104 K/m. The temperature gradients
used here are much larger. Extended thermodynamics would give a very large
difference for these gradients. We conclude that the temperature does not
depend on the heat flux for gradients smaller than 6 × 1011 K/m.

We have used molecular interaction potentials in these investigations (i.e. the
Lennard-Jones spline potential) that do not match reality exactly. A change
in the choice of the potential may give better fits to measured properties, but
will not change the conclusions drawn above or summarized in Tab. 5.1. The
absolute values of the thermodynamic properties may change, but the relative
results of Tab. 5.1 and the good ability to correctly predict the equilibrium
values will remain essentially the same.

One observation must be made. The systems studied here are too small to con-
firm existence of long-range contributions to correlation functions for fluctua-
tions around non-equilibrium states as studied by Ortiz and Sengers [93]. Such
contributions, which occur in the direction normal to the direction of transport,
have a much longer range than the dimensions of the simulation box used here
[120]. Taniguchi and Cohen [121] gave an exact analysis of Brownian motion
around a stationary state showing that fluctuations around non-equilibrium
states violate detailed balance. Their results support the calculations of Ortiz
and Sengers [93]. A test of the description of these fluctuations, and their
impact on the assumption of local equilibrium, is therefore interesting, but too
demanding at the moment [120].

Non-equilibrium thermodynamics has now been extended to deal with meso-
scopic systems [71–74]. The extension uses the assumption of local equilibrium
along the so-called internal coordinates of the system. The reaction coordinate
introduced by Eyring and Eyring [122] and used already by Kramers [123], is
an example of such a coordinate. More work remains to be done to verify the
property of local equilibrium along such internal coordinates. Computer simu-
lations have not yet been used to verify this, but the results of the integration
along the coordinate strongly suggest that local equilibrium holds also in this
case [124]. The use of local equilibrium along the internal coordinate gives for
instance a satisfactory description of single molecule stretching experiments
[74, 125], without the need for fluctuation theorems [126].
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Nomenclature

Roman symbols Greek symbols

aij parameter in Lennard-Jones-potential α, β symbols for directions
bij parameter in Lennard-Jones-potential δ describes size of fluctuation
c concentration, mol/m3 γ surface tension, N/m
ΔrG reaction Gibbs energy, J/mol εij minimum of potential between particle i and j, J
f(v) velocity distribution function Φ potential surface for a chemical reaction,
Fij force acting on i due to j, N φi potential energy of particle i in the field of all other particles, J
Hi partial molar enthalpy of i, J/mol φk,l a function defined by Eq. (5.22)
HB Bolzmann H-function ρ overall particle density in the simulation box, kg/m3

kB Boltzmann constant, J/K σij distance between particles i and j when the potential is zero, m
kf reaction constant for forward reaction
J mass flux, mol/m2 s
Jq, J

′
q total heat flux, measurable heat flux, J/m2 s Subscripts, superscripts

	 mean free path, m
lx cell thickness, m c cut-off distance in Lennard-Jones potential
Lx, Ly, Lz box dimensions, m i particle i
mi mass of i, kg k,ν component k in layer no. ν
NA Avogadro’s number ‖ parallel component
N number of particles ⊥ normal component
p pressure, Pa H high
P thermodynamic variable L low
R gas constant, J/K mol s switch distance in Lennard-Jones potential
r reaction rate, mol/m3s 2 pair potential for a reaction
rij distance between particle i and j, m 3 triplet potential for a reaction
T temperature,K
t time, s
U internal energy, J
uij Lennard-Jones pair potential, J
x, y, z cartesian coordinates, m
V volume, m3

v velocity, m/s
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Abstract

Non-equilibrium molecular dynamics (NEMD) simulations have been used to
study the kinetics of adsorption of n-butane molecules in a silicalite membrane.
We have chosen this simple well-known process to demonstrate that the process
is characterized by two stages, both non-isothermal. In the first stage the large
chemical driving force leads to a rapid uptake of n-butane in all the membrane
and a simultaneous increase in the membrane temperature, explained by the
large enthalpy of adsorption, ΔH = -61.6 kJ/mol butane. A diffusion coefficient
for transport across the external surface layer is calculated from the relaxation
time; a value of 3.4 × 10−9 m2/s is found. During the adsorption, a significant
thermal driving force develops across the external surface of the membrane,
which leads to an energy flux out of the membrane during the second stage. In
this stage a thermal conductivity of 3.4 × 10−4 W/K m is calculated from the
corresponding relaxation time for the surface, confirming that the thermal con-
duction is the rate-limiting step. The aim of this paper is to demonstrate that
a thermal driving force must be taken into account in addition to a chemical
driving force in the description of transport in nano-porous materials.

6.1 Introduction

Zeolites are microporous materials that are ideally suited for a number of dif-
ferent industrial applications such as catalytic cracking or hydroisomerization
of hydrocarbon molecules as well as for ion exchange in desiccant or purifi-
cation applications [1, 11]. Zeolites such as silicalite (structure type MFI)
are additionally useful for separations processes, as their openings are ap-
proximately the same size as the kinetic diameter of many small molecules
[1, 11]. For all these applications the dynamic behaviour of the molecules in-
side the zeolite micropores play an essential role in determining its catalytic
and separating properties. The diffusive and adsorptive properties of alkanes
in zeolite molecular sieves have been the focus of numerous experimental and
theoretical studies [29, 37, 127–133]. In recent years, molecular simulations
have become an increasingly important tool for studying sorbates in zeolites
[15, 19, 27, 48, 61, 134–137]. With molecular dynamics simulations (MD) both
equilibrium as well as the dynamical behaviour of a system can be studied [1].
These simulations allow the user to follow the time evolution of a model system
over a given length of time, and make them ideally suited to get insight into
the microscopic mechanism of the process involved.

Adsorption in zeolites has recently been explained as a two-step process; ad-
sorption to the external crystal surface and subsequent inter-crystalline dif-
fusion [138]. Both steps were considered to be isothermal [4, 39]. Here we
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show, using non-equilibrium molecular dynamics simulations of n-butane in
silicalite [15] that the temperature change that accompanies adsorption and
inter-crystalline transport, leads to a significant varying thermal driving force
across the external surface of the crystal. A two-step process is also identified
here, but both steps are non-isothermal, in contrast to common beliefs, but
in agreement with previous analysis of Ruthven et al. [9, 139]. The butane
flux in the inter-crystalline space is thus driven, not only by the gradient in
the chemical potential, but also by a thermal force across the surface. We
have proposed [140] that the presence of such a force, originating from the
enthalpy of adsorption, helps explain why equilibrium techniques can give, in
some cases, much larger diffusion coefficients than non-equilibrium techniques
can [4, 19, 134, 141, 142].

The paper is organized as follows: in Section 6.2 we describe the simulated
system and the details of our simulation such as the studied cases, the adopted
procedures and the calculated properties. The results of the simulations are
presented in Section 6.3. Sections 6.4 and 6.5 contain the discussion and con-
clusions respectively.

6.2 Simulation details

6.2.1 The system

The system was composed of an infinite membrane of silicalite-1 (a pure
siliceous zeolite of chemical formula SiO2) in contact with 250 molecules of
n-butane. The crystal (without defects) was simulated using a flexible atomic
model [143] with 18 unit cells (1728 atoms of silicon and 3456 atoms of oxygen)
and with an orthorhombic Pnma crystallographic structure [118]. By taking
the crystallographic parameters a = 20.022 Å, b = 19.899 Å, c = 13.383 Å,
with b the direction of the straight channels, the dimensions of the crystal were
La = 2a, Lb = 3b and Lc = 3c. The initial atomic positions were determined
from crystallographic experimental data [118]. We used the crystallographic
axis of zeolite as frame of reference for the whole simulation box, x for a, y
for b, z for c. Periodic boundary conditions were applied in the a, [1 0 0], and
c, [0 0 1], directions at the limit of the crystal to create a semi-infinite mem-
brane with external surfaces perpendicular to the b-axis. Periodic boundary
conditions were also applied in the b-direction at a distance of 179.924 Å from
the center of the zeolite. These conditions gave the possibility to create an
orthorhombic simulation box with a volume Vtot = LxLyLz where Lx and Lz

were given by the length of the zeolite, in directions a and c respectively and
Ly was chosen to be constant in all simulations and equal to 359.847 Å.
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Figure 6.1: Initial configuration of the silicalite membrane in contact with 250
molecule of n-butane randomly distributed around it.

As shown in Fig. 6.1, the zeolite membrane was located in the center of the
box and was in contact with the gas phase through the two external surfaces
normal to the b-axis, [0 1 0]. The choice of the direction b normal to the
external surface was motivated by the fact that the diffusion coefficient of n-
butane inside the zeolite is higher in the direction of the straight channels than
in the other directions, [1]. In the initial configuration, the silicalite was empty
and the gas molecules were randomly distributed around it. The crystal was
cut in the middle of the straight channels, perpendicular to them. In this way
the membrane surfaces were flat and showed the pore openings. The simulated
system was closed so that the total number of n-butane, N tot

mol, was fixed for
each simulation and equal to 250.

The molecules of n-butane were modeled by using the united atoms (UA)
model proposed by Ryckaert and Bellemans [144]. Each methyl (CH3) and
methylene (CH2) group was simulated as one center of force. The dynamics of
the atoms (silicalite and n-butane) were governed by inter- and intra-molecular
interaction potentials. The site-site intermolecular interaction was given by a
truncated Lennard-Jones potential, while for intra-molecular interactions, we
considered stretching, bending and their coupling for the zeolite and stretching,
bending and torsion potential energy for the n-butane molecules. See ref. [15]
for details.

To count the number of adsorbed molecules inside the zeolite during the simu-
lation we used a criterion based on the profile of the potential energy between
the zeolite and the n-butane, see Fig. 6.2, justified in reference [15]. This pro-
file had been obtained by considering, for each ps and over a period of 500 ps,
the potential interaction energy between each molecule of n-butane and the ze-
olite. The potential energy was then plotted as a function of the distance from
the center of the zeolite along the [0 1 0] crystallographic direction and the
data had been sorted and averaged. Molecules with energies above -1 kJ/mol
were classified as gas molecules located in the gas phase. Molecules with ener-
gies between -1 and -47 kJ/mol were seen as adsorbed on the external surface
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Figure 6.2: Profile of the potential energy between the silicalite and the
molecules of n-butane at 300 K along the [0 1 0] crystallographic direction,
as given by [15]. Inside the crystal the profile of the energy is periodic, corre-
sponding to the crystallographic periodicity of the straight and zig-zag channels
and their intersections. On the figure are shown the crystallographic limits of
the crystal and the position of the external surfaces (dashed vertical lines).

of the zeolite crystallite. Molecules with energies below -47 kJ/mol were con-
sidered to be in the intracrystalline space. With this criterion the external
surface had a thickness of approximatively ds = 12 Å, positioned around the
crystalline surface, which was located at exactly ±29.849 Å, as shown in Fig.
6.2. We were then able to define the volume occupied by the surface, given by
Vsurf = Lx(2ds)Lz and by the intracrystalline space and to obtain the number
of adsorbed molecules per unit volume.

6.2.2 Studied cases

Three different cases have been considered. For all cases the initial configura-
tion was the same (see Fig. 6.1): the zeolite was initially empty and all the
250 gas molecules were randomly distributed in the gas phase of the simula-
tion box. Before being in contact, both the zeolite and the gas phase were
equilibrated at a temperature of 300 K. The 3 cases differed in the conditions
we applied after the contact between the two phases was made. It follows a
short description of the different situations.

1. Fixed temperature at the boundaries.
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In the main case the temperature of the gas molecules was fixed at the
boundaries of the simulation box (y-direction) at a constant value of 300
K. By fixing the temperature of the boundaries we pretended to mimic
the real uptake-experiment, in which the excess of heat coming from the
exothermal adsorption process is driven through the boundaries until
equilibrium is reached.

2. Simulation with constant temperature.

The system was everywhere and at any time thermostatted at a temper-
ature of 300 K. The aim of this case was to mimic the end state of the
uptake-experiments and to confirm the equilibrium situation of case (1).

3. Simulation with constant total energy.

The system was isolated from the surroundings and allowed to evolve in
time from the initial configuration. The purpose of this simulation was
to have another reference case in addition to case (2), for main case (1).

Additional simulations with fixed temperature at the boundaries were also
carried out using a different surface layer. Instead of cutting the crystal at the
middle of the straight channels perpendicular to them, the cut was moved a
quantity equal to half the length of the straight channels, at the intersections
between the straight and the zig-zag channels. By doing this the external
surfaces exhibited the intersections and half zig-zag channels. The aim of this
additional simulation was to show that the gas and zeolite end states, as well
as the kinetics behaviour, were unaffected by the choice of the surface layers.

6.2.3 Procedures

The simulations were done in two steps. First the equilibrium states at 300 K
were obtained for the gas phase and the zeolite separately. At t = 0, contact
was made between the phases and, for cases (1) and (2), non-equilibrium con-
ditions were applied to the global system. To obtain the system dynamics we
proceeded by integrating Newton’s equations of motion using the well known
velocity Verlet algorithm [56]. Trajectories were generated using a time step
of 0.001 ps and Nruns × 105 simulation steps where Nruns was the number of
runs required to obtain the equilibrium conditions. The procedure to reach
equilibrium conditions was described in details elsewhere [58, 79]. It shortly
consists in first distributing molecules of n-butane in gas phase in contact with
a membrane of zeolite. By integrating the equations of motion using a Verlet
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velocity algorithm [56] the molecules move and a part of them is adsorbed into
the zeolite until the system remains stable.

For the 3 different cases we proceeded in the following ways. To fix the temper-
ature at the boundaries of the gas phase in case (1), we applied a thermostat
at the ends of the simulation box (y-direction) by rescaling the gas molecules
velocities: each time a gas molecule reached the boundary of the system we
calculated its temperature from its kinetic energy and rescaled its velocity with
a factor given by the square root of the ratio of the desired temperature and
the calculated one [44]. In this way we were able to export the heat released
by the adsorption process from the system. Our velocity rescaling implied a
perturbation of the trajectories of the gas molecules but given that the bound-
aries were far from the surface of the membrane (more than 150 Å), we can
reasonably assume that the gas molecules had enough time to relax before
being in contact with the zeolite and, therefore, these perturbations should
have had a minor impact on the adsorption kinetics. Two non-zero gradients
of temperature, symmetric relative to the center of the zeolite, were created
in the system. This kind of simulation required a long equilibration period,
during which it was possible to study the transient non-equilibrium conditions.

For case (2), to uniformly thermostat the system we calculated, for each time
step, its overall temperature and rescaled the velocities of all atoms as to get
the imposed temperature. In this manner, we avoided the long equilibration
period which characterizes the previous procedure.

In case (3) Newton’s equations of motion were simply integrated for all atoms
and the total energy of the system was then conserved.

6.2.4 Calculated properties

Temperature calculation

In our studies, the kinetic temperature, T , was obtained by combining two
definitions of the internal kinetic energy, K, one coming directly from the
equipartition of the energy and the second obtained from the kinetic contribu-
tion of the simulated particles:

K =
1
2
(3Nat − 6)kBT =

1
2

Nat∑
i=1

mi

〈
|vi − v|2

〉
(6.1)

at the left hand side of this equation Nat is the total number of atoms, 3Nat−6
is the number of degree of freedom of the system, kb is the Boltzmann constant
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and T the temperature. At the right hand side, vi is the instantaneous velocity
of the atom i and mass mi, and v is the barycentric instantaneous velocity.

Pressure calculation

The gas pressure, P , was obtained using the well known perfect gas law:

PVgas = (N tot
mol − Nads

mol)kbT (6.2)

where Nads
mol was the total number of molecules adsorbed and Vgas the volume

of the gas phase.

Internal energy flux

The energy flux flowing from the membrane toward the boundaries of the box
was calculated by considering the variation of the total energy of the zeolite
plus the adsorbed phase in time as follows:

Jq =
ΔEtot

2ΩΔt
(6.3)

Here Jq is the internal energy flux crossing the surface of the zeolite, ΔEtot is
the variation of the total energy of the membrane (zeolite plus adsorbed phase)
during the time step Δt and Ω is the area of the surface given by Ω = LxLz.

Enthalpy

The heat of adsorption is the difference between the partial molar enthalpy for
adsorbed phase and the molar enthalpy of sorbate in vapour phase:

ΔH = Hads − Hgas (6.4)

The enthalpy is a function of the internal energy and the product Pv, where v
is the molar volume. For the vapour phase, Pv was assumed to be equal to RT ,
and the molecular volume of the adsorbed phase was neglected. Considering
that the molar kinetic energy is equal in the gas state and in the adsorbed
state, the heat of adsorption can be expressed as a function of the total molar
potential energy in adsorbed phase Ep

ads
tot and in vapour phase Ep

gas
tot [136]:

ΔH = Ep
ads
tot − Ep

gas
tot − RT (6.5)
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With adsorbed phase we mean the n-butane molecules adsorbed in the zeolite
pores. The molar potential energies were calculated after shifting the truncated
Lennard-Jones potential [43].

Heat capacity

The heat capacity of the crystal per unit volume, Cv, can be found considering
the slope of the trend of the total molar energy of the membrane Ezeo

tot as a
function of the temperature of the system and dividing it by the Avogadro
number NAv and the volume of the crystal Vzeo:

Cv =
1

NAvVzeo

∂Ezeo
tot

∂T
(6.6)

6.3 Results

The adsorption was followed about 25000 ps. At that time equilibrium states
were reached for all simulated cases and part of the n-butane molecules had
been adsorbed on the zeolite while others remained in the gas phase.

6.3.1 Adsorption in the three simulated cases

In Fig. 6.3 we plotted the loadings, expressed as number of adsorbed molecules
per unit volume, during the simulation of the three different cases. We made a
distinction between the molecules adsorbed in the zeolite pores, the molecules
adsorbed on the external surface and the total number of adsorbed molecules
per unit volume. For the simulation with fixed temperature at the boundaries,
the figures show that the adsorption process has two stages: a rapid one where
about 95% of the system capacity of n-butane is filled in 200 ps, and a slow
stage that completes the loading in about 25000 ps. We can also notice that
the second stage of adsorption is mostly related to the external surface.

For the other two cases the equilibrium states were reached after 200 ps and
under equilibrium the total numbers of adsorbed molecules fluctuated around
their averaged values. To have a better comparison between the three cases
we extrapolated the equilibrium values of cases (2) and (3) (horizontal lines in
the figure): during the second stage we can notice that for case (1) the loading
passed from the equilibrium value of case (3) until the equilibrium value of case
(2), 2.14 molecules/nm3 in the zeolite pores. This value corresponds to 10.3
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Figure 6.3: a) Number of adsorbed molecules on the external surface (lower
part of the figure) and in the pores of the zeolite (upper part of the figure) per
unit volume as a function of time for the three different simulated cases. b)
Total number of adsorbed molecules per unit volume in the zeolite as a function
of time for the three different simulated cases. For the T constant and E
constant cases the numbers of adsorbed molecules per unit cell in condition of
equilibrium had been extrapolated. The equilibrium values are respectively 2.14
and 2.06 molecules/nm3 in the zeolite pores, 1.15 and 0.67 molecules/nm3 on
the external surfaces and 1.82 and 1.61 molecules/nm3 for all the system (pores
plus external surfaces).
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molecules per unit cell and gives a pressure in the gas phase of 2.3 bar, in good
agreement with previous results from the literature, both from simulations [48]
and experiments [130].

6.3.2 Temperature variation in the three simulated cases

Silicalite is known as a good heat conductor, so we followed the variation of
the average temperature of the whole membrane as the adsorption proceeded,
see Fig. 6.4.

For case (1), with fixed temperature at the boundaries, we can observe that
the heat released by the adsorption process caused a jump of about 70 K in the
temperature of the membrane. After this first large increment of temperature,
which took place in 200 ps, the heat released by the adsorption was driven
out from the zeolite and the mean temperature decreased and declined back
to value of T0 = 300 K. Both in the first stage and below 330 K in the second
stage, we found that the temperature of the zeolite followed an exponential
law of the type:

T (t) = Teq,i + (T0,i − Teq,i) exp
(
− t

τi

)
(6.7)

where T0,i is the initial temperature, Teq,i is the equilibrium temperature and
τi is the relaxation time of the two stages i. A similar trend was observed for
adsorption of methanol in NaX crystals by Grenier et al. [145] and a detailed
mathematical model in support of Eq. (6.7) was elaborated by Sun et al. [146].
Our mathematical interpretation will be presented in a next paper. For the
first stage, given T0,1 = 300 K, we found Teq,1 = 396 K and τ1 = 212 ps, while
for the second stage, having T0,2 = 370 K we got Teq,2 = 285 K and τ2 = 15.57
ns. These values are discussed below.

In case (2), with the system uniformly thermostatted, after a first little incre-
ment, the temperature of the zeolite rapidly returned to the equilibrium value
of 300 K. For the isolated system, case (3), we had a quick increment of the
zeolite temperature, which reached the same value as in case (1) at the end
of the first stage. During the adsorption the potential energy of the system
decreased and the kinetic energy increased in the same proportion. After that
period the system reached equilibrium and its temperature fluctuated around
365 K.
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Figure 6.4: a) Average temperature of the whole silicalite during the adsorption
for the three different simulated cases. For the T constant and E constant cases
the values of equilibrium, corresponding to 300 K and 365 K respectively, are
shown by stippled lines. b) Close up of Fig. a): average temperature of the
whole silicalite during the first stage of the adsorption process for the three
different simulated cases.



6.3 Results 81

0 1000 2000 3000 4000 5000 6000
Time / ps

300

320

340

360

380

T
em

pe
ra

tu
re

 / 
K

Flat surface
Surface with half zig-zag channels

Figure 6.5: Average temperature of the whole silicalite during the adsorption
for the different surface layers, in case of fixed temperature at the boundaries.
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Figure 6.6: Loading of the zeolite in number of molecules per unit volume as a
function of time for the different surface layers, in case of fixed temperature at
the boundaries.
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6.3.3 Adsorption and temperature variation of the different surface
layers

As mentioned, we performed simulations also considering a different surface
layer: an external surface not flat, and with the pore openings and half zig-zag
channels.

In Figs. 6.5 and 6.6 we reported the profiles of the time evolution of the mean
temperature of the membrane and of the loading for the two different surfaces
considered, only for the procedure (1). With both surfaces the evolutions
exhibited the same trend, characterized by a two step process. The first stage
was however slightly faster with the new surface.

6.4 Discussion

6.4.1 Two rate-limiting adsorption stages

Comparing Figs. 6.3 and 6.4 we observe that the rapid uptake at t = 0 is
accompanied by a strong rise in temperature, from 300 to 370 K, followed
by an exponential-like decline back to 300 K. The time scale of our adsorp-
tion/desorption process is ns. This means that radiation of heat from the
crystal to the gas phase can be neglected [39] and the results must be under-
stood on the basis of diffusion and thermal conduction.

At t = 0 there are no temperature gradients. The only thermodynamic force
is the chemical potential difference across the external surfaces. Right after
time zero, the large chemical driving force leads to butane fluxes in the gas
and in the zeolite and this explains the rapid increase in the uptake of n-
butane in all of the membrane. Using Eq. (6.5) we found a large enthalpy of
adsorption, ΔH = −61.6 kJ/mol butane, which explains the temperature rise
that accompanies the first step of the adsorption.

The diffusion coefficient for the external surface layer is Ds = (ds)2/2τ1 = 3.4
×10−9 m2/s, with a surface thickness of ds = 1.2 nm and a relaxation time τ1

= 212 ps.

The temperature reaches a maximum when the thermal force becomes large
enough to balance the chemical driving force.

In the second stage the thermal driving force (T − T0) created across the
external surface of the crystal drives an energy flux out of the crystal. This
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can be expressed as:

Jq = −λs ΔT

ds
(6.8)

Here λs is the thermal conductivity of the surface. The thermal force relaxes
then slowly to zero, with a relaxation time τ2 = 15.57 ns and the reduction in
the zeolite temperature induces a small butane uptake (in fact the maximum
loading is inversely proportional to the temperature [129]).

At the beginning of the second stage the loading of the zeolite corresponds to
that of case (3) (see Fig. 6.3), so if we consider the process to be isothermal,
we would end up with the same results obtained after the first stage for the
constant energy system. Clearly this is not the case.

In the second stage diffusion seems to be slow; a value of 4.6 ×10−11 m2/s can
be calculated from τ2, but diffusion is not the rate-limiting process here, accord-
ing to the calculations above. The thermal conductivity is λs = Cv(dzds)/2τ2

= 3.4 ×10−4 W/K m, where dz = 6 nm is the thickness of the crystal. This is
about 50 times smaller than the value of the gas, confirming that the surface
is rate-limiting for heat transfer. The chemical potential of butane, however,
depends on the temperature; as the temperature decreases, the chemical po-
tential of butane diminishes, leading to a corresponding influx of butane. This
explains why the uptake and the temperature are linearly related in both stages
(see Fig. 6.7).

The heat released by the exothermic adsorption process, which has to be re-
moved from the system to return to the initial value of temperature of 300
K, is linked to two processes: to the adsorption of molecules that takes place
in the first 200 ps of the simulation and to the subsequent exchange of heat
with the boundaries in the second stage, which causes a decrement of the tem-
perature of the system and an additional uptake of butane. Since the latter
phenomenon takes place in a period of time 3 orders of magnitude longer than
the first one (see Figs. 6.3 and 6.4 where we can notice that the second stage
of the adsorption process is completed in 200000 ps), we can assume it to be
the rate limiting step of the whole adsorption process. This means that the
thermal driving force may limit diffusion, explaining why coefficients obtained
from non-equilibrium techniques may appear to be smaller than those obtained
by equilibrium techniques [4].

By considering the variation of the total energy of the crystal and of the ad-
sorbed molecules in time, we can get an approximate value of the heat removed
from the membrane (see Eq. (6.3)). In Fig. 6.8 we displayed the total energy
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Figure 6.7: Average temperature of the membrane as a function of the adsorp-
tion of n-butane. The left side of the figure represents the initial period of the
uptake, while the write side gives results for the second phase of the uptake.

of the zeolite and the adsorbed molecules, per unit of surface, as a function of
time. The slope of the curve represents the internal energy flux crossing the
surface at a given time. As we can observe, the internal energy flux is impor-
tant and decreases during the simulation as a consequence of the reduction of
the difference between the temperature of the zeolite and the boundaries. In
equilibrium all of the system is at the temperature of the boundaries, and the
net energy flux is zero. We shall return to a more quantitative description of
this later.

By plotting the energy of the zeolite per unit volume as a function of the
average temperature of the membrane we obtain a linear trend (see Fig. 6.9).
The slope can be related to a constant volume heat capacity of the crystal (see
Eq. (6.6)). The calculated value 1490 kJ/(K m3) is in very good agreement
with the experimental value 1400 kJ/(K m3) [132].

In Fig. 6.10 we plotted the temperature of the system as a function of the
distance from the center of the zeolite in y-direction during different periods
of the simulation. To have better statistics the values have been averaged over
time intervals of 500 ps. Looking at the temperature profile, we can observe
that large gradients of temperature develop on the external surface of the
crystal during the adsorption process. This is a signature of a rate-limiting
heat transfer.
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Figure 6.10: Profile of the temperature of the system along the y direction
during different periods of the simulation.

6.4.2 The nature of surface layer

If we consider the results obtained with the surface layer having half zig-zag
channels we can draw the same conclusions as for the flat surface. The first
fast adsorption is followed by a very slow adsorption process due to decrease
of the temperature of the zeolite. Although the trends of the temperature
and of the loading are the same, the first stage of the adsorption process
is few ps faster for the second surface; this is due to the fact that the n-
butane molecules have a better access to the membrane. The total number
of adsorbed molecules is approximately the same for the two surfaces, but the
system with half zig-zag channels on the external surface has more molecules
adsorbed on the external surface and less in the pores. These considerations
are more evident if we plot the number of adsorbed molecules as a function
of the interaction energy between the zeolite and the n-butane molecules for
the two cases (Fig. 6.11). For both cases we can observe a high peak at -
62 kJ/mol corresponding to the straight and zig-zag channels, a peak at -53
kJ/mol corresponding to the interconnections, and a low peak at -12 kJ/mol
corresponding to few Angstrom above the surfaces. For the second surface an
additional peak appears at -25 kJ/mol, corresponding to the location of the
crystalline surface. This means that although the enthalpy of adsorption is
the same in both cases, the distribution changes over the crystal. We have
additional external adsorption sites for the second surface, with a part of the
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Figure 6.11: Histograms of the potential energy distribution between silicalite
and molecules of n-butane at 300 K in case of flat surface and in case of surface
with half zig-zag channels.

gas molecules adsorbed on the half zig-zag channels. We find that the new
surface affects Ds but not λs. This gives further support to our proposal for
the rate-limiting steps.

6.5 Conclusions

We have used the non-equilibrium molecular dynamics simulation to study the
adsorption of the n-butane on a silicalite membrane. We applied simulation
conditions close to those used to study the same phenomena experimentally
(by manometry). In agreement with previous analysis based on experimental
results [9, 139], we found that the phenomenon is characterized by two non-
isothermal steps. In both steps the temperature is perfectly linear in the uptake
of butane. Large temperature gradients develop across the external surface,
which is found to have a thermal conductivity about 50 times smaller than
that of the gas. This shows that the surface should be considered rate-limiting
to heat transfer. A description of transport in nano-porous materials must
therefore include a thermal driving force, in addition to a chemical driving
force. The finding may have a bearing on the understanding and design of
technologies for multi-component separation, like pervaporation, permeation,
and on heterogeneous catalysis.
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Abstract

We present isotherms for adsorption of n-butane on the external and internal
surfaces of silicalite, in the temperature range 320 - 400 K and at pressures
up to 530 kPa. The isotherms were calculated using molecular dynamics sim-
ulations. A modified thermostatting algorithm, Soft-HEX, was developed for
the purpose. The results for the external as well as the internal surface were
fitted to Langmuir models, and equilibrium constants are reported. Two sur-
face structures were considered: a flat surface having only one adsorption site
and a surface with a zig-zag texture, characterized by two adsorption sites.
The surface excess concentrations were computed. Negative surface excesses
were found in some cases, indicating that the surface can serve as a barrier
to transport. We show that Henry’s law can be used to calculate adsorbate
concentration - gas pressure relationships, and that the surface can be regarded
as a thermodynamic system. These findings are important for studies of the
surfaces as barriers to transport.

7.1 Introduction

It is the aim of this work to contribute to a better understanding of properties
of adsorbed molecules on the external and internal surface of porous materials.
We have thus studied as a representative example, the adsorption properties of
one hydrocarbon, n-butane, on a zeolite, silicalite-1. Butane was studied within
the pores and on the external surface of the zeolite. Zeolites are microporous
materials which have been used in adsorption, separation and catalysis because
of their large surfaces. A systematic study of equilibrium adsorption of gases
in zeolites has lead to a considerable insight in the state of guest molecules in
the channels and cavities of the host adsorbent [1], but such information on
the external surface is still missing.

Several experimental methods have been used to examine the adsorption of
alkanes in zeolites. With the volumetric method, the amount of gas adsorbed
is obtained from the difference between the amount of gas in a doser volume
and the amount of gas remaining in the gas phase at equilibrium. In the
gravimetric method the adsorbed amount is determined from the increase in
weight of the adsorbent after exposure to a dose of gas. Few results on alkanes
in zeolite are reported: Adsorption isotherms of C1 to C4 alkanes were mea-
sured gravimetrically on silicalite crystals by Sun et al. [133], while Millot et
al. employed a temperature-programmed desorption technique [131]. The zero
length column chromatography (ZLC) [29] and the tapered element oscillating
microbalance (TEOM) were used by Zhu et al. [147] to determine physical
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constants of the adsorption process. Gardner et al. [130] measured butane
adsorption isotherms by a transient permeation technique. Moreover, Ferreira
et al. [129] investigated the adsorption of n- and i -butane on silicalite using a
manometric technique combined with a micro-calorimeter.

It is difficult, if not impossible, with these experimental techniques to distin-
guish between properties of the external and internal surfaces. Such differen-
tiation is important, however. The presence of external surfaces and crystal
defaults do not influence significantly adsorption properties like the adsorption
isotherm or the heat of adsorption. But they can play a role in the dynamical
processes, like in adsorption kinetics. They can, for instance, change expected
behaviour and consequently the interpretation of some experiments, as in the
case of diffusion into zeolites, an example described recently by Kärger [12].
Knowledge of surface properties is crucial for the understanding of kinetics of
adsorption, but also equilibrium properties. Surface resistivities are functions
of surface concentrations [22] and will therefore depend on these equilibrium
properties.

The increased availability of large computer clusters that has been seen the last
decade, is an advantage in this context. Molecular simulations techniques can
therefore be used to supplement the experimental techniques. The Monte Carlo
technique has thus been widely used [48, 50, 51, 135, 136]. In this technique,
the isotherms are determined from simulations of a grand-canonical ensemble.
The temperature and the chemical potential are imposed with the help of a
reservoir, and the number of particles in the system is allowed to fluctuate.
Molecular dynamics simulations offer an attractive alternative to this. These
simulations are capable of mimicking a real experimental situation, in which
the adsorbent is in contact with a gas through the external surface [15, 105].

In this study, we report equilibrium molecular dynamics (EMD) simulations
that give adsorption isotherms of n-butane molecules in a silicalite membrane
at 320, 340, 360, 380 and 400 K. For each temperature, 11 equilibrium points
were calculated. The temperatures were imposed using a heat exchange algo-
rithm developed for the purpose, Soft-HEX. Adsorption was investigated in-
side the pores and on the external surface. The surface has its own Langmuir
adsorption isotherm, and surface excess concentrations that also can become
negative. The work is a continuation of earlier studies on the same system.
We have presented sticking and desorption coefficients for the surface [21] and
some aspects of non-isothermal adsorption kinetics [15, 105]. We shall here see
that the external surface can be described as a thermodynamic system accord-
ing to Gibbs [115], sandwiched between the homogeneous gas phase and the
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bulk crystal. A description in terms of three "phases" under equilibrium is the
starting point to study perturbations in the equilibrium situation.

The paper is arranged as follows. First a brief description of the theory on the
adsorption process is presented: in Section 7.2.1 the adsorption is described
with the Langmuir model. Then in Section 7.2.3 the adsorption on the surface
is depicted with the excess Gibbs method. In Section 7.3 we present the detail
of our simulation methodology including a description of the parameter sets
used. We continue in Section 7.4 with the results of our simulations. These in-
cludes adsorption isotherms in the zeolite pores and excess densities on the two
different surface structures. Finally we present our discussion and conclusion
in Sections 7.5 and 7.6.

7.2 Theory

7.2.1 Isotherm models

In a description of the following adsorption reaction

butane(gas) + zeolite � butane(zeolite) (7.1)

there are ntot
b moles butane at start, and ng

b moles butane in the gas when
equilibrium is reached. The gas pressure of butane, p (in Pa), follows the ideal
gas law at the butane densities in question:

pV g
b = ng

bRT (7.2)

where V g
b is the volume of the gas phase and R is the gas constant. The butane

molecules are distributed between the crystal (concentration cz
b), the gas phase

(concentration cg
b ) and the surface (concentration cs

b).

Silicalite-1 has two types of channels, straight and zig-zag (having approxima-
tively the same cross section), connected via intersections (characterized by a
bigger size). If the diameter of the adsorbed molecule is large, i.e. if there are
geometric constraints, the molecule will prefer the intersections, which have
more space [148]. We can then say that there are two different adsorption sites
in silicalite-1. A dual-site Langmuir model is commonly used [149] to describe
adsorption to two sites. This model relates the concentration in the zeolite
to the butane pressure taking into account the geometrical constraint of the
zeolite:

cz
b =

cz
b,sat,IKIp/p0

1 + KIp/p0
+

cz
b,sat,CKCp/p0

1 + KCp/p0
(7.3)
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where the subscripts I and C refer to the intersections and channels, respec-
tively. cb,sat,J is the concentration of butane per zeolite unit volume at satura-
tion, in location J , KJ is the dimensionless equilibrium constant and p0 is the
standard pressure (100 kPa). In the case of low loadings, adsorbate molecules
reside in the energetically preferred locations. In that case, the dual-site Lang-
muir model simplifies to the Langmuir model.

cz
b

cz
b,sat

=
Kp/p0

1 + Kp/p0
(7.4)

The dual-site Langmuir model can be also applied for adsorption on the zeolite
external surface when two different adsorption sites (1 and 2) are present

cs
b =

cs
b,sat,1K1p/p0

1 + K1p/p0
+

cs
b,sat,2K2p/p0

1 + K2p/p0
(7.5)

In case we have only one adsorption site, we shall instead use the single-site
Langmuir model

cs
b

cs
b,sat

=
Kp/p0

1 + Kp/p0
(7.6)

The Langmuir theory is based on the model of one site/one molecule - occu-
pancy adsorption with statistical (ideal) competition for vacant sites and no
interactions between the adsorbed molecules. The original derivation of the
Langmuir isotherm was kinetic in character but a statistical mechanic deriva-
tion was soon found. It was based on the following assumptions: the gas is
perfect; the surface is a two-dimensional lattice characterized by M identical
adsorption sites; each of these sites can be either unoccupied or occupied by
at most one of the gas molecules; adsorbed molecules do not interact laterally;
adsorption is exhausted after the formation of the first layer. Let the partition
function of an unoccupied site be 1 and that of an occupied site be q(T ). The
partition function of N molecules adsorbed onto M sites (being N < M) is
then:

Q(N,M,T ) =
M !

N !(M − N)!
[q(T )]N (7.7)

The binomial coefficient accounts for the number of ways in which the N
identical molecules can be arranged on the M equivalent but physically distinct
sites. Since both M and N are large, Stirling’s theorem can be used and by
using the fact that the adsorbed molecules are in equilibrium with the gas
phase molecules (considered to be an ideal gas) an expression of the fractional
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coverage N/M as a function of the pressure of the gas can be derived [150].
That expression corresponds to the single-site Langmuir equation. This is thus
a purely statistical model, without the need to invoke activity coefficients,
which take into account the presence of preferred binding sites.

7.2.2 Thermodynamics of gas adsorption

The condition of equilibrium between the adsorbed phase (a) and the co-
existing gas phase (g) is given by the equality of the chemical potentials,
μg = μa. This is valid both if we consider the adsorption in the zeolite pores
(a ≡ z) and on the external surface (a ≡ s). Assuming an ideal gas phase we
may write:

μa = μg = μ0
g + RT ln

(
p

p0

)
(7.8)

where μ0
g is the standard chemical potential of the gas phase, i.e. the chem-

ical potential at the reference pressure p0. It is also convenient to define the
standard state for the adsorbed phase and write:

μa = μ∗
a + RT ln

(
aa

a0
a

)
(7.9)

where aa is the activity of the adsorbed phase and μ∗
a is the standard state

chemical potential at activity a0
a, normally taken to be unity. It follows from

Eq. (7.8) that

μ∗
a − μ0

g = RT ln
(

p

p0

a0
a

aa

)
(7.10)

Hence the adsorption equilibrium constant is given by

K∗ =
p0

p

aa

a0
a

(7.11)

If the standard state is taken as an infinitely dilute ideal adsorbed phase, Eq.
(7.11) reduces to Henry’s law in the low concentration limit and to a definition
of the activity coefficient of the adsorbed phase, γa, at higher concentrations:

lim
p→0

ca

p
=

K∗a0
a

p0
≡ K, γa =

Kp/p0

ca/ca,sat
= 1 + K

p

p0
(7.12)

The last equality was obtained introducing the Langmuir model.

The temperature dependence of the equilibrium constant K follows the van’t
Hoff relationship (

∂ ln K

∂1/T

)
ca

=
−ΔH

RT
(7.13)
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where ΔH is the isosteric enthalpy of adsorption, i.e. the enthalpy of adsorp-
tion at a given coverage. From Eq. (7.13) we can obtain

K = K0exp
(−ΔH0

RT

)
(7.14)

where K0 is the preexponential factor and ΔH0 is the isosteric enthalpy of
adsorption in the limiting case of zero coverage. Plotting K semi logarithmi-
cally versus 1/T will give a linear fit of data from which the slope −ΔH0/R is
extracted [7].

7.2.3 Surface excess densities

For the zeolite-gas system it is interesting to determine the surface excess
concentration. By doing this we can describe the adsorption isotherms for the
surface in more details by plotting the surface excess density as a function of
the gas pressure. The theory of surface excess for systems in global equilibrium
was originally described by Gibbs [115]. The theory is advocated by Kjelstrup
and Bedeaux [22]. Here the version given by Kjelstrup and Bedeaux will be
used. An interface is a thin layer between two homogeneous phases. We restrict
ourselves to surfaces perpendicular to the y-axis, the direction of the straight
channel, for reasons explained later. Lets consider the concentration profile
of butane along the y-direction, cb(y). We shall indicate with superscript z
the average concentration of butane adsorbed in the zeolite pores and with
superscript g its concentration in the homogeneous gas phase. A continuous
variation in the concentration is seen, see Fig. 7.1. Gibbs [115] defined the
surface of discontinuity as a transition region with a finite thickness bounded
by planes of similarly chosen points. In the figure two such planes are indicated
by vertical lines at α and β. The position α is the point, in the zeolite left of
the surface, where cb(y) starts to differ from the average concentration in the
zeolite pores, cz

b , and the position β is the point in the gas, right of the closed
surface, where cb(y) starts to differ from the concentration of the gas phase, cg

b .
The surface thickness is then δ = β −α. Gibbs defined the dividing surface as
"a geometrical plane, going through points in the interfacial region, similarly
situated with respect to conditions of adjacent matter". Many different planes
of this type can be chosen. In this work the location of the dividing surface
will depend on the surface structure, as explained later (cf. Section 7.4.1) and
will be denoted with d. We will call S1 the portion of the surface located in
the zeolite side, having a thickness d − α, and S2 the one located on the gas
side, with thickness β−d. The continuous density, integrated over δ, gives the
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Figure 7.1: Butane concentration profile across the surface.

butane excess surface concentration:

Γb =
∫ β

α

[
cb(y) − cz

b(α)θ(d − y) − cg
b(β)θ(y − d)

]
dy (7.15)

The Heaviside function, θ, is by definition unity when the argument is positive
and zero when the argument is negative.

S1 is thus an internal part of the surface, while S2 is an external part, relative
to d. Gibbs thermodynamics apply to S1+S2. In case of flat surface the
butane concentration profile across the surface will present only one peak, see
Fig. 7.1a, with the maximum slightly shifted toward S2. When instead we
consider the surface with the zig-zag pattern, an additional adsorption peak
will appear, also in S1, and the butane concentration profile will be similar to
the one plotted in Fig. 7.1b.

7.3 Simulation details

7.3.1 The system

The zeolite membrane (without defects) was simulated using a flexible atomic
model [117] with an orthorhombic Pnma crystallographic structure [118]. Ini-
tial atomic positions were determined from crystallographic experimental data
[118]. Errors in the atomic coordinance of the zeolite at the surface are small.
The crystallographic parameters are a = 20.022 Å, b = 19.899 Å and c = 13.383
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Figure 7.2: Initial configuration of the silicalite-1 in contact with N tot molecules
of n-butane randomly distributed around.

Å, with b being the direction of the straight channels. The crystallographic
axis of the zeolite will be used as frame of reference for the simulation box, x
for a, b for y, c for z. The membrane consisted of 18 unit cells (1728 atoms
of silicon and 3456 atoms of oxygen) with dimensions La = 2a, Lb = 3b and
Lc = 3c. Periodic boundary conditions were applied in the a, [1 0 0], and c, [0
0 1], directions at the limit of the zeolite and in the b, [0 1 0], direction at a
distance of 179.924 Å from the center of the zeolite to simulate a semi-infinite
membrane perpendicular to the b-direction in contact with the gas phase as
shown in Fig. 7.2. By construction the system is symmetric relative to the
plane normal to the y-direction, located in the center of the zeolite.

As mentioned above, depending on where the crystal was cut, two different
surface structures appear. In one case the crystal was cut at the middle of
the straight channels, perpendicular to them: the two external surfaces of the
zeolite were then flat with the pores emerging at the surfaces. In the other case
the cut was made in correspondence to the intersections between the straight
and zig-zag channels, again perpendicular to the former. As consequence the
surfaces presented also zig-zag patterns. For more details see [105]. In both
cases Eq. (7.15) applies and shall be used.

The n-butane was modeled using the United Atoms (UA) model proposed by
Ryckaert and Bellemans [144]; each CHn group was treated as a single pseudo-
atom. Each butane molecule was then reduced from 14 to 4 atoms, reducing
drastically the numbers of interactions. The intermolecular interactions were
given by a 12-6 cut and shifted Lennard-Jones (LJ) potential, V (rij), [56]:

VLJ(rij) = 4εij

[(
σij

rij

)12

−
(

σij

rij

)6
]

(7.16)

V (rij) =

{
VLJ (rij) − VLJ (rc) rij < rc

0 rij ≥ rc

(7.17)
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Table 7.1: Parameters of Lennard-Jones interactions used in this work.

ε/kb / K σ / Å
CH2-CH2 47.00 3.930
CH3-CH3 98.10 3.770

Si-Si 82.3777 3.9598
O-O 29.4257 3.0622

where σij and εij are the potential parameters and rij is the distance separating
the two interacting particles and rc is the cut off radius, i.e. the distance were
the LJ potential is truncated to zero. In our simulations, we fixed rc = 2.5σSi
where σSi is the potential parameter of silicon. The LJ parameters for the
zeolite-butane system are given in Tab. 7.1. Using the Lorentz-Berthelot
mixing rules [56] the parameters given in Tab. 7.1 could be used to find
the potential parameters for unlike site interactions: σij = (σii + σjj)/2 and
εij = (εiiεjj)1/2.

The intramolecular potential energy included stretching, bending and torsion
potential and coupling terms. The former of these potentials were harmonic,
while for the latter we proceeded as suggested by Ermoshin et al. [117]. For
details we refer to [15].

7.3.2 The procedure

Initial configurations

Initial configurations were obtained in 2 steps. First step: n-butane gas and
zeolite membrane were separately thermalized at an identical temperature.
Second step: the butane molecules where randomly distributed in the gas phase
in contact with the zeolite, see Fig. 7.2. Molecules were located such that they
filled the whole available gaseous volume and that the distance between each
molecule and with the membrane was larger than their own size. Then MD
simulations were performed to reach the equilibrium conditions, where the gas
phase was in equilibrium with the adsorbed molecules (both in the zeolite
pores and on the surfaces). Since MD simulations are deterministic in nature,
it was essential to use different initial configurations of the gas for the same
condition of pressure, temperature and volume. Each equilibrium point was
then obtained averaging results of 5 simulations starting from 5 different initial
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configurations. This avoided dependences on initial conditions and improved
the statistics.

Equilibration. The Soft-HEX algorithm.

To obtain the system dynamics, Newton’s equations of motion have been in-
tegrated using the velocity Verlet algorithm [56] with a time step of 0.001 ps.
To equilibrate the system, simulations were run for 30 × 105 time steps. They
were subjected to two conditions: during the first state (5 × 105 time steps) a
thermostat was applied everywhere in the system, i.e. to all atoms, to impose
the desired temperature by rescaling and shifting the velocity of each particle.
In the second state, the thermostat was removed and the energy of the system
was constant. To avoid deviation in the system temperature after the removal
of the thermostat, a soft heat exchange algorithm was developed, based on the
one proposed by Hafskjold [58]. The thermostat was applied separately to the
zeolite atoms and to each butane molecule, and with a frequency of 100 time
steps (0.1 ps). For each particle, the mean temperature and kinetic energy was
computed over this period of time and compared to the one corresponding to
the imposed temperature, thus obtaining the energy which was necessary to
supply/remove from the system. However, to reduce the perturbations of the
system, the energy change applied was equal to only 2% of this energy; for this
reason this procedure was called Soft-HEX.

Data were analyzed considering the last 20 × 105 time steps for each of the
5 simulations run in parallel for the same conditions of temperature, pressure
and volume, leading to statistical uncertainties below 5%.

7.3.3 Calculation of the gas pressure

The number of molecules adsorbed in the system, i.e. in the pores and on the
surfaces, was determined by analysing the potential interaction energy between
butane and zeolite, see Section 7.4.1. Molecules with interaction energies with
the zeolite higher then -1 kJ/mol were classified as located in the gas phase.
The equilibrium pressure was then calculated using the ideal gas law (Eq.
(7.2)). We verified that this was a good assumption as the gas pressure at
equilibrium was always low enough. For the simulations with lower densi-
ties, almost no molecules were located in the gas phase and the calculation of
the pressure was not accurate. To obtain the gas pressure under these con-
ditions, the adsorption isotherms on the external surface S2 were considered.



100 Chapter 7. Surface adsorption isotherms and surface excess densities

Since the conditions where far from condensations, adsorption on S2 followed
Henry’s law, i.e. there was a linear dependence between the amount of butane
adsorbed on the external surface, which was always substantial, and the gas
pressure. Henry’s coefficient was then calculated with a good accuracy for all
the simulated temperatures and was used to obtain the gas pressure at low
densities, directly from the amount of adsorbant.

7.4 Results

7.4.1 Location of the interfaces

To determine the energy of the different adsorption sites we plotted histograms
of the potential energy distribution of the zeolite-butane interaction for each
point of the isotherm curve. In Fig. 7.3, the histogram for the potential energy
distribution is shown at 360 K for 220 butane molecules, for the flat surface as
well as for the surface with a zig-zag texture. In both cases we see a high peak
at -57.5 kJ/mol corresponding to the location of the channels and a lower peak
at -48.5 kJ/mol corresponding to the location of the intersections in the zeolite
structure. For the surface with a zig-zag pattern, two other peaks are present.
This means that this surface is characterized by two adsorption sites: namely
on S1, located on the zeolite side and on S2, located on the gas side. For the
flat surface, instead, only one peak is present. Almost all the adsorption on
this surface occurs on S2.

From these histograms, the locations of the pores and surface limits were de-
termined. Molecules with energies below -36 kJ/mol were considered adsorbed
in the zeolite pores, while molecules with energies above -1 kJ/mol were clas-
sified as located in the gas phase. The rest of the molecules were adsorbed on
the surfaces if their interaction energy with the zeolite was between -36 and -1
kJ/mol. In case of flat surface, the interface between S1 and S2 was given by
the crystalline surface, i.e. d = ±29.85 Å from the center of the zeolite, while
for the zig-zag textured surface the dividing surface was defined by a zeolite-
butane interaction energy equal to -14 kJ/mol, corresponding to d = ±30.9 Å.
In the range of simulation conditions used, we observed that the influence of
the temperature and the pressure on these positions could be neglected.

7.4.2 Adsorption in the pores

For all equilibrium simulations, the number of molecules adsorbed inside the
pores were computed and plotted as a function of the dimensionless gas pres-
sure p/p0. In Fig. 7.4 the equilibrium results are shown. The fittings to the
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Table 7.2: Langmuir parameters for the single-site model. Values were obtained
by fitting the simulation points, expressed as number of molecules per zeolite
volume, to Eq. (7.4).

T/K cb,sat/molec/(nm3) K
320 1.744 5440
340 1.724 1644
360 1.698 521.8
380 1.674 198.4
400 1.642 100.3

Table 7.3: Langmuir parameters for the dual-site model. Values were obtained
by fitting the simulation points, expressed as number of molecules per zeolite
volume, to Eq. (7.3).

T/K cb,sat,I/molec/(nm3) KI cb,sat,C/molec/(nm3) KC

320 0.189 30.9 1.597 9000
340 0.140 7.7 1.623 2331
360 0.142 6.4 1.589 734.1
380 0.120 1.9 1.594 254.3
400 0.115 1.7 1.560 131.4

single-site (full lines) and to the dual-site Langmuir model (dashed lines) are
also presented. The Langmuir parameters for the 2 models are compiled in
Tabs. 7.2 and 7.3. The accuracy in the temperature is ±1 K. The equilib-
rium concentration cb,sat and the equilibrium constant K have an uncertainty
within 5%. For temperatures above 360 K, the single-site model gives a very
good description of the amount adsorbed while for lower temperatures the re-
sults are better described with the dual-site Langmuir model. The saturation
loadings for the single-site Langmuir model are plotted as a function of the
temperature in Fig. 7.5. The value of csat increases with decreasing temper-
atures and reaches a limiting value of 1.75 molecules/nm3, corresponding to
9.46 molecules per unit cell. A plot of the logarithm of the equilibrium con-
stant K versus the inverse temperature is given in Fig. 7.6. The dependence
is linear and from the slope (cf. Eq. (7.14)) a value of the isosteric enthalpy
of adsorption ΔH0 = -54±1 kJ/mol is obtained.
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two different surface structures. The two peaks below -37 kJ/mol correspond to
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Table 7.4: Langmuir parameters found fitting the coverage of the flat surface,
expressed as number of molecules per surface area, to the single-site Langmuir
model (Eq. (7.6)).

T/K cs
b,sat/molec/(nm2) K

360 1.638 0.129
380 1.606 0.096
400 1.544 0.077

Table 7.5: Langmuir parameters found fitting the coverage of the zig-zag tex-
tured surface to the dual-site Langmuir model (Eq. (7.5)).

T/K cs
b,sat,1/molec/(nm2) K1 cs

b,sat,2/molec/(nm2) K2

320 1.085 1.141 0.946 0.244
340 1.065 0.670 0.920 0.169
360 1.057 0.374 0.802 0.123
380 1.045 0.269 0.702 0.085
400 1.015 0.170 0.754 0.076

7.4.3 Adsorption on the surfaces

For the two different surface structures, the number of molecules adsorbed on
the surfaces was counted and the surface coverage, expressed as number of
molecules per unit surface, was determined. The plots of the surface coverage
as a function of the dimensionless gas pressure p/p0 are presented in Figs. 7.7
and 7.8. The results for the flat surface were fitted to the single-site Langmuir
model (7.6) while the zig-zag textured surface to the dual-site Langmuir model
(7.5). The Langmuir parameters are compiled in Tabs. 7.4 and 7.5, respec-
tively. In Fig. 7.9 the plot of lnK as a function of the inverse temperature is
given for the flat surface and for the two adsorption sites of the surface with
a zig-zag texture. All plots are linear. The activity coefficients of the surfaces
were calculated using Eq. (7.12) and are plotted in Fig. 7.10. The values are
bigger than 1 and increase linearly with p/p0. The slopes are slightly different,
and respectively 0.12 for the flat surface and for S2 of the zig-zag textured
surface, and 0.37 for S1 of the zig-zag textured surface.
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Figure 7.7: Surface coverage of n-butane on silicalite-1 in case of flat surface.
Lines represent the fitting to the single-site Langmuir model.
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7.4.4 Surface excess concentrations

The surface excess concentrations were calculated using Eq. (7.15), both for
the flat surface and for the one with a zig-zag texture. The definition of the
dividing surface and of the points where the butane concentration starts to
deviate from that of the bulk phases was done as described in Section 7.4.1.
In Figs. 7.11 and 7.12 the surface excess concentrations for the flat as well as
for the zig-zag textured surface are plotted against the chemical potential of
the gas phase.

7.5 Discussion

We have seen in Fig. 7.4 that the adsorption isotherms of n-butane in silicalite-
1 are well described by a single-site Langmuir model for temperatures above
360 K. This is in agreement with the literature [48, 133].

At lower temperatures a dual-site Langmuir isotherm, treating the channels
and intersections as adsorption sites with different sorption capacities and ad-
sorption equilibrium constants, gives a better description of the system. This
behaviour can be understood by looking to the histogram of the potential
energy for interaction between zeolite and butane molecules at different tem-
peratures, see Fig. 7.13. At lower temperatures the two peaks representing
respectively the adsorption in the zeolite channels and intersections, are per-
fectly defined and separated. As the temperature increases, the distinction
between the two peaks is still present, but is less marked. This explains why,
as the temperature increases the single-site Langmuir model can be used in-
stead of the dual-site model.

Our results agree further with the measurements reported by Zhu et al. [148]
and with molecular simulations performed by Furukawa et al. [27]. By fitting
the adsorption equilibrium constants of the pores to the van’t Hoff equation
(7.14), a value of ΔH0 = −54±1 kJ/mol was obtained, well in agreement with
experiments [148]. Also the saturation loadings concorded with values found
by others, both experimentally and through simulations [27, 130, 133, 148].
This means that molecular dynamics simulations technique is able to capture
the essence of the system’s properties.

There are then all reasons to believe that the external surface properties are
realistic, and that we have been able to achieve a successful decomposition of
the overall loading into contributions for the external and the internal surfaces.

For the flat surface, only one adsorption site is present: almost all the butane
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Figure 7.13: Histogram of the butane-zeolite potential energy distribution inside
the zeolite pores at different temperatures.

molecules adsorb on the portion of the surface located on the gas side (S2),
with respect to the position of the dividing surface, d. This explains therefore
why the single-site Langmuir model can be used to fit the data.

For the surface with a zig-zag texture, two adsorption sites are present: most
of the butane molecules are adsorbed on S1, which represents the cavities of
the half zig-zag channels exposed to the gas phase, and only a part is located
in S2, which corresponds to the flat portions of the surface. In this case, the
dual-site Langmuir model should be used to fit the data. From Fig. 7.9 we
can observe that the equilibrium constant of the second adsorption site of the
zig-zag textured surface (S2) is equal to the equilibrium constant of the flat
surface, however. The two surface sites, in spite of being different, have similar,
or the same chemical potential.

The surface excess concentrations are interestingly negative at low gas pres-
sures. This is illustrated in Fig. 7.14 where the butane concentration profile is
plotted as a function of the distance from the crystalline surface. The S2 contri-
bution to the surface excess concentration is always positive and increases with
the gas pressure. The S1 contribution is instead negative; at low pressures, the
zeolite pores are far away from saturation, and it increases in absolute value
with p/p0 until it reaches a minimum. When the entropy is the same, butane
will prefer to be located where their internal energy is minimum. On the ze-
olite side of the surface (S1) a negative excess means that they prefer to be
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Figure 7.14: Butane concentration profile as a function of the distance from
the crystalline surface. Comparison between the flat and the zig-zag textured
surface. In the zeolite phase, the butane average concentration profile is plotted.

in the zeolite pores rather than on S1; while on the gas side (S2) they will
prefer to be on S2, than in the gas. The S1 effect dominates therefore at low
pressures. When the pores are close to saturation, the concentration of bu-
tane on S1 increases more than the concentration in the pores and the excess
concentration on S1 becomes less negative. At a given value of pressure, the
contribution to the excess concentration given by S1 becomes dominant and
the excess concentration of the whole surface becomes positive. This explain
the shape of the curves plotted in Figs. 7.11 and 7.12. A negative surface
excess concentration may be the origin of an increased surface resistance [12].

The activity coefficients of the second adsorption site of the zig-zag textured
surface (S2) are approximately equal to the activity coefficients of the flat
surface, see Fig. 7.10. The activity coefficients of the first adsorption site of
the zig-zag textured surface (S1) are instead higher. The activity coefficient
takes into account that there are preferential binding sites in the adsorbant-
adsorbate system, and gives an indication of how much the system deviates
from ideal behaviour. A value of γa bigger than 1 indicates that there are
repulsive forces between zeolite and butane. Since the activity coefficient of
S1 is bigger than the one of S2, this means that S2 is slightly more repulsive
than S1. The negative excess concentration on S1 can also be explained in this
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manner.

7.6 Conclusion

Adsorption equilibrium loadings of n-butane in silicalite-1 have been calculated
by EMD simulations, using a new algorithm, Soft-HEX. Isotherms for the
internal as well as the external surfaces, were well represented by the Langmuir
model, in good agreement with experimental data and other simulation results.
The adsorption on two different external silicalite surfaces was characterized
in terms of their surface excess concentrations. The results showed that also
rather complex surfaces, like the zig-zag textured surface, can be well modeled
with standard thermodynamics equations and behave in a predictable way. It
is therefore justified to regard the interface between the gas and the solid phase
as a separate thermodynamic system, with its own thermodynamic properties.
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Abstract

We report for the first time the heat of transfer and the Soret coefficient for n-
butane in silicalite-1. The heat of transfer was typically 10 kJ/mol. The Soret
coefficient was typically 0.006 K−1 at 360 K. Both varied with the temperature
and the concentration. The thermal conductivity of the crystal with butane
adsorbed was 1.46±0.07 W/Km. Literature values of the isosteric enthalpy
of adsorption, the concentration at saturation, and the diffusion coefficients
were reproduced. Non-equilibrium molecular dynamics simulations were used
to find these results, and a modified heat exchange algorithm, Soft-HEX, was
developed for the purpose. Enthalpies of butane were also determined. We
use these results to give numerical proof for a recently proposed relation, that
the heat of transfer plus the partial molar enthalpy of butane is constant at a
given temperature. The proof is offered for a regime where the partial molar
enthalpy can be approximated by the molar internal energy. This result may
add to the understanding of the sign of the Soret coefficient. The technical
importance of the heat of transfer is discussed.

8.1 Introduction

Zeolites are microporous materials with periodic arrangements of channels and
cages of nanometer dimensions. The dynamic behavior of the molecules inside
the zeolite micropores are essential for the catalytic and separating properties
of the material [1].

One aim of this work is to study transport properties which so far, to the best
of our knowledge, were not studied in zeolites; namely the coupling between
heat and mass transfer. We have earlier found that large temperature gradi-
ents can arise in the material, due to the relatively large heats of adsorption of
certain compounds [105], and this makes it interesting to investigate the possi-
ble distribution of a compound in a temperature gradient inside the material.
Such distributions have drawn attention in the last years [151, 152]. They
are for instance believed to play a role in concentrating biological reactants
in thermal vents [153] or in separation of components in oil fields [154, 155].
Attempts to describe the phenomena are many, dating back to Onsager and
the mid of last century [156–158].

As a model system, we have taken the well studied silicalite-1 crystal, with n-
butane as a representative of an organic molecule to be transported. We shall
use butane as a short name for n-butane, and indicate the component with
subscript b. Similarly, the name zeolite will be used as short for the silicalite-
1. The component is indicated by subscript z. This system is interesting for
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separation purposes [159–161], and for catalytic ones [162–164], and we shall
see that the results may be important for such applications. Both zeolite and
butane are modeled in a dynamic manner, in a method developed by one of
us [15]. The atoms in the zeolite lattice are thus allowed to stretch, bend and
oscillate. This means that the chemical potential of zeolite as well as of butane
will vary with temperature, and that thermal diffusion of butane can occur.

We shall describe the transport of heat and butane using zeolite as a frame
of reference. These transport processes are interacting or “coupled” according
to classical non-equilibrium thermodynamics [22], we shall find this theory
appropriate. The theory defines the driving forces and fluxes in a systematic
manner in terms of the system’s entropy production. The theory has been used
to derive a relation between the heat of transfer of one component moving in
another, and its partial molar enthalpy [22]. The heat of transfer is defined here
as the measurable heat transported by butane relative to zeolite at constant
temperature.

Another aim of this work is to investigate numerically this recently proposed
relation. The heat of transfer of butane moving in zeolite is q∗b , and the par-
tial molar enthalpy of butane is Hb. Both quantities depend on the butane
concentration, cz

b (calculated as the number of butane molecules adsorbed per
unit cell of the crystal, abbreviated m.u.c. or loading) and on the temperature.
The relation states that the total heat of transfer Q∗

b , defined as the sum of q∗b
and Hb at a given temperature, is independent of the concentration:

q∗b (c
z
b , T ) + Hb(cz

b , T ) = Q∗
b(T ) (8.1)

The relation was first formulated for interfaces [165]. It has not been used
for homogeneous systems and has not been proven numerically yet. With the
present work we are aiming to do that. We shall see that the new relation
tested in this paper, can add to the discussion on the meaning of the heat of
transfer or the Soret coefficient.

Molecular simulations are useful in this context. They allow insight into the
microscopic behaviour of the system [151, 152, 166, 167]. Equilibrium and
non-equilibrium molecular dynamics simulations shall be used also here. The
development of a modified thermostatting algorithm, Soft-HEX, was required.

Equilibrium data are needed in addition to transport data, for instance to test
the relation (8.1). Equilibrium simulations were performed on a two-phase
system: a zeolite crystal with butane adsorbed in pores and on the external
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surface in equilibrium with ideal butane gas. Non-equilibrium simulations were
obtained, when the butane flux was zero, on a one-phase system: a zeolite
crystal with butane adsorbed in pores. When the butane flux was finite, they
were obtained in a two-phase system.

The paper is structured as follows. Section 8.2 is first devoted to description
of the equilibrium between a gas and an adsorbing material. In the present
case:

b(g) + zeolite � b(zeolite) (8.2)

This equilibrium is used to determine the thermodynamic properties of the
butane in the crystal. We continue to give equations that govern the mass and
heat transfer in the zeolite. The proof for the relation between the heat of
transfer and the partial molar enthalpy is repeated, and explained in terms of
computer experiments. In Section 8.3 we describe the system and give details
of the simulations performed. The equilibrium properties and the transport
properties are then presented, and the relation mentioned above is verified in
Section 8.4. We discuss the results and end with a conclusion.

8.2 Theory

We consider equilibrium and non-equilibrium systems. Both are isobaric. In
the equilibrium system, to be described first, we examine butane adsorbed
in zeolite, in equilibrium with a butane ideal gas. The amount of zeolite is
constant, and the total concentration of butane, ctot

b , is varied. In the non-
equilibrium system, we consider butane adsorbed in zeolite in a temperature
gradient, and butane flux across an isothermal crystal.

8.2.1 Equilibrium thermodynamics

The purpose of this section is to find the chemical potential of butane as a
function of temperature and composition. This quantity is needed to formulate
the chemical driving force of transport. To test the relation (8.1) we also need
to know the partial molar enthalpy of butane as a function of temperature and
composition inside the micropores.

The chemical potential of butane in zeolite

The gas pressure of butane, p (in Pa), follows the ideal gas law at the butane
densities in question:

pV g
b = ng

bRT (8.3)
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where V g
b is the volume of the gas phase, R is the gas constant, and ng

b is the
number of moles of butane in the gas. We verified that the ideal gas assumption
was a good approximation by calculating the compressibility factor of the gas
phase, which was equal to unity with an accuracy of 1% for the range of
simulated pressures and temperatures. For simulations at higher pressures
this assumption is not valid anymore. The butane molecules are distributed
between the crystal (concentration cz

b), the surface and the gas phase.

The concentration of butane in zeolite can be related to the butane pressure
by the dual-site Langmuir equation, which takes into account that there are
two different adsorbate locations [149]:

cz
b =

cb,sat,1K1p/p0

1 + K1p/p0
+

cb,sat,2K2p/p0

1 + K2p/p0
(8.4)

The numbers refer to the two sites, cb,sat,i is the concentration of butane at full
coverage, or saturation, in location i and Ki is the dimensionless equilibrium
constant. In most of the cases studied here, the dual-site Langmuir model can
be simplified to the Langmuir model

cz
b

cb,sat
=

Kp/p0

1 + Kp/p0
(8.5)

At equilibrium, the chemical potentials of butane in the gas phase, μb(g), of
butane adsorbed on the external surface, μb(s), and in the zeolite pores, μb(z),
are equal:

μb(g) = μb(s) = μb(z) (8.6)

For the gas phase we further have:

μb(g) = μ0
b + RT ln p/p0 (8.7)

Here μ0
b is the standard state chemical potential and p0 is the standard pressure

(102 kPa). The ideal gas chemical potential at temperature T , gives therefore
the chemical potential of butane in the zeolite at concentration cz

b .

We shall need an expression for the chemical potential gradient of butane at
constant temperature inside the zeolite in y-direction, see Fig. 8.1, for reasons
explained later. We can find this, expressed by the gas properties, from:

∂μb,T

∂y
= RT

∂ ln p

∂cz
b

∂cz
b

∂y
= Γ

RT

cz
b

∂cz
b

∂y
(8.8)
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where the thermodynamic factor Γ is defined as

Γ =
[
cz
b

p

∂p

∂cz
b

]
T

= 1 + K
p

p0
(8.9)

The Langmuir isotherm (8.5) was reintroduced in the last equality.

The partial molar enthalpy of butane in zeolite

The partial molar enthalpy of adsorption of butane, is the difference between
the partial molar enthalpy of adsorbed butane, Hz

b , and the molar enthalpy of
butane vapour, Hg

b ,
ΔHads = Hz

b − Hg
b (8.10)

The partial molar enthalpy of butane in zeolite is a function of concentration,
cz
b , while the partial molar enthalpy of butane in the gas phase is simply the

molar enthalpy of butane gas. The partial molar enthalpy is the sum of the
partial molar internal energy Eb and the product pv, where v is the partial
molar volume. For an ideal gas, pv is equal to RT . We obtain for butane gas
(superscript g):

Hg
b = Eb

g,k + Eb
g,p + Eb

g,i + RT (8.11)

where k, p and i stands for kinetic, potential and intramolecular energy. The
contributions to the internal energy are calculated per mole butane.

For butane in zeolite, the contribution of pv to Hz
b can be neglected, and the

partial molar enthalpy becomes equal to the partial molar energy, Ez
b . We

shall further approximate the partial molar energy by the molar energy. This
gives:

Hz
b = Eb

z,k + Eb
z,p + Eb

z,i (8.12)

where the kinetic, potential and intermolecular energies, Eb
z,k, Eb

z,p and Eb
z,i

are calculated per mole butane. The reference state for the enthalpy in Eqs.
(8.11) and (8.12) is thus given by the zero point of these energies. Equation
(8.12) shall be used to determine Hz

b in Eq. (8.1).

The kinetic energy of butane in the two phases are the same at equilibrium.
The partial molar enthalpy of adsorption can be expressed, following [136],
as the difference in the potential energy Ep and intramolecular energy Ei per
mole butane in the two phases, minus RT :

ΔHads = Eb
z,p + Eb

z,i − Eb
g,p − Eb

g,i − RT (8.13)
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By differentiating Eq. (8.7) at constant concentration of butane in zeolite,
and applying the Gibbs-Helmholtz’s relation, the isosteric heat of adsorption,
ΔH iso

ads/R, is calculated from a plot of ln p/p0 versus 1/T :

(
∂lnp/p0

∂(1/T )

)
c

=
ΔH iso

ads

R
(8.14)

This value is not the same as the results from Eq. (8.13) [168].

8.2.2 Fluxes and forces from non-equilibrium thermodynamics

Consider next the butane adsorbed in the zeolite phase. The amount of zeolite
is constant in the system and it is taken as frame of reference (thus its mass flux
is zero). We are interested in the transport properties of butane and heat. To
simplify, we suppress the superscript z, when we refer to properties calculated
in zeolite pores. In order to study diffusion, we must create a mass flux through
the crystal. Thermal conduction is studied by applying a temperature gradient
to the system. The temperature gradient will, as we shall see, result in a
distribution of butane across the crystal. Likewise, heat will also be conducted
when butane moves.

Therefore there are two independent driving forces working on the system, one
thermal and one component driving force. These driving forces are determined
by the system’s entropy production. The entropy production of the system can
be written in two alternative ways [22, 69]:

σ = Jq∇ 1
T

− Jb∇μb

T

= J ′
q∇

1
T

− Jb
1
T
∇μb,T (8.15)

where Jq is the total heat flux (or the energy flux), J ′
q is the measurable heat

flux, Jb is the butane flux, and μb is the chemical potential of butane. Subscript
T means that the chemical potential is differentiated at constant temperature.
We shall need both forms, for reasons to be explained in Section 8.2.3.

For transport in the y-direction the derivative ∇μb,T was determined using Eq.
(8.8).

The heat fluxes are related by the latent heat carried by the mass flux:

Jq = J ′
q + HbJb (8.16)
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which means that they are equal when Jb = 0. The linear force-flux relations
that follow from Eq. (8.15a) are

∇ 1
T

= RqqJq + RqbJb

−∇μb

T
= RbqJq + RbbJb (8.17)

or alternatively, if we use Eq. (8.15b) as a basis:

∇ 1
T

= rqqJ
′
q + rqbJb

− 1
T
∇μb,T = rbqJ

′
q + rbbJb (8.18)

where Rij and rij are resistivities according to Onsager (see [22, 69]). They do
not depend on the values of the forces or the fluxes, but may depend on state
variables. Both resistivity matrices satisfy the Onsager symmetry relation. We
need both Eqs. (8.17) and (8.18) to derive the relation (8.1), see Section 8.2.3,
but only the last set is used to compare results with real experiments. There are
thus three independent transport coefficients in Eqs. (8.18) to be determined
by computer simulations. These coefficients, and the derived properties, the
thermal conductivity, the diffusion coefficient, and the thermal diffusivity, can
be found as follows.

According to the last set, we can define the thermal conductivity at stationary
state from:

λ = −
(

J ′
q

∇T

)
Jb=0

=
1

T 2rqq
(8.19)

Consider an infinitely large crystal in a temperature gradient at zero mass flux
of butane (Jb = 0). When the gradient in temperature across the crystal is
constant, we can find the thermal conductivity λ and the resistivity to heat
transfer rqq from Eq. (8.19).

The measurable heat of transfer is defined by:

q∗b =
(

J ′
q

Jb

)
∇T=0

= −rqb

rqq
(8.20)

The heat of transfer is a measure of the heat carried along with butane at
constant temperature. Eqs. (8.18) can be written as:

∇T = − 1
λ

(
J ′

q − q∗bJb

)
1
T
∇μb,T = − q∗b

T 2
∇T − r′bbJb (8.21)
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where we used the Onsager relation rqb = rbq and defined r′bb = rbb + q∗brbq.

With temperature difference across the zeolite, we find the stationary state
distribution of butane (at Jb = 0). The heat of transfer q∗b of butane in zeolite
can then be obtained from Eq. (8.21b):

q∗b = −T

(∇μb,T

∇T

)
Jb=0

= −T

(
∂μb,T

∂cb

∇c

∇T

)
Jb=0

(8.22)

where
∂μb,T

∂cb
= Γ

RT

cb
(8.23)

From knowledge of q∗b and rqq, we determine the coupling coefficient rqb from
Eq. (8.20).

The interdiffusion coefficient, or Fick’s diffusivity, D and the thermal diffusion
coefficient DT follow from Eqs. (8.21):

D = −
(

Jb

∇cb

)
∇T=0

=
1

Tr′bb

∂μb,T

∂cb
(8.24)

DT = −
(

Jb

cb∇T

)
∇cb=0

=
q∗b

cbT 2r′bb
(8.25)

From Maxwell-Stefan theory [141], we can also define a Maxwell-Stefan diffu-
sivity D, which is related to Fick’s diffusivity by:

D = −
(

Jb

∇cb

)
∇T=0

∂ ln p

∂ ln cb
=

D

Γ
(8.26)

The resistivity to mass transfer r′bb can be found in a crystal with a constant
flux of butane and zero temperature gradient:

r′bb = −
(

1
T

∇μb,T

Jb

)
∇T=0

(8.27)

The Soret effect is mass transport that takes place due to a temperature gradi-
ent. The Soret coefficient, sT , is frequently used to characterize this effect. It
is defined as the ratio of the thermal diffusion coefficient and the interdiffusion
coefficient.

sT = DT /D (8.28)



122 Chapter 8. Thermal diffusion in silicalite

where D and DT are are given by Eqs. (8.24) and (8.25). In stationary state
sT can also be determined from the ratio of the concentration gradient and the
temperature gradient in condition of zero mass flux:

sT = −
( ∇cb

cb∇T

)
Jb=0

=
q∗b
cbT

∂cb

∂μb,T
(8.29)

Using Eq. (8.8), we obtain

sT =
q∗b

RT 2Γ
(8.30)

8.2.3 A relation between the heat of transfer and the enthalpy

A relation can be derived between the heat of transfer of a component and
the partial molar enthalpy variation of the component in the solution. The
derivation is done for stationary state conditions, but the result is general, as
the coefficients rij or Rij depend neither on stationary state conditions, nor
on the forces that are used.

The local entropy production of a system with transport of heat and mass was
described in two equivalent ways by Eq. (8.15). So far we have used the flux
equations (8.18). A useful concept in the description of heat transport was
the heat of transfer, Eq. (8.20). The total heat of transfer follows from the
definition of the total heat flux in Eq. (8.16):

Q∗
b ≡

[
Jq

Jb

]
∇T=0

= −Rqb

Rqq
(8.31)

At steady state, Jq, and Jb are constant and independent of the position. The
total heat of transfer Q∗

b is therefore also independent of position (i.e. con-
centration). We note that the definition requires that T is constant; therefore,
Q∗

b may depend on temperature. When the expression for the total heat flux
is introduced into Eq. (8.31), we obtain the equation we wanted to show, Eq.
(8.1):

Q∗
b(T ) = q∗b (c

z
b , T ) + Hz

b (cz
b , T )

The partial molar enthalpy of butane and the heat of transfer of butane q∗b
depend on the composition, in addition to their temperature dependence.

We can use this to link two conditions 1 and 2 in the system:

Q∗
b(1) = Q∗

b(2) = Q∗
b(T ) (8.32)
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For a given temperature:

Q∗
b(T ) = q∗b (c

z
1, T ) + Hz

b (cz
1, T ) = q∗b (c

z
2, T ) + Hz

b (cz
2, T ) (8.33)

or
q∗b (c

z
2, T ) − q∗b (c

z
1, T ) = − [Hz

b (cz
2, T ) − Hz

b (cz
1, T )] (8.34)

The concentration variation in the heat of transfer is equal but opposite to
the concentration variation in the enthalpy. The equation applies when all
variables are taken at the same temperature. The value of q∗b is absolute.

The enthalpy is a state function, and does not depend on the conditions used
for its determination. The coefficient ratios that determine the heats of transfer
are also independent of the value of the fluxes and forces that are used (also
if one of them happens to be zero). This means that Eq. (8.34) describes a
general relation between two states in the system. Only one condition was set,
that zeolite serves as the frame of reference. The heat of transfer for butane
is defined with this frame of reference, see Kjelstrup and Bedeaux [22] for
transformations to other frames of reference.

Equation (8.34) gives useful information. If we know the concentration vari-
ation in the enthalpy, for instance, from experiments or mixture theory, we
can predict the concentration variation in the heat of transfer. The sign of the
heat of transfer, may thus be predicted in special cases. For most one-phase
systems, the variation in the heat of transfer is not large as the variation in
the partial molar enthalpy is modest.

Some comments on the practical determination of the variables are needed.
The enthalpy is a state function, and can be found as a function of composition
and temperature for a system in equilibrium. Once we know the temperature
and composition of a volume element in a system under gradients, we also know
the enthalpy, because the assumption of local equilibrium is expected to hold
for the conditions used here [22, 169]. The heat of transfer is determined from a
system in a temperature gradient, cf. Eq. (8.22). It is common in experimental
situations to relate the value to the mean temperature and concentration of the
system. This will be done also in the computer simulations that we describe
in the next section.

The relation applies also to heterogeneous systems. This explains that heats
of transfers change dramatically from one phase to another as the enthalpy
difference of the phase transition normally is a large quantity. They may also
change sign across an interface [23, 84, 170, 170].
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8.3 Molecular dynamics simulations

The following simulations were performed:

1. Equilibrium molecular dynamics (EMD) simulations to get access to
equilibrium properties, that is, the adsorption isotherms, Langmuir’s pa-
rameters (cf. Eq. (8.5)) and the thermodynamic factor Γ (see Eq. (8.9)).

2. Non-equilibrium molecular dynamics (NEMD) simulations with a con-
stant mass flux of butane and zero temperature gradient, to obtain the
inter diffusion coefficient D (cf. Eq. (8.24)) and the resistance to mass
transfer r′bb (cf. Eq. (8.27)).

3. Non-equilibrium molecular dynamics (NEMD) simulations with a con-
stant temperature gradient and no mass flow, to get the thermal conduc-
tivity λ, the resistivity to heat transfer rqq (cf. Eq. (8.19)), the heat of
transfer q∗b (cf. Eq. (8.22)), the coupling coefficient rqb (cf. Eq. (8.20))
and the Soret coefficient sT (cf. Eq. (8.29)).

8.3.1 The system and simulations details

The silicalite-1 crystal used in this study is a pure siliceous zeolite with chemical
formula SiO2. The crystal (without defects) had an orthorhombic Pnma crys-
tallographic structure and was simulated using a flexible atomic model [143],
allowing for stretching and bending of bonds. The initial atomic positions were
determined from crystallographic experimental data [118]. The orthorhombic
unit cell parameters were a = 20.022 Å, b = 19.899 Å, c = 13.383 Å. Each cell
included 96 atoms of silicon and 192 atoms of oxygen.

The silicalite-1 framework has interconnected pore channels of two types:
straight channels which run in the b-direction and zig-zag channels which run
in the a and c directions. Crystallographic axes are normally used as the frame
of reference for the fluxes, x for a, y for b, z for the c-direction. We studied
transports in the y-direction.

The molecules of n-butane were modeled with the united atoms (UA) model
proposed by Ryckaert and Bellemans [144]. Each methyl (CH3) and methylene
(CH2) group was simulated as a single center of force located on the carbon
atom. Intramolecular interactions included bond-stretching, bending and tor-
sion potentials and couplings between stretching-stretching, stretching-bending
and bending-bending potentials. The coupling terms refer to intramolecular
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y
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x

Figure 8.1: Initial configuration of the silicalite-1 in contact with N tot molecules
of n-butane randomly distributed around.

potentials which involve neighbouring atoms. These terms were introduced by
Smirnov et al. (see ref. [143] and citations therein) to simulate the vibrational
spectra of the silicalite framework. The number of n-butane molecule was fixed
during each simulations; we used different amount of molecules ranging from
80 to 220 molecules. The crystal atoms and the butane molecules interacted
via a truncated and shifted Lennard-Jones 12-6 potential [56]. Details on the
model and the potentials can be found in ref. [15].

Equations of motion were integrated by using the well-known velocity Verlet
algorithm [56], with a time step of 0.001 ps. Instantaneous analysis were
performed on the system every 10 time steps. The computed data were then
averaged and stored every ps. Different periodic boundary conditions (PBC)
were applied depending on the simulation type.

1. EMD simulations.

A zeolite crystal of 18 unit cells with dimensions La = 2a, Lb = 3b and
Lc = 3c was used. As shown in Fig. 8.1, the zeolite was located in
the center of an orthorhombic simulation box and was in contact with
the butane phase through the two external surfaces perpendicular to the
y-axis. PBC were applied in the x- and z-directions at the boundaries
of the zeolite and in the y-direction at a distance of 179.92 Å from the
center of the zeolite.

2. NEMD simulations with mass flow and zero temperature gradient

The system consisted of a zeolite crystal composed of 36 unit cells with
dimensions La = 2a, Lb = 6b and Lc = 3c in contact with gas buffers
through the two surfaces perpendicular to the y-direction.
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Special PBC were constructed: PBC were applied at the crystal lim-
its only for the intramolecular interactions between zeolite atoms, while
the intermolecular interactions between butane and zeolite-butane were
computed using PBC at the limit of the gas zones. This trick gave a
zeolite crystal with two fictitious surfaces, through which it was possible
to create a flux of gas molecules.

3. NEMD with constant temperature gradient and zero mass flux.

The system consisted of the same zeolite crystal described above, but
without the two gas buffers. Common PBC were applied at the limits of
the crystal in all the 3 directions.

For the equilibrium studies the initial configurations were obtained in 3 steps,
following the procedure used by Simon et al. for zeolite clusters [15]. For the
NEMD calculations, the same procedure was applied using the special PBC
described above. For the simulations with a mass flux, the NEMD procedure
(cf. below) was applied directly starting from the above initial configurations.
Before the system was subjected to a temperature gradient, the molecules
located in the gas buffers and in the vicinity of the fictitious surfaces were
discarded. PBC could then be directly applied also for butane at the limits of
the crystal.

8.3.2 Equilibrium simulations

Equilibrium data were derived from Langmuir isotherms according to Section
8.2.2. Five adsorption isotherms of n-butane in silicalite-1 were obtained, for
320, 340, 360, 380 and 400 K with the number of n-butane molecules ranging
from 80 to 220. In order to increase statistics and avoid dependences on initial
conditions each equilibrium point was computed by averaging results of 5 sim-
ulations starting from 5 different initial configurations. For each simulation,
trajectories of 2 ns (2 ×106 time steps) were analyzed such that the presented
data for each thermodynamic state point were the results of an average over
10 ns, or 106 instantaneous data. This lead to statistical uncertainties below
5%.

To count the number of adsorbed molecules inside the zeolite when equilibrium
was reached, we used a criterion based on the profile of the potential energy
between the zeolite and n-butane. Molecules with energies above -1 kJ/mol
were classified as butane molecules located in the gas phase. Molecules with
energies between -1 and -37 kJ/mol were seen as adsorbed on the external
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surface of the zeolite crystallite. Molecules with energies below -37 kJ/mol
were considered to be in the intracrystalline space. For more details see ref.
[105]

The equilibrium pressure was calculated using the ideal gas law in the gas
phase. However, for the system with the lowest number of butane molecules,
there were almost no molecules located in the gas phase at equilibrium. The
calculation of the pressure was done using a procedure that will be explained in
a forthcoming article; we only give here a short description of it. This procedure
is based on the fact that at equilibrium, the chemical potential of the n-butane
is identical in the zeolite pores, on the surface and in the gas phase. For all
simulations, the amount of molecules located in these different zones where
recorded. For the denser system, the gas pressure was calculated with good
accuracy from Eq. (8.3). Since we were far from condensation conditions, the
isotherm of the adsorbed molecules on the external surface was in the Henry
regime. Henry’s coefficient was then calculated for each temperature with a
good accuracy. The number of butane molecules at the external surface and
in the porous structure were always much larger than in the gas phase. The
amount of molecules located on the external surface was always substantial.
Pressures at low loadings were obtainable from Henry’s law and the density on
the external surface.

8.3.3 NEMD simulations

Transport properties were calculated for the one-phase system composed of a
crystal of silicalite-1 (with or without gas buffers) containing n-butane with
an average amount of molecules per unit cell (m.u.c.) cz

b . Properties of the
system were computed in equal size layers perpendicular to the direction of the
fluxes, the y-direction. The choice of the size of the layer was determined from
geometric considerations. The crystallographic periodicity of the zeolite (de-
termined by the presence of straight, zig-zag channels and their intersections)
gave a concentration profile of the adsorbed molecules along the y-direction,
periodic over a half cell (9.9495 Å), see Fig. 8.2. As a consequence, the size
of the volume element in y-direction must be a half cell at minimum, to obey
the condition of local equilibrium.

1. Mass flux and zero temperature gradient.

A constant mass flux of n-butane was created in the y-direction for the
condition of zero temperature gradient by extracting a random molecule
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Figure 8.2: Concentration profile as a function of the distance from the center
of silicalite-1 along the y-direction.

of butane from one of the two central layers and inserting it in the gaseous
buffer at the boundary of the crystal. The corresponding mass flux was
then given by:

Jb =
N r/i

NAV 2ΩΔt
(8.35)

where N r/i is the number of molecules removed/inserted in each simula-
tion run, 2Ω is the total area of the surface perpendicular to the direction
of the transport, given by 2Ω = 2LxLz, and Δt is the time interval of
the simulation.

The temperature of the system was kept constant in all layers using the
procedure described below. After a transient period the system reached
a stationary state characterized by a stable non-zero concentration gra-
dient. The equilibration of mass, i.e. the establishment of a stationary
gradient of concentration in our case, through a diffusive process in a
dense system, is much more time-consuming than the equilibration of
energy and much more dependent on the initial configuration. As a con-
sequence, it was necessary to simulate longer trajectories to get statistical
uncertainties lower than 10%. As for the equilibrium simulations, we sim-
ulated 5 different trajectories of 2 ns each starting from different initial
configurations. The results of the 5 simulations were averaged, this gave
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us statistical uncertainties on the diffusion coefficient below 5%.

2. Temperature gradient and zero mass flux.

A symmetric temperature gradient was created across the system in the
y-direction using a modified version of the HEX algorithm proposed by
Hafskjold [58]. In the procedure the simulation box was divided into
N = 12 layers perpendicular to the y-direction (six layers in the region
y > 0, and six layers in the region y < 0). A "high" constant temperature
TH was imposed in the two central layers (no. 1 and −1) and a "low"
temperature TL < TH was imposed in the two layers at the end of the
periodic box (no. 6 and −6) by rescaling and shifting the velocity of the
molecules of butane and of the atoms of the zeolite located in the ther-
mostatted zones. The shifting was done in order to conserve momentum
for the total system. The procedure was applied separately to the zeolite
atoms and to each butane molecule. For each molecule, the magnitude
of the instantaneous temperature fluctuations was very large compared
to the temperature itself.

Thus, to avoid large instantaneous exchanges of energy with the thermo-
stat, the NEMD procedure was applied every tenth time step. Between
two steps, the mean temperature of the molecules was computed. This
averaged temperature and its kinetic energy was compared to the im-
posed temperature and the corresponding kinetic energy. The difference
between these energies was the energy to supply or remove from the
thermostat to get the imposed temperature. However to reduce the per-
turbation of the system, the energy change applied was equal only to 5%
of this energy difference.

We tested this new thermostat in dense adsorbed phases and in gas
phases. The thermostat was able to keep the distribution of velocities
very close to the Maxwell Boltzmann distribution. This is a necessary
condition for the local equilibrium hypothesis to be valid [169]. This
procedure to impose the temperature was called the Soft-HEX algorithm.

By applying this procedure, after a transient period, the system devel-
oped a stationary state, with hot and cold regions. Data were then
analyzed over 2 × 106 time steps, leading to statistical uncertainties in
the transport coefficients below 10%. The concentration and temper-
ature gradients and the thermodynamic properties were determined in
the middle region where the perturbations related to the thermostat were
minimized. A constant internal energy flux was calculated by the amount



130 Chapter 8. Thermal diffusion in silicalite

Table 8.1: Simulation conditions. For each set of simulations, the parameters
which are kept fixed and those which are varied are given.

Sim. type Set no. Sim. no. Fixed parameters Variable parameter

1 1-26 Tm = 360 K
Constant mass flux 2 27-52 Tm = 380 K N

Zero temperature gradient 3 53-78 Tm = 400 K

4 79-89 N = 125 molec Tm

5 90-102 TH = 450 K
TL = 270 K

(Tm = 360 K)
6 103-115 TH = 460 K

TL = 280 K
(Tm = 370 K)

Constant mean temperature 7 116-128 TH = 470 K N
Zero mass flux TL = 290 K

(Tm = 380 K)
8 129-141 TH = 500 K

TL = 300 K
(Tm = 400 K)

9 142-152 N = 140 molec Tm

ΔT = 200 K

10 153-164 N = 140 molec ΔT
Tm=400 K

of kinetic energy added/removed in the central/external layers:

Jq =
ΔEk

2ΩΔt
(8.36)

Here, Jq is the internal energy flux and ΔEk is the amount of kinetic
energy added/removed in the thermostatted layers.

8.3.4 Simulation series

The series of 164 simulations that were done, are summarized in Tab. 8.1.
Simulations 1-89 were performed with a constant mass flux with a constant
temperature across the system, while simulations 90-164 with conditions of zero
mass flux under a constant temperature difference. Within the first type of
simulations, we used four different sets; for sets no. 1-3 the system temperature
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Table 8.2: Langmuir parameters obtained from fitting isotherms to Eq. (8.5).
The accuracy in the temperature is ±1 K. The equilibrium concentration cb,sat

and the equilibrium constant K has an uncertainty within 5%.

T/K cb,sat/m.u.c. K
320 9.46 5440
340 9.35 1640
360 9.21 521
380 9.08 198
400 8.91 100

was fixed (Tm= 360, 380 and 400 K, respectively) and the loading was changed
(between 80 and 180 molecules), while last set (no. 4) was characterized by
a fixed loading (125 molecules) and by an increasing operating temperature
(from 350 to 400 K). Within the second type of simulations, six different sets
of operating conditions were applied. Sets no. 5-8 were characterized by four
constant mean temperatures, Tm = 360, 370, 380, and 400 K, produced with
four constant temperature differences (TH - TL = 450 - 270, 460 - 280, 470 -
290, and 500 - 300 K, respectively), and with a loading between 80 and 200
molecules. Set no. 9 was characterized by a constant loading (140 molecules)
and fixed ΔT (200 K) but by an increasing average temperature (from 340 to
450 K), while set no. 10 was performed with a constant loading (140 molecules)
and fixed average temperature (400 K) but with an increasing temperature
difference between the thermostatted layers (from 160 to 270 K).

8.4 Results

8.4.1 Equilibrium properties

The adsorption isotherms of n-butane in silicalite-1 for 320, 340, 360, 380 and
400 K obtained by the equilibrium simulations are shown in Fig. 8.3. The
results were fitted to the Langmuir equation (8.5) and the fit is also shown.
The Langmuir parameters obtained by the fitting procedure, are presented in
Tab. 8.2. The dual-site Langmuir model was necessary only at 320 K (see Fig.
8.3). Temperatures below 340 K were thus avoided as mean cell temperature
in the following.

The equilibrium concentrations cb,sat were plotted as a function of tempera-
ture in Fig. 8.4. We observed that cb,sat is a slightly decreasing function of
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Figure 8.3: Adsorption isotherms of n-butane in silicalite-1. Symbols are the
simulation results, lines are the fitting to the Langmuir (solid) and to the dual-
site Langmuir isotherm model (dashed).

the operating temperature, in agreement with the exothermic nature of the
adsorption process. At low temperatures a limiting value is reached, near 9.5
molecules per unit cell. This value agrees well with results obtained by others
[27, 130, 148]. The approximation, that the molar energy is equal to the partial
molar energy, used in (8.12), is best at low loadings so we chose to mostly use
average loadings below 6 m.u.c. in the following.

The isosteric enthalpy of adsorption ΔH iso
ads was obtained at different concen-

trations from Eq. (8.14) and plotted in Fig. 8.5 as a function of the butane con-
centration. We observe that ΔH iso

ads increases slightly with the concentration.
Most of the variation occurs after 4 molecules per unit cell. An extrapolation
of the plot to zero concentration of butane, gives the enthalpy of adsorption
for this limiting case equal to -54±1 kJ/mol. This value is well in agreement
with [130, 148].

Using Eq. (8.13) we find ΔHads = -33.9±0.5 kJ/mol. This should not be a
surprise, since ΔH iso

ads and ΔHads are not the same quantity [168].

The enthalpy per mole butane, calculated from Eq. (8.12) is given as a function
of the loading at different temperatures in Fig. 8.6a, and as a function of
the temperature at fixed loading in Fig. 8.6b. The main contribution to the
enthalpy decrement with the loading can be attributed to the potential energy,
and in particular to the increment of the absolute value of the interactions
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Figure 8.4: Saturation loading of n-butane in silicalite-1, obtained from the
Langmuir model fit, as a function of temperature.
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Figure 8.8: Temperature and concentration profile for simulation no. 11, as
a function of the distance from the center of the zeolite in y-direction. The
average concentration was interpolated with a linear regression over layers 2-5.

between butane molecules (whose sign is negative). The increase of the molar
enthalpy with the temperature is instead given mainly by the increment of the
kinetic and intramolecular energies.

The thermodynamic factor for the adsorbed butane is plotted versus concen-
tration at a given average temperature in Fig. 8.7. The values, that were larger
than unity and increase with cm, reflect the increasing importance of the free
space for adsorption to take place. The variation with Tm is small.

8.4.2 Transport properties

The series of 164 NEMD simulations given in Tab. 1 was used to obtain the
transport properties of the system as described in Section 8.3.3. In particular,
the temperature and concentration dependence of the variables in Eq. (8.1)
were investigated. It was then possible to verify relation (8.1), derived in
Section 8.2.3, for four average temperatures, Tm = 360, 370, 380 and 400 K.
All results are described below.



136 Chapter 8. Thermal diffusion in silicalite

6.0E-08

6.5E-08

7.0E-08

7.5E-08

8.0E-08

8.5E-08

9.0E-08

9.5E-08

1.0E-07

2.5 3 3.5 4 4.5 5
cm / m.u.c.

D
 / 

 (m
2 / s

)

(a) Set no. 1: simulations with Tm=360 K

6.0E-08

6.5E-08

7.0E-08

7.5E-08

8.0E-08

8.5E-08

9.0E-08

9.5E-08

1.0E-07

2.5 3 3.5 4 4.5 5
cm / m.u.c.

D
 / 

 (m
2 /s

)

(b) Set no. 2: simulations with Tm=380 K

6.0E-08

6.5E-08

7.0E-08

7.5E-08

8.0E-08

8.5E-08

9.0E-08

9.5E-08

1.0E-07

2 2.5 3 3.5 4 4.5 5cm / m.u.c.

D
 / 

 (m
2 /s

)

(c) Set no. 3: simulations with Tm=400 K

Figure 8.9: Interdiffusion coefficient D as a function of the concentration cm

for sets no. 1-3.

The diffusion coefficient

A typical production run for simulations with zero temperature difference
is shown in Fig. 8.8. Set no. 1 is taken as example, and half the box is
shown. The average concentrations in layers 1 and 6 were perturbed by the
removal/insertion procedure described in Section 8.3.3. Therefore only layers
2-5 were considered for calculation of transport properties. Subscript m refers
to an average property over layers 2-5.

From these simulations, we determined the diffusion coefficient, D, and the
resistance to mass flux r′bb. In Figs. 8.9 we can see that D increases with the
butane concentration, following the same trend obtained by Furukawa [27].
Figs. 8.10 show that r′bb is a decreasing function of the loading at a given aver-
age temperature while, at constant average concentration it does not depend
on the temperature. We also verified that r′bb did not depend on the butane
flux.
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Figure 8.10: Resistance to mass flux r′bb as a function of the concentration cm

for sets no. 1-3, and of the average temperature Tm for set no. 4.
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Figure 8.11: Temperature and concentration profile for simulation no. 96,
as a function of the distance from the center of the silicalite-1 in y-direction.
Both the temperature of the butane molecules and of the zeolite are plotted. The
butane temperature and concentration were averaged over a layer Δly = 9.9495
Å corresponding to half unit cell in y-direction. The limits of each control
volume are given by vertical dashed lines. The average values (temperature
and concentration) were interpolated with linear regression in layers 2-5.

The thermal conductivity and the heat of transfer

A typical production run for conditions with zero mass flux is shown in Fig.
8.11, using data from set no. 5. The temperature and concentration in each
volume element along the y-axis are plotted in this figure. Only half of the
symmetric box is shown. Layers 1 and 6 were perturbed by the presence of
the thermostat, so layers 2-5 were considered in the calculation of transport
properties.

The temperature and concentration profiles obtained from figures like Fig. 8.11
were fitted by linear regression of points in layers 2-5. The average properties
in layers 2 and 5 are referred to by subscripts A and B, respectively, while
subscript m refers again to an average property of volume elements 2-5.

For each set of simulations at zero mass flux (no. 5-8), we found the resistance
to heat transfer, the coupling coefficient, and the thermal conductivity. The
results are plotted in Figs. 8.12 - 8.14. The resistance to heat transfer, rqq,
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Figure 8.12: Thermal resistance rqq as a function of the average concentration
cm for sets no. 5-8, of the average temperature Tm for set no. 9 and of the
temperature difference TA-TB for set no. 10.
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Figure 8.13: Coupling coefficient rqb as a function of the average concentration
cm for sets no. 5-8, of the average temperature Tm for set no. 9 and of the
temperature difference TA − TB for set no. 10.
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Figure 8.14: Thermal conductivity as a function of cm for sets no. 5-8 and of
the average temperature Tm for set no. 9.

shown in Figs. 8.12a-b, did not depend on the butane concentration, but was
a linear function of the average temperature. As required by the theory (cf.
Section 8.2.2 below Eq. (8.18)), it did not depend on the thermal driving force,
represented by the temperature difference, see Fig. 8.12c.

The coupling coefficient rqb increased with increasing average temperature (see
Figs. 8.13a-b) and, especially at hight Tm, with decreasing concentration. Also
in this case there was no dependence on the temperature difference.

The thermal conductivity (Fig. 8.14) was found to be nearly independent on
the amount of adsorbed butane, equal to 1.46±0.07 W/m K. The value is in
perfect agreement with the values given in refs. [171, 172].

The heat of transfer q∗b and the total heat of transfer Q∗
b were next calculated

from Eqs. (8.22) and (8.1). Sets no. 5-8 had average temperatures equal
to 360, 370, 380 and 400 K, respectively. At a given mean temperature, the
concentration was varied from 2 to 6 m.u.c. According to the prediction, we
found that the total heat of transfer was a function of the mean temperature,
see Fig. 8.15a-d. All figures show that q∗b increases with the concentration, but
Q∗

b is independent of the concentration, as stated by Eq. (8.1). This is due to
the concentration variation of the enthalpy, which is a decreasing function of
the loading, cf. Fig. 8.6a.
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Figure 8.15: Heat of transfer q* (triangles) and total heat of transfer Q* (cir-
cles) as a function of the average concentration cm for sets no. 5-8 and of the
average temperature Tm for set no. 9
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Figure 8.16: Soret coefficient as a function of the average concentration cm for
sets no. 5-8 and of the average temperature Tm for set no. 9
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In set no. 9, (see Fig. 8.15e), the concentration was kept constant and Tm

was varied. We found then that q∗b was constant within the accuracy of the
calculation, while Q∗

b increased with Tm. In set no. 10, which summarizes
simulations for the same concentration and temperature, we did not observe
that q∗b or Q∗

b depended on temperature difference TA - TB (not shown).

Finally, we give the values of sT , plotted in Fig. 8.16a-d. At a fixed average
temperature, the Soret coefficient decreases with increasing concentration (see
Figs. 8.16a-d), more at low than at high average temperatures. For a given
concentration, sT is a decreasing function of the average temperature (see Fig.
8.16e).

8.5 Discussion

8.5.1 The equilibrium results

The results from the equilibrium simulations, for the equilibrium represented
by Eq. (8.2), are all in agreement with results obtained by others [27, 130, 133,
148]. The concentration at saturation (9.5 molecules per unit cell), and the
isosteric heat of adsorption have been observed before. We obtained a ΔH iso

ads

at zero coverage of -54±1 kJ/mol, in agreement with results in [148]. This
gives credence to the method used to simulate equilibrium properties.

The molar enthalpy of butane in zeolite (Fig. 8.6) was calculated with a
few percent uncertainty. The linear variation with the concentration can be
explained by changes in Ep

b , while the variation with the temperature can be
explained by the Ek

b + Ei
b variations.

8.5.2 A sound basis for the transport equations

When so few molecules are involved in the averaging procedure, and the ma-
terial is microporous, one might well ask whether the thermodynamic calcu-
lations, and in particular the non-equilibrium thermodynamic description, are
adequate. This question was recently analyzed by us [169]. The assumption
of local equilibrium was found to hold for absorbed Lennard-Jones particles
in microporous silicalite-1, meaning that the entropy production, the driving
forces and fluxes in Eq. (8.15) are well defined.

Further evidence that local equilibrium holds, is also given here. Classical non-
equilibrium thermodynamics gives the coefficients rij, for which the Onsager
relation applies. These coefficients do not depend on the driving forces. We
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have seen above that none of the coefficients, rbb, rqq or rqb, depend on the
fluxes or forces used in the simulations. More particularly, coefficient rbb does
not depend on the mass flux, and rqq and rqb do not depend on the thermal
driving force used in the simulation. This is what must be expected for Eqs.
(8.18) to apply. We conclude that a description in terms of non-equilibrium
thermodynamics is sound.

For historic reasons, it has not been common to tabulate Onsager coefficients.
A habit has developed to rather report their practical counterparts, in this case
the diffusion coefficient, the thermal conductivity and the Soret coefficient. So
we shall also proceed to do so.

8.5.3 The coupled transport of heat and mass in zeolite

In order to give credence to the method for determination of the transport
coefficients, we simulated first the diffusion coefficient. From Eq. (8.24) we
found a diffusion coefficient equal to (7±1) × 10−8 m2/s, which is well within
the range of earlier observations of butane in zeolite [27, 62].

According to our knowledge, the thermal conductivity and the Soret coefficient
or the related properties, the thermal diffusivity or the heat of transfer, were
not obtained before for n-butane in silicalite-1.

The zeolite phase is a very good conductor for heat as shown by Fig. 8.14.
A thermal conductivity of 1.46±0.07 W/m K means that heat is conducted
almost solely through the crystal lattice in the system. This behavior is typ-
ical for solid state crystals. In 2003, using molecular dynamics simulations,
McGaughey et al. [171] found that the thermal conductivity of silica-based
crystals is the results of two independent temperature-dependent mechanisms
associated with the atomic structure: the first mechanism is governed by the
silicon coordination and produces a thermal conductivity of the order of 1 W/m
K, while the second mechanism is controlled by the atomic bond length and
angles and, at 300 K, gives a thermal conductivity for zeolite-A of 0.4 W/m
K.

Given such a good thermal conductivity, temperature gradients do probably
not arise in practical situations when the gas is adsorbed on zeolite. In molec-
ular dynamics simulation experiments, where the crystal can be insulated from
the surroundings, a temperature rise of 60 K has been seen [105].

The lack of sizable temperature gradients in real systems does not mean, how-
ever, that the thermal diffusion effect can be immediately neglected. A small
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concentration distribution can of course be expected with a small temperature
gradient. The Soret coefficient with a size of 0.006 K−1 does also not signal a
large effect. The reciprocal effect of the Soret effect, which gives the impact
on the heat flux by the mass flux, is sizable, however. This impact on the heat
flux is best described via the heat of transfer, as in Eq. (8.21). There is a
contribution to the heat flux which is proportional to the mass flux, via the
heat of transfer.

It is for this reason that knowledge of heat of transfer becomes important. The
magnitude of q∗ for butane in silicalite-1 is around 10 kJ/mol, which is larger
than the partial molar enthalpy, see Fig. 8.6. For a typical butane flux of some
mol per m2 and s, this can give a sizable heat effect. The conclusion is thus
that it is not enough to use Fourier type flux equations to describe heat fluxes
for adsorption or desorption processes. This is relevant for several membrane
separation technologies, for instance for membrane distillation [173, 174] and
pervaporation [175, 176]. It is relevant because the mass flux depends on the
heat transport. With badly conducting membranes, or catalyst material, such
heat transport may, in principle, be rate limiting for the mass transport.

8.5.4 A new thermodynamic relation for thermodiffusion

The second main aim of this investigation was to obtain numerical support for
the relation (8.1), derived by Kjelstrup and Bedeaux [22]. From the results
of Figs. 8.15, where four equivalent sets of data support the same idea, we
conclude that evidence has been collected for the validity of relation (8.1).

This is the first time numerical evidence has been found for the relation in a
homogeneous system. It supports evidence collected before for one-component
phase transitions [23], and adds credence to the general nature of the relation.
One assumption was made; that the partial molar energy of butane was equal
to the molar energy. This assumption is reasonable at the butane loadings that
were used (< 4 m.u.c).

The establishment of the relation (8.1) is very encouraging because it adds
a new route for estimation of heats of transfer (see below). A variation in
the heat of transfer between two concentrations, is simply equal to minus
the corresponding variation in the partial molar enthalpy of the component
between the same concentrations.
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8.5.5 Models

Given that the heat of transfer is a technically important parameter for mem-
brane separation, and that little systematic knowledge about it is available, it
may prove useful to have a new way to estimate it.

The temperature variation in sT can for instance be explained through Eqs.
(8.1) and (8.30). The temperature variation in q∗b is here negligible, and the
temperature variation in sT is therefore the first mentioned divided by T 2.
The concentration variations in q∗b and sT follow the concentration variation
in the partial molar enthalpy. The last relationship offers insight in the sign
dependence of sT , an issue that has been much discussed [151, 152, 177]. The
equations mentioned indicate that changes in the partial molar enthalpy with
composition, can lead to changes in the sign of sT and the related thermal
diffusion coefficient, DT .

Clearly, a model for sT should invoke the partial molar enthalpy or energy
of the component in the mixture. Kempers [177] presented one such model
for hydrocarbon mixtures. Rousseau et al. [151] and Luettmer-Strathmann
[178] considered energy-exchange processes in liquid mixtures. Xu et al. [87]
studied a chemical reaction between two components in a thermal field. When
the chemical reaction was everywhere in equilibrium, they were able to prove
that the heat of transfer for the product component was equal to minus the
enthalpy of reaction. These approaches obtain support from the present results.

8.6 Conclusion

We have presented numerical evidence for a new relation between the heat of
transfer of a component and its partial molar enthalpy in a binary solution.
The relation was studied when the partial molar enthalpy was approximated
by the molar energy, and when butane was moving relative to zeolite. The rela-
tion predicted that the sum is independent of the concentration, but increases
with the temperature. The concentration variation in the heat of transfer is
therefore opposite and equal to that of the partial molar enthalpy.

The methods were verified by repeating earlier results and by showing that the
flux-force relations were linear.

The values obtained for the heat of transfer mean that it is a technically im-
portant quantity for separation purposes. The results also indicate that it may
be useful to focus on q∗ in addition to sT and DT in order to understand the
distribution of components in a mixture in a temperature gradient.
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Abstract

We have studied coupled heat and mass transfer of n-butane through a
membrane of silicalite-1. A description of the surface was given using
non-equilibrium thermodynamics, and transport coefficients were determined.
Three independent coefficients were found for the whole surface: the resistance
to heat transfer, the coupling coefficient and the resistance to mass transfer.
These coefficients were defined in stationary state using the mass and heat flux
on the gas side, as well as on the zeolite side of the interface. All resistances
are significant, and show that the surface acts as a barrier to transport. A new
scheme was devised to find the enthalpy of adsorption, from two particular cou-
pling coefficients, namely the measurable heats of transfer. The method yields
the enthalpy of adsorption as a function of the excess surface concentration
and surface temperature, but in this case it is nearly constant, -55 kJ/mol. An
expression of the surface permeability is given and our results are in agreement
with experimental observations. A further inspection of the surface regarded
as a series of two resistances, showed that the gas side of the surface dominates
completely the resistance to heat transfer, while the silicalite side determines
the resistance to mass transfer and the value of the coupling coefficient. The
coefficients were not sensitive to the surface structure, whether it was flat, or
zig-zag textured. Interestingly, the surface excess concentration was negative
for low pressures, underlining the importance of the surface as a barrier to
transport. The findings may help reduce adsorption data from experiments on
zeolites and other porous materials.

9.1 Introduction

Sorption in microporous materials is often associated with large heat effects.
Non-isothermal adsorption curves generally show a rapid initial phase followed
by a rather slow approach to equilibrium, indicating that not only mass trans-
fer, but also heat transfer may play a role. A large heat source or sink at the
surface may influence the diffusion process, making the data reduction pro-
cedure less transparent. Different non-isothermal models have therefore been
proposed. Ruthven and coworkers [9] proposed a now accepted model, that
took into account the temperature dependence of the diffusion coefficient as
well as of the equilibrium constant.

Intrusion of thermal effects might still be one of the possible reasons for the
discrepancies we can find in literature for diffusivities obtained by macroscopic
or microscopic techniques [4]. Kärger and Ruthven [11] suggested already in
1991 that the crystal surface may play a role for the analysis of macroscopic
techniques. In these techniques, the diffusivity is obtained by monitoring the
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time dependence of the amount adsorbed to changes in pressure of the sur-
rounding gas, e.g. gravimetrically. The resistance to mass movement in the
crystal itself, may therefore be hampered for instance by resistances at the ex-
ternal surface, and dissipation of the heat of adsorption. Recently it has been
shown, using interference microscopy, that mass resistivity at surface can be a
limiting diffusion process, see Heinke et al. [12] and references therein.

The aim of this study is to gain a better understanding of the surface resis-
tances and give a contribution to the challenging task discussed above. We
shall do that combining two tools, non-equilibrium thermodynamics theory for
heterogeneous systems and non-equilibrium molecular dynamics. We shall see
that the theoretical method gives a meaningful way to reduce the simulation
data, i.e. that the surface transfer coefficients can be determined separate from
the transport properties of a porous material.

A description of the interface using non-equilibrium thermodynamics (NET)
and a definition of the excess entropy production for the surface was given by
Bedeaux and Kjelstrup [22, 165]. This theory has been successfully tested for
liquid-vapour interfaces of n-octane and argon like particles [15, 23] using sta-
tionary NEMD simulations. It was for instance established that the assumption
of local equilibrium held for extremely large thermodynamic forces across the
liquid-vapour interface [15, 23]. It was also applied to fuel cells [124, 179, 180]
and distillation processes [181]. The theory deals with the surface as a separate
thermodynamic system. This is an essential feature in the description of the
surface using NET, and allows us to assign not only a surface tension or excess
concentrations to the surface, but also a temperature different from that of the
surroundings.

Non-equilibrium molecular dynamics (NEMD) simulation is a technique that
is designed to investigate transport processes in systems with gradients in
intensive thermodynamic variables. With this technique one can directly study
variations of temperature and concentration across a surface and investigate
its transport properties in an unbiased way. An analysis using non-equilibrium
thermodynamics is then possible, and insight can be found on the abilities of
the theory to describe the observations.

As a model system we have chosen an intriguing and important zeolite system,
namely silicalite-1 in contact with n-butane gas. The transport properties
of the solid-gas interface in the framework of heterogeneous non-equilibrium
thermodynamics are in focus, as the transport properties of the silicalite itself
have been reported already [182]. A preliminary study of the whole system
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[105] lead to the qualitative conclusion that surface effects can not be neglected
in the description of the observed phenomena, indicating that the system was
a good candidate for the analysis we wanted to do. For short, we shall use the
names butane and zeolite for the two components.

The surface transfer coefficients can be found once the excess entropy produc-
tion of the surface and the resulting linear force-flux relations are determined.
When one component (butane) is transported into zeolite, the entropy pro-
duction of the surface has only two force-flux products in the stationary state.
But a finer description can be given with four relations, two for the gas side
of the surface and two for the zeolite side. Both possibilities shall be explored
here. We shall see that certain coupling coefficients give major contributions
to the transport, in fact two of them can be used to derive the enthalpy of
adsorption as a function of the surface excess concentration (the gas pressure)
and temperature.

In order to obtain the surface transport coefficients, equilibrium data are re-
quired. The article therefore also presents the equilibrium data that were nec-
essary for the study of the transport properties. We shall find good agreement
between the surface tension γ(T s) from non-equilibrium simulations and the
surface tension from equilibrium simulations at the same temperature. This
confirms that the surface indeed is in local equilibrium and can be regarded as
a separate thermodynamic system.

Two types of surfaces were investigated, one flat and one with a zig-zag texture.
A comparison between the two structures is presented.

The paper is organized as follows: in Section 9.2 the NET theory for the
surface is presented. First we derive the equations for transport of heat and
mass across the zeolite-butane interface both on the zeolite and on the butane
side. We then show how these equations simplify when we are in stationary
state and the mass flux and the total heat flux are the same on the two sides
of the surface. Four different sets of transport coefficients will be obtained,
two sets for the surface as a whole, using fluxes in the gas phase as well as in
the zeolite phase, one for the gas side of the surface, and one for the zeolite
side of the surface. In Section 9.3 we give the details of our simulations and
investigation procedures. Sections 9.4, 9.5 and 9.6 contain the results, the
discussion and the conclusions, respectively. For the first time, resistances to
heat and mass transfer across the whole surface, into and out of it shall be
reported with numerical values obtained by NEMD.
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9.2 Non-equilibrium thermodynamics of the surface

9.2.1 The five transfer coefficients of the butane-zeolite interface

Consider two homogeneous phases separated by an interface: a gas phase of
n-butane molecules and a zeolite phase with butane molecules adsorbed in it.
The gas phase is labeled with superscript g, and the zeolite phase is labeled
with superscript z. The surface, i.e. the interface between the zeolite and the
gas side, is labeled with superscript s. The excess entropy production, σs, for
the transport of heat and mass across the surface is, according to ref. [22]:

σs = J ′z
q Δz,s

1
T

+ J ′g
q Δs,g

1
T

− Jz
b

(
1
T s Δz,sμb,T (T s)

)
− Jg

b

(
1
T s Δs,gμb,T (T s)

)
(9.1)

Here J ′k
q is the measurable heat flux at side k, Jk

b is the butane mass flux at
side k and the differences Δa,bx are defined as Δa,bx = xb − xa. The force-
flux pairs in the excess entropy production may be divided into two groups.
The first group contains coupling of fluxes and forces on the zeolite side of the
surface and the second group contains coupling of fluxes and forces on the gas
side. We do not give the contributions to the excess entropy production due to
excess heat and n-butane fluxes along the surface. In our study we shall only
consider transports normal to the surface and such contributions will therefore
not be needed. Because the processes on the two sides of the surface occur in
series, it is expected that they are weakly coupled. We shall therefore neglect
coupling across the surface. In that case the force-flux relations become

Δz,s
1
T

= rs,z
qq J ′z

q + rs,z
qb Jz

b

− 1
T sΔz,sμb,T (T s) = rs,z

bq J ′z
q + rs,z

bb Jz
b (9.2)

for side z of the surface and

Δs,g
1
T

= rs,g
qq J ′g

q + rs,g
qb Jg

b

− 1
T s Δs,gμb,T (T s) = rs,g

bq J ′g
q + rs,g

bb Jg
b (9.3)

for side g. All resistivity coefficients rs,k
ij have superscript s to indicate the

surface. The next superscript gives the side of the surface for which the force
is evaluated.
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In the analysis we shall assume that the Onsager reciprocal relations are valid.
These were verified in homogeneous systems, experimentally (see e.g. [69]
for further references) and by NEMD simulations [79], but also for transport
through the liquid-vapour interface in a one-component system by NEMD [23].
The Onsager relations simplify the transport problem by reducing the phe-
nomenological coefficients needed to describe the process. In each of the two
sets of coefficients given above, there are only three independent coefficients.
One of them is zero (see text below Eq. (9.7)), leaving us with five coefficients
to be determined.

By defining the thermal conductivities, the measurable heats of transfer and
the resistivities for component fluxes at constant temperature by

λs,z ≡ 1
T sT zrs,z

qq
, q∗zb ≡ −rs,z

qb

rs,z
qq

and Rs,z
bb ≡ rs,z

bb − rs,z
bq rs,z

qb

rs,z
qq

(9.4)

λs,g ≡ 1
T gT srs,g

qq
, q∗gb ≡ −rs,g

qb

rs,g
qq

and R s,g
bb ≡ rs,g

bb − rs,g
bq rs,g

qb

rs,g
qq

(9.5)

we can write

Δz,sT = − 1
λs,z

(
J ′z

q − q∗zb Jz
b
)

1
T s Δz,sμb,T (T s) = − q∗zb

T zT s Δz,sT − Rs,z
bbJz

b (9.6)

and

Δs,gT = − 1
λs,g

(
J ′g

q − q∗gb Jg
b
)

1
T sΔs,gμb,T (T s) = − q∗gb

T gT s Δs,gT − Rs,g
bbJg

b (9.7)

The heats of transfer for the surface are defined as the ratios of the measurable
heat flux and the butane flux in the adjacent homogeneous phases for a constant
temperature. This means that the heats of transfer q∗zb and q∗gb are equal to
the values in the adjacent homogeneous phase. Furthermore, q∗gb = 0 (one
component gas) [22], and, as a consequence of that, rs,g

qb = rs,g
bq = 0. This

simplifies Eqs. (9.7) to

Δs,gT = − 1
λs,g J ′g

q

1
T s Δs,gμb,T (T s) = −Rs,g

bbJg
b (9.8)
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For a zero mass flux of butane it is possible to obtain the resistance to heat
transfer for the two sides of the surface, rs,z

qq and rs,g
qq , from Eqs. (9.2a) and

(9.3a):

rs,z
qq =

1
T s − 1

T z

J ′z
q

(9.9)

rs,g
qq =

1
T g − 1

T s

J ′g
q

(9.10)

We shall derive the resistances in this work. Alternatively, one can use the
thermal conductivity of the surface both on the zeolite and gas side from Eqs.
(9.6a) and (9.8a):

λs,z =
J ′z

q

T z − T s (9.11)

λs,g =
J ′g

q

T s − T g (9.12)

Under the same conditions it is also possible to obtain the coupling coefficient
rs,z
bq from Eq. (9.2b)

rs,z
bq = − 1

J ′z
q T sΔz,sμb,T (T s) (9.13)

and the measurable heat of transfer on the zeolite side from Eq. (9.6b)

q∗zb =
T z

T z − T sΔz,sμb,T (T s) (9.14)

To get the resistivity to mass transport both on the zeolite and gas side it
is instead necessary to simulate a constant mass flux of butane through the
surface. From Eqs. (9.6b) and (9.8b) we find:

Rs,z
bb = − 1

T sJz
b

[
Δz,sμb,T (T s) + q∗zb

T s − T z

T z

]
(9.15)

Here one should use q∗zb as determined from Eq. (9.14)

Rs,g
bb = − 1

T sJg
b
Δs,gμb,T (T s) (9.16)
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9.2.2 The three surface transfer coefficients at stationary state

The force-flux relations given in Eqs. (9.2) and (9.3) make it possible to calcu-
late the temperature and the chemical potential of the n-butane on the surface.
When the system is time-dependent the excess n-butane density and internal
energy of the surface are changing in time, and these expressions are needed.
In many experiments we are interested in stationary transports through the
surface. In that case the total heat flux, Jq = J ′g

q + hg
bJ

g
b = J ′z

q + hz
bJ

z
b , and

the mass flux, Jb = Jg
b = Jz

b , are constant. This makes it possible to eliminate
the heat and the mass fluxes on the zeolite side (left side) and use the heat
and mass fluxes on the gas side (right side). The jumps across the surface of
the inverse temperature and the chemical potential are obtained adding Eqs.
(9.2) and (9.3). Using rs,g

qb = rs,g
bq = 0 we obtain:

Δz,g
1
T

= Δz,s
1
T

+ Δs,g
1
T

=
(
rs,z
qq + rs,g

qq

)
J ′g

q +
(
rs,z
qq ΔHads + rs,z

qb

)
Jb

− 1
T sΔz,gμb,T (T s) = − 1

T s [Δz,sμb,T (T s) + Δs,gμb,T (T s)]

= rs,z
bq J ′g

q +
(
rs,z
bb + rs,g

bb + rs,z
bq ΔHads

)
Jb (9.17)

where ΔHads ≡ hg
b−hz

b is the adsorption enthalpy of butane in the zeolite. The
resistivity matrix is not symmetric. The reason for this is that we changed the
fluxes without making the corresponding change of the forces. Since we have
eliminated J ′z

q , we have to use Δz,gμb,T (T z) /T z instead of Δz,gμb,T (T s) /T s.
Using the thermodynamic relation

1
T sΔz,gμb,T (T s) =

1
T z Δz,gμb,T (T z) + ΔHadsΔz,s

1
T

=
1
T z Δz,gμb,T (T z) + rs,z

qq ΔHadsJ
′g
q

+
(
rs,z
qq ΔHads + rs,z

qb

)
ΔHadsJb (9.18)

the force-flux equations for the surface become:

Δz,g
1
T

=
(
rs,z
qq + rs,g

qq

)
J ′g

q +
(
rs,z
qq ΔHads + rs,z

qb

)
Jb

− 1
T z Δz,gμb ,T (T z) =

(
rs,z
qq ΔHads + rs,z

qb

)
J ′g

q

+
(
rs,z
bb + rs,g

bb + 2rs,z
bq ΔHads + rs,z

qq ΔH2
ads

)
Jb (9.19)
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The matrix of resistivities is now properly symmetric. By defining

rs
qq ≡ rs,z

qq + rs,g
qq

rs,r
qb ≡ rs,r

bq ≡ rs,z
qq ΔHads + rs,z

qb

rs,r
bb ≡ rs,z

bb + rs,g
bb + 2rs,z

bq ΔHads + rs,z
qq ΔH2

ads (9.20)

we get

Δz,g
1
T

= rs
qqJ

′g
q + rs,r

qb Jb

− 1
T z Δz,gμb,T (T z) = rs,r

bq J ′g
q + rs,r

bbJb (9.21)

The superscript r was introduced to remind that the set of force-flux equations
(9.21) was derived using the measurable heat flux at the right hand side of the
surface. By defining the thermal conductivity, the measurable heat of transfer
and the resistivity to mass flux by

λs ≡ 1
T zT grs

qq

, q∗s,rb ≡ −rs,r
qb

rs
qq

and Rs,r
bb ≡ rs,r

bb − rs,r
bq rs,r

qb

rs
qq

(9.22)

we can rewrite Eqs. (9.21) as:

Δz,gT = − 1
λs

(
J ′g

q − q∗s,rb Jb
)

1
T z Δz,gμb,T (T z) = − q∗s,rb

T zT g Δz,gT − Rs,r
bbJb (9.23)

This set of flux equations describe transport across the surface, using three
independent coefficients. In the absence of a butane flux (Jg

b = Jz
b = 0), the

measurable heat flux is constant everywhere (J ′g
q = J ′z

q = J ′
q) and we can

determine the total resistivity to heat, rs
qq, and the coupling coefficient, rs,r

qb
from Eqs. (9.21):

rs
qq =

(
1

T g − 1
T z

J ′
q

)
Jb=0

(9.24)

rs,r
bq = rs,r

qb = − 1
T zJ ′

q

[Δz,gμb ,T (T z)]Jb=0 (9.25)

The thermal conductivity and the heat of transfer can be calculated from Eqs.
(9.23):

λs =
J ′

q

T z − T g (9.26)
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q∗s,rb =
T g

T z − T g Δz,gμb,T (T z) (9.27)

With a constant mass flux of butane through the surface we find from Eq.
(9.23b) the resistance to mass transfer Rs,r

bb :

Rs,r
bb = − 1

T zJb

[
Δz,gμb,T (T z) + q∗s,rb

T g − T z

T g

]
(9.28)

The chemical potential difference for butane across the interface is further
discussed below.

It is also possible to eliminate the measurable heat flux on the right hand side
of the surface in Eqs. (9.17). Instead of Eqs. (9.23) we obtain another set of
equations that describe transport across the surface:

Δz,gT = − 1
λs

(
J ′z

q − q∗s,lb Jb

)
1
T g Δz,gμb,T (T g) = − q∗s,lb

T zT g Δz,gT − Rs,l
bbJb (9.29)

So the coupling coefficient, the measurable heat of transfer and the resistance
of mass transfer for the whole surface derived from fluxes on the left hand side
are given by:

rs,l
bq = rs,l

qb = − 1
T gJ ′

q

[Δz,gμb,T (T g)]Jb=0 (9.30)

q∗s,lb =
T z

T z − T g Δz,gμb,T (T g) (9.31)

Rs,l
bb = − 1

T gJb

[
Δz,gμb,T (T g) + q∗s,lb

T g − T z

T z

]
(9.32)

By subtracting Eq. (9.31) from (9.27) and using the Gibbs-Helmholtz’s rela-
tion, we obtain:

q∗s,rb − q∗s,lb = −Δz,gμb,T (T g) − Δz,gμb,T (T z)
1

T g − 1
T z

= −Δz,gHb ≡ ΔadsHb (9.33)

The difference of the heats of transfer, that can be defined for the whole surface,
is equal to the enthalpy difference across the surface. This enthalpy difference
is equal to the enthalpy of adsorption. From knowledge of q∗s,rb and q∗s,lb as a
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function of excess concentration and surface temperature, we can then find the
enthalpy of adsorption as a function of these variables. Vice versa, we can use
the enthalpy of adsorption to estimate the heats of transfer.

The transfer properties for the whole surface in a stationary state are thus
determined by three independent coefficients: the resistivity to heat transfer,
rs
qq, the coupling coefficient, rs,s

bq , and the resistance to mass transfer, Rs,s
bb,

where the apex s specifies the side where the fluxes are taken. Once one set is
known any alternative can also be derived.

If we further want to decompose the transport problem and divide the surface
in two parts, we need to find three coefficients for the zeolite side, rs,z

qq , rs,z
bq ,

and Rs,z
bb, and two for the gas side, rs,g

qq and Rs,g
bb (being rs,g

bq = 0). This paper
shall determine all coefficients, and discuss their relationships.

9.2.3 Chemical potential differences

The chemical potential of the butane in the gas phase is given by:

μg
b(T, cg

b) = μg,0
b (T ) + RT ln

pgΦg

pg,0 (9.34)

where μg,0
b and pg,0 are standard state values (the ideal gas at 1 bar) and Φg

is the fugacity coefficient of butane in the gas phase. The fugacity coefficient
can be expressed by measurable quantities by:

ln Φg =
1

RT

∫ p

0

(
z − 1

p

)
dp (9.35)

where z is the compressibility factor z = pv/RT , (z = 1 for ideal gas).

For the zeolite phase, we introduce the equilibrium gas pressure, p∗z(T, cz
b) and

fugacity coefficient at equilibrium, Φ∗z(T, cz
b), which are the pressure and the

fugacity coefficient of a butane gas in equilibrium with the zeolite, its surfaces
and the adsorbed butane at the temperature T of the zeolite and loading cz

b.
This equilibrium pressure and fugacity coefficient depend on the total number
of butane molecules in the system, the volume of the system and the size and
specifics of the zeolite crystal. The chemical potential of the butane in the
zeolite can then be obtained from the chemical potential of the butane in the
gas phase in equilibrium with it. In fact at equilibrium we can write

μz
b(T, cz

b) = μg,0
b (T ) + RT ln

p∗z(T, cz
b)Φ∗z(T, cz

b)
pg,0

(9.36)
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The relation between the equilibrium pressure and the concentration of butane
in the zeolite cz

b is obtained by fitting the adsorption isotherms to the Langmuir
equation

cz
b = cz

b,sat
Kp∗z(T, cz

b)/pg,0

1 + Kp∗z(T, cz
b)/pg,0

(9.37)

where K is the equilibrium constant and cz
b,sat is the saturation loading. Using

Eqs. (9.34) and (9.36), we can express the difference of chemical potential
across the interface at T = T z (Eq. (9.27)) and T = T g (Eq. (9.31)) as:

Δz,gμb,T (T z) = RT z ln
pgΦg

p∗z(T z, cz
b)Φ∗z(T z, cz

b)
(9.38)

Δz,gμb,T (T g) = RT g ln
pgΦg

p∗z(T g, cz
b)Φ∗z(T g, cz

b)
(9.39)

For the surface we similarly introduce the equilibrium pressure p∗s(T,Γs) and
fugacity coefficient at equilibrium Φ∗s(T,Γs). The chemical potential of the
excess butane on the surface can then be obtained from the chemical potential
of the butane in the gas phase in equilibrium with it. We can therefore write

μs
b(T,Γs) = μg,0

b (T ) + RT ln
p∗s(T,Γs)Φ∗s

pg,0
(9.40)

where Γs is the surface excess butane concentration (molecules/nm2). We can
relate the equilibrium pressure to the surface excess concentration and find the
differences of chemical potential on the two sides of the surface, which enter in
Eqs. (9.14) - (9.16):

Δs,gμb,T (T s) = RT s ln
pgΦg

p∗s(T s,Γs)Φ∗s(T s,Γs)
(9.41)

Δz,sμb,T (T s) = RT s ln
p∗s(T s,Γs)Φ∗s(T s,Γs)
p∗z(T s, cz

b)Φ∗z(T s, cz
b)

(9.42)

9.3 The computer experiments

In order to obtain the transport coefficients for the surface, three different
kinds of simulations were carried out, following a procedure similar to the one
adopted in [182] :



9.3 The computer experiments 161

1. Equilibrium molecular dynamics (EMD) simulations to obtain the equi-
librium properties of the membrane (surface and pores) and be able to
relate the chemical potential of butane adsorbed in the zeolite pores or
on the surfaces with the chemical potential of butane gas in equilibrium
with the former (see Eqs. (9.36) and (9.40)).

2. Non-equilibrium molecular dynamics (NEMD) simulations with a con-
stant temperature gradient and zero mass flux of butane, to get the
resistivities to heat transfer of the two sides of the surface rs,z

qq , rs,g
qq and

of the total surface rs
qq (cf. Eqs. (9.9), (9.10) and (9.24)), the coupling

coefficient for the zeolite side of the surface, rs,z
bq (cf. Eq. (9.13)) and

for the whole surface, rs,r
bq and rs,l

bq (cf. Eqs. (9.25) and (9.30)) and the
measurable heats of transfer q∗zb , q∗s,rb and q∗s,lb (see Eqs. (9.14), (9.27)
and (9.31)).

3. Non-equilibrium molecular dynamics (NEMD) simulations with a con-
stant mass flux of butane and the same conditions of temperature gra-
dients used in (2), to obtain the resistivities to mass transfer of the two
portions of the surface, Rs,z

bb and Rs,g
bb and for the whole surface, Rs,r

bb and
Rs,l

bb as given in Eqs. (9.15), (9.16), (9.28) and (9.32).

The simulations were performed for two different surface structures, i.e. a
flat surface obtained by cutting the membrane at the middle of the straight
channels perpendicularly to them, and a non-flat surface, obtained by shifting
the cut to the intersections between the straight and zig-zag channels.

The details of the system were described earlier [182]. We repeat the essentials
here.

9.3.1 The system and simulations details

We simulated a flexible silicalite-1 membrane consisting of 36 orthorhombic
unit cells [118] (2 in the x, 6 in the y and 3 in the z-direction), in contact
with a gas phase of n-butane molecules through the two external surfaces
perpendicular to the y-axis. By shifting the cut through the unit cell, two
different external surfaces were simulated: a flat one, which presented just the
pores openings, and a non-flat one, which showed also a zig-zag pattern. For
details see [183].

The n-butane molecules were modeled with the United Atom model [144]. For
the intra-molecular interactions we included stretching, bending, torsion and
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yTLTH TH
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0

Figure 9.1: Snapshot of the simulation box. The thermostatted layers at the
center of the box and at the boundaries are shown.

coupling terms. A truncated and shifted (12-6) Lennard-Jones potential [56]
was used to describe the inter-molecular interactions.

Periodic boundary conditions were applied at the limit of the silicalite in the
x and z directions and at the limit of the gas phase in the y-direction, giving
a simulation box with dimensions Lx = 40.044 Å, Ly = 278.6 Å and Lz =
40.149 Å. By construction the simulation box was symmetric relative to the
plane normal to the y-direction, located in the center of the silicalite and
was divided into 280 planar layers ν with a thickness ΔLν = 0.99495 Å. We
numbered the layers starting from the center of the zeolite, i.e. the first layer
on the right side of the zeolite center was layer no. 1 while the first layer
on the left side was layer no. -1. Using the symmetry of the system around
the middle of the box, properties were averaged over two symmetric layers.
This gave a system with only 140 layers, where each layer was the mean of the
corresponding two layers in the original system. From now on we will refer only
to the right side of the system. Since the crystalline surface of the membrane
was located at 59.697 Å, layer no. 60 was the last layer containing both zeolite
atoms and butane molecules, and layer no. 61 was the first layer containing
butane molecules only.

The Soft-HEX algorithm [58, 182] was used to obtain a symmetric tempera-
ture profile along the box. Layers 126-140 at the two ends of the box were
thermostatted to a high temperature TH , and layers 1-5 in the center of the
box were thermostatted to a low temperature TL. Figure 9.1 shows a snapshot
of the MD box with the silicalite membrane positioned in the center and 400
butane molecules, partially adsorbed and partially located in the gas phase.
The thermostatted layers are also shown.

A constant mass flux of butane was induced using a procedure similar to the
one described in [182]. It shortly consisted in extracting a random butane
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molecule from one of the layers 1-5 at the center of the silicalite and inserting
it in one of the layers 126-140 at the ends of the gas phase. In the following
we will refer to this procedure as extraction/insertion method.

NEMD simulations were performed over 3 million time steps using the Velocity
Verlet algorithm [56]. A time step length of 0.001 ps was used. The Soft-Hex
algorithm was applied every 20 time steps imposing a energy variation in the
thermostatted zones equal to only 1.25% of the energy required to get the
desired temperature, thus avoiding large perturbations of the system. The
extraction/insertion method was instead applied with a frequency dependent
on the magnitude of the mass flux we wanted to create.

Properties such as the temperature and the concentration were monitored in
each of the 280 layers of the box every 10 time steps and averaged over intervals
of 1000 time steps. The first 1 million time steps were discarded to avoid
transient effects. Moreover, for each simulation condition, five simulations
were run in parallel starting from five different initial configurations in order
to increase statistics and avoid dependences on initial conditions.

9.3.2 Calculations

Intensive properties and fluxes

The butane concentration in layer ν, cb(ν) (molecules/nm3) was found from
the number of particles Nν

but in each layer divided by the volume of the layer:

cb(ν) ≡ Nν
but

280
V

(9.43)

being V = LxLyLz the volume of the box.

The kinetic temperature Tν in each layer ν was found from the kinetic energy
of all particles i belonging to the layer

3
2
Nν

butkBT ν =
1
2

∑
i∈ν

m
〈
|vi − vν |2

〉
(9.44)

where m is the particles mass, vi is the velocity of particle i and vν the
average velocity in the layer. The temperature T z was the average kinetic
temperature of layers 40-59, which corresponded to half a unit cell. In this
layers the butane concentration profile was unaffected by the presence of the
surface. Moreover all possible potential interactions are present in half a cell
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and therefore all properties of butane in the zeolite pores have to be averaged
over volume elements equal or multiple of half cells. The surface temperature
T s was given by the average kinetic temperature of the surface layers, which
were determined as explained below. The gas temperature T g was then given
by the temperature of the first layer of gas phase next to the surface.

The pressure of each layer in the gas phase was obtained by using the formula

pg
ν =

280
V

∑
i∈ν

⎛
⎝mvivi +

1
2

∑
j �=i

Fijrij

⎞
⎠ (9.45)

where rij is the distance between the centers of mass of particles i and j and Fij

is the force exerted by particle i on particle j. Since only interactions between
molecules were considered and the zeolite was seen as a single molecule, the
contribution to the pressure due to the interactions between the zeolite atoms
was not taken into account. This gave a correct value of pressure only in the
layers were the zeolite was not present, i.e. for ν ≥ 61.

The internal energy flux in stationary conditions was calculated from the
amount of kinetic energy added/removed by the soft-HEX algorithm:

Jq =
ΔEk

2ΩΔt
(9.46)

Here Jq is the internal energy flux, ΔEk is the amount of kinetic energy
added/removed in the thermostatted layers in a simulation run (corresponding
to 105 time steps), 2Ω is the total area of the surface perpendicular to the
direction of the transport and Δt is the time interval of a run (100 ps).

The butane mass flux produced by the extraction/insertion method was given
by:

Jb =
N r/i

NAV 2ΩΔt
(9.47)

where N r/i is the number of molecules removed/inserted in each simulation
run.

The surface extension and its excess properties

The extension of the surface in the y-direction was determined by looking to
the butane concentration profile cb(ν) along that direction. On the zeolite
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side, the surface was taken to start in the first layer (να) in which the butane
concentration started to deviate from the average concentration in the zeolite
pores, cz

b . On gas side, the end of the surface was found by recording the
deviation of the butane concentration from the linear profile proper to the gas
phase (layer νβ). The excess surface concentration of n-butane, Γs, was then
found with the formula:

Γs =
∑

να≤ν≤60

[cb(ν) − cz
b ]ΔLν +

∑
61≤ν≤νβ

[
cb(ν) − cg

b

]
ΔLν (9.48)

The surface tension γs can be calculated with the formula:

γs =
∫

s
(p⊥ − p||)dy (9.49)

where p⊥ and p|| are the components of the pressure tensor, respectively per-
pendicular and parallel to the surface.

Once the pressure is computed (by Eq. (9.45)), we can determine the contri-
bution to the surface tension coming from the gas side, γs,g, as:

γs,g =
∫

s,g
(p⊥ − p||)dy (9.50)

9.3.3 NEMD simulations

We used 45 NEMD simulations to obtain the transport properties for the
flat surface. Additional 16 simulations were carried out to investigate the
surface with a zig-zag pattern. Tables 9.1 and 9.2 summarize the simulations
performed. Concerning the membrane with the flat surface, in simulations no.
1-24 the system was characterized by three constant temperature gradients
(TL = 360 K - TH = 520 K, TL = 380 K - TH = 540 K, TL = 400 K - TH

= 560 K respectively), different total number of butane molecules, and by a
zero net mass flux of butane. Simulations no. 25-30 were also performed in
condition of zero mass flux but with a constant number of butane molecules
and different temperatures in the hot and cold layers. For simulations no.
31-45 we imposed a constant mass flux of butane under the same temperature
gradients of simulations 1-24 and we changed the overall butane concentration.
For the zig-zag textured surface we investigated the system under a constant
temperature difference (TL = 380 K - TH = 540 K) both with zero mass flux
(simulations no. 46-53) and with an imposed mass flux (simulations no. 54-58).
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Table 9.1: Simulation conditions. System with flat surfaces.

Sim. no. N tot
but TL / K TH / K Jb / mol/m2s

1 360
2 380
3 400
4 420 360 520 0
5 440
6 460
7 480
8 500

9 360
10 380
11 400
12 420 380 540 0
13 440
14 460
15 480
16 500

17 360
18 380
19 400
20 420 400 560 0
21 440
22 460
23 480
24 500

25 300 460
26 320 480
27 480 340 500 0
28 350 510
29 370 530
30 390 550
31 380
32 400
33 420 360 520 6197.2
34 440
35 460

36 380
37 400
38 420 380 540 7230.1
39 440
40 460

41 380
42 400
43 420 360 520 6713.7
44 440
45 460
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Table 9.2: Simulation conditions. System with zig-zag textured surfaces.

Sim. no. N tot
but TL / K TH / K Jb / mol/m2s

46 360
47 380
48 400
49 420 380 540 0
50 440
51 460
52 480
53 500

54 380
55 400
56 420 380 540 7230.1
57 440
58 460

9.4 Results

9.4.1 Equilibrium simulations

The equilibrium properties of the system, with the flat and zig-zag textured
surface, were simulated at four different temperatures (340, 360, 380 and 400
K) in order to obtain the equilibrium data, such as the saturation pressures,
which enter Eqs. (9.36) - (9.42). The adsorption isotherms for the zeolite pores
and for the two different surfaces were computed, see ref. [183]. Additional
equilibrium points were simulated in the higher range of pressures in order to
obtain the same overall conditions, that is pressures and temperatures, that
we applied in the non-equilibrium studies. In this range of pressures the ideal
gas assumption was not a good approximation and the compressibility factor
z was calculated. Figure 9.2 shows the compressibility factor of the gas phase
at 400 K as a function of the dimensionless gas pressure. As we can observe
the trend is linear and Eq. (9.35) can be solved to get the fugacity coefficient
that enters in the expressions of the chemical potentials (9.36) - (9.42). The
surface excess butane concentration was calculated for both surfaces using Eq.
(9.48) and is plotted as a function of the gas pressure at 400 K in Fig. 9.3.

9.4.2 NEMD simulations

We used 45 NEMD simulations to find the transport coefficients of the flat
surface.

16 additional simulations were performed for the surface with a zig-zag texture.
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Figure 9.2: Compressibility factor of n-butane gas at 400 K as a function of
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Figure 9.3: Excess surface concentration of n-butane on a silicalite-1 membrane
at 400 K. Full symbols represent the case of flat surface, open symbols the case
of zig-zag textured surface.
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Figure 9.4: Butane concentration profile along the y-direction of the MD box
for simulations no. 1-8. The portion of zeolite used to determine the butane
properties is delimited by two vertical dashed lines. The start of the surface on
the zeolite side is given by a vertical full line.

All surface properties were calculated for the zeolite (z) as well as the gas (g)
side of the surface, using the expressions given in Section 9.2.1, and also for
the whole surface using fluxes taken at the right hand side (r) as well as at the
left hand side (l) as explained in Section 9.2.2.

Properties, such as the resistivities to heat transfer rqq, the coupling coefficients
rbq, the measurable heat of transfer q∗, were obtained by applying a constant
temperature difference in the system in conditions of zero mass flux. The
resistances to mass transfer Rbb were then calculated by keeping the same
temperature gradient and imposing a constant flux of butane Jb flowing from
the gas phase toward the membrane.

Flat surface

NEMD simulations with Jb = 0

Simulations 1-30 were performed on the system with a flat surface imposing a
constant temperature gradient across the box and zero net mass flux of butane.

A plot of the butane concentration profile along the y-direction of the box
is shown in Fig. 9.4 for simulations no. 1-8. The two vertical dashed lines
delimit the portion of zeolite in which the butane properties (cz

b and T z) were
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Figure 9.5: Temperature profile along the y-direction of the MD box for sim-
ulations no. 1-8. Vertical lines represent the limit of the thermostatted zones
(dashed) and the location of the crystalline surface (full).

calculated and averaged. That portion corresponds to the last half of zeolite
unit cell in which the butane concentration profile was not affected by the
presence of the surface. The full vertical line represents the start of the surface
on the zeolite side. For each simulation the end of the surface on the gas
side was determined according to the procedure explained in Section 9.3.2, i.e.
looking to the first layer in which the butane concentration started to deviate
from the concentration profile of the gas phase. A plot of the temperature
of each layer for the same set of simulations is also presented in Fig. 9.5.
The thermostatted zones are delimited by two vertical dashed lines while the
location of the zeolite crystalline surface is represented by a full vertical line.
From the plot we can see that most of the temperature difference across the
surface is located on the gas side.

Since for all simulations no. 1-30 Jb = 0, the measurable heat flux was the
same both on the zeolite and on the gas side, J ′z

q = J ′g
q = J ′

q, and was equal
to the total heat flux which could be calculated using Eq. (9.46).

In Tabs. 9.3 and 9.4 we list the extension of the surface (first and last layer),
the total heat flux, the temperatures near and of the surface, the butane con-
centration in the zeolite pores, the butane surface excess concentration and the
dimensionless gas pressure and saturation pressures for simulations no. 1-30.
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Table 9.3: Surface extension, total heat flux and temperatures near and of the
surface for simulations no. 1-30 (Flat surface, zero mass flux).

Sim. no. Surface layers Jq / MJ/m2s T z / K T g / K Ts / K
1 56 - 64 -30.506 356.45 408.12 357.52
2 56 - 65 -54.662 356.99 406.37 358.98
3 56 - 66 -72.820 356.66 406.60 359.91
4 56 - 67 -101.514 356.76 402.59 361.03
5 56 - 69 -113.079 356.79 405.46 362.00
6 56 - 70 -138.867 357.45 406.03 363.45
7 56 - 71 -143.500 357.85 409.30 364.39
8 56 - 72 -165.768 357.06 409.67 365.22
9 56 - 64 -42.781 376.71 423.80 377.95
10 56 - 65 -79.166 376.74 426.18 379.12
11 56 - 66 -94.212 376.34 425.83 380.20
12 56 - 67 -102.338 377.05 427.30 381.24
13 56 - 68 -125.643 376.50 425.46 382.45
14 56 - 70 -151.935 377.22 424.20 383.00
15 56 - 71 -193.200 377.30 429.74 384.91
16 56 - 72 -186.783 377.25 429.88 385.15
17 56 - 64 -30.506 396.59 455.11 398.39
18 56 - 65 -54.662 396.24 450.42 398.71
19 56 - 66 -72.820 396.97 451.88 400.38
20 56 - 68 -101.514 396.67 447.64 401.48
21 56 - 68 -113.079 397.53 448.01 403.03
22 56 - 69 -138.867 397.23 447.08 403.13
23 56 - 70 -143.500 397.18 448.75 404.76
24 56 - 71 -165.768 397.49 457.52 407.56
25 56 - 71 -99.484 297.46 341.35 303.14
26 56 - 71 -119.545 317.03 362.86 325.35
27 56 - 71 -132.435 337.23 384.20 346.59
28 56 - 71 -156.319 346.86 394.45 356.90
29 56 - 71 -169.469 367.32 420.41 376.95
30 56 - 71 -174.435 386.55 441.99 397.62
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Table 9.4: Butane concentration in the zeolite, butane excess surface concentra-
tion and dimensionless gas pressure and saturation pressures for simulations
no. 1-30 (Flat surface, zero mass flux).

Sim. no. cz
b / molec/nm3 Γs / molec/nm2 p/p0 p ∗z (T z)/p0 p ∗z (T s)/p0 p ∗s (T s)/p0

1 1.850 -0.138 2.09 0.54 0.55 2.07
2 1.868 0.119 4.09 0.74 0.84 4.09
3 1.877 0.402 6.04 0.90 1.08 6.36
4 1.884 0.625 8.41 1.08 1.42 8.27
5 1.890 0.888 10.38 1.32 1.89 10.55
6 1.894 1.141 12.84 1.50 2.48 12.94
7 1.898 1.325 15.04 1.74 3.21 14.73
8 1.902 1.542 17.10 2.24 4.98 16.83
9 1.825 -0.099 3.08 1.14 1.20 3.63
10 1.841 0.100 5.53 1.42 1.60 5.92
11 1.850 0.317 8.12 1.68 2.02 8.48
12 1.860 0.476 10.76 2.05 2.64 10.45
13 1.865 0.694 13.19 2.28 3.18 13.21
14 1.869 0.913 15.72 2.57 3.78 15.93
15 1.871 1.114 18.28 2.72 4.57 18.88
16 1.876 1.292 20.74 3.22 5.71 21.13
17 1.806 -0.138 4.54 2.39 2.55 4.33
18 1.825 0.036 7.06 3.08 3.35 6.90
19 1.831 0.224 10.12 3.41 4.04 9.79
20 1.840 0.420 12.61 4.07 5.16 12.83
21 1.848 0.587 15.51 4.82 6.74 15.51
22 1.852 0.711 18.73 5.28 7.49 17.41
23 1.858 0.887 21.20 6.33 10.21 20.30
24 1.858 0.997 24.24 6.23 11.95 22.30
25 1.936 2.362 6.12 0.05 0.09 7.73
26 1.923 1.996 9.03 0.18 0.38 9.73
27 1.909 1.643 11.99 0.59 1.31 12.30
28 1.901 1.509 13.47 0.90 2.01 14.06
29 1.883 1.189 16.70 2.13 4.25 17.25
30 1.863 1.017 19.86 3.87 7.69 21.03
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Figure 9.6: Surface excess concentrations as a function of the gas pressure at T s

= 360±4 K. The points derive from equilibrium (circles) and non-equilibrium
(stars) molecular dynamics simulations.

The surface excess concentration is also plotted as a function of the gas pressure
in Fig. 9.6 for simulations with T s = 360±4 K. The equilibrium data for the
isotherm at 360 K are also given.

The surface tension of the gas side of the surface, γs,g, was computed for all the
simulated systems as explained in Section 9.3.2. The values of γs,g obtained
with NEMD simulations at Γs = 1 molec/nm2 are plotted as a function of the
surface temperature in Fig. 9.7. For comparison the results for the surface in
equilibrium are also given.

We were then able to determine rs,z
qq , rs,g

qq and rs
qq from Eqs. (9.9), (9.10) and

(9.24), respectively. The results are plotted in Fig. 9.8 as a function of p/p0

for different surface temperatures and in Fig. 9.9 as a function of the surface
temperature at a given overall concentration.

In Fig. 9.10 we plot the coupling coefficients rs,z
bq , rs,r

bq and rs,l
bq calculated re-

spectively with Eqs. (9.13) (9.25) and (9.30) as a function of the gas pressure.

The measurable heats of transfer of the zeolite side of the surface, q∗zb , and for
the whole surface, q∗s,rb and q∗s,lb , were obtained from Eqs. (9.14), (9.27) and
(9.31) respectively and are presented in Figs. 9.11. The difference between the
measurable heats of transfer for the whole surface q∗s,rb − q∗s,lb is plotted in Fig.
9.12.
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Figure 9.7: Gas side of the surface tension as a function of the surface temper-
ature for Γs= 1 molec/nm2. The points derive from equilibrium (circles) and
non-equilibrium (stars) molecular dynamics simulations.
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Figure 9.8: Surface resistivity to heat transfer as a function of the gas pressure
at constant surface temperature.
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Figure 9.10: Coupling resistivity of the surface as a function of the gas pressure
at constant surface temperature.
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Figure 9.11: Measurable heat of transfer as a function of the gas pressure at
constant surface temperature.
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Figure 9.13: Surface resistance to mass transfer as a function of the gas pres-
sure at constant surface temperature.

NEMD simulations with Jb = constant

We run 15 simulations (no. 31-45) with constant temperature differences across
the system and constant mass fluxes of butane in order to get the resistances
to mass transfer Rs,z

bb , Rs,g
bb , Rs,r

bb and Rs,l
bb (see Eqs. (9.15), (9.16), (9.28) and

(9.32)) for the flat surface. Some of the simulation results are compiled in
Tabs. 9.5 and 9.6, and in particular the extension of the surface (first and
last layer), the temperatures in the zeolite and gas layers near the surface, the
surface temperature, the butane concentration in the zeolite pores, the surface
excess concentration and the gas and saturation pressures.

The plots of the surface resistance on the zeolite side, Rs,z
bb , on the gas side,

Rs,g
bb and of the whole surface, Rs,r

bb and Rs,l
bb , are shown as a function of p/p0 in

Figs. 9.13.
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Table 9.5: Surface extension, temperatures in the zeolite and gas layers near
the surface and surface temperature for simulations no. 31-45 (Flat surface,
constant mass flux).

Sim. no. Surface layers T z / K T g / K T s / K
31 56 - 65 360.49 434.45 365.23
32 56 - 66 360.13 430.21 366.17
33 56 - 67 359.83 427.40 367.13
34 56 - 69 360.24 427.83 367.92
35 56 - 70 360.45 428.88 370.10
36 56 - 65 379.97 457.16 385.24
37 56 - 66 381.54 457.80 387.80
38 56 - 67 381.48 453.68 390.20
39 56 - 68 380.43 444.31 389.41
40 56 - 70 381.46 458.77 391.83
41 56 - 65 400.80 481.74 405.46
42 56 - 66 401.14 461.67 406.58
43 56 - 68 401.35 465.30 408.15
44 56 - 68 400.89 466.89 409.54
45 56 - 69 401.25 469.12 410.14

Table 9.6: Butane concentration in the zeolite, butane excess surface concentra-
tion and dimensionless gas pressure and saturation pressures for simulations
no. 31-45 (Flat surface, constant mass flux).

Sim. no. cz
b / molec/nm3 Γs / molec/nm2 p/p0 p ∗z (T z)/p0 p ∗z (T s)/p0 p ∗s (T s)/p0

31 1.794 0.111 6.67 0.35 0.45 4.60
32 1.812 0.337 8.71 0.41 0.56 6.65
33 1.821 0.557 10.90 0.45 0.65 8.73
34 1.820 0.794 13.40 0.45 0.67 11.00
35 1.828 1.045 15.21 0.48 0.82 13.83
36 1.766 0.065 8.52 0.77 0.94 6.14
37 1.775 0.223 11.42 0.83 1.14 8.41
38 1.789 0.432 13.59 0.93 1.44 11.47
39 1.802 0.578 15.81 1.06 1.60 13.24
40 1.800 0.804 19.31 1.04 1.75 16.74
41 1.742 0.002 10.74 1.56 1.88 6.69
42 1.755 0.157 13.24 1.73 2.18 9.14
43 1.770 0.320 16.03 1.98 2.68 11.74
44 1.770 0.468 18.66 1.98 2.84 14.12
45 1.777 0.656 21.69 2.11 3.12 17.09
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Figure 9.14: Transport coefficients for the whole surface as a function of the
gas pressure. Comparison between flat and zig-zag textured surface at constant
surface temperature (Ts = 383±5 K).

Surface with a zig-zag texture

Simulations no. 46-58 were carried out using the system with a zig-zag textured
surface and imposing the same conditions of simulations no. 9-16 (TL = 380
K, TH = 540 K, Jb = 0) and no. 36-40 (TL = 380 K, TH = 540 K, Jb = 7230.1
mol/m2s). The results are compared with those obtained with the system with
the flat surface in Figs. 9.14 and 9.15.

9.5 Discussion

9.5.1 Surface excess concentrations, surface tension and tempera-
ture

The surface excess concentrations were calculated at equilibrium according to
Eq. (9.48) for the flat as well as the zig-zag textured surface. The surface
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Figure 9.15: Difference between the measurable heats of transfer for the whole
surface, q∗s,rb − q∗s,lb as a function of the gas pressure. Comparison between flat
and zig-zag textured surface at constant surface temperature (Ts = 383±5 K).

sites of the two surfaces are not so different, cf. Fig. 9.3, explaining that the
concentration profiles essentially are the same for both surfaces. Only at very
low pressures, there is a difference.

The excess concentration has two contributions, one from the zeolite side of
the surface and one from the gas side. While the first term is always negative,
the second is always positive. The first term dominates at low pressures, cf.
Fig. 9.3. This can be understood from the internal energy profile for butane
along the system, see Fig. 9.16. Molecules that already are adsorbed, will
prefer to be adsorbed at a site where their internal energy is minimum. On
the zeolite side, molecules will according to Fig. 9.16, prefer to be adsorbed
in the zeolite pores where their internal energy is lower, rather than on the
surface. On the gas side they will prefer to be adsorbed on the surface rather
than being in the gas phase, where their internal energy is higher, if they do
not loose to much entropy. At a certain pressure, the pores are filled, and the
zeolite side of the surface starts filling up. For both surfaces, the total excess
concentration becomes positive for pressures above 500 kPa. The contribution
on the gas side of the surface will then dominate over the one on the zeolite
side. The trend is linear with p/p0 for the flat surface at 400 K over a longer
range of pressures than for the zig-zag textured one, see Fig. 9.3.

The surface tension contribution from the gas side of the interface was shown
as a function of the surface temperature in Fig. 9.7. The fact that results
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Figure 9.16: Internal energy profile of the butane molecules along the y-
direction of the simulation box. Given the symmetry of the system only the
right half is shown.

from equilibrium and non-equilibrium studies are the same, for the excess
concentration as well as the surface tension (cf. Figs. 9.6 and 9.7), means that
the surface is in local equilibrium, also in the presence of a temperature gradient
of 1.185 × 1010 K/m between the hot and cold layers. A basic premise for using
non-equilibrium thermodynamics is therefore obeyed. The equilibrium results
are consistent with the view that the surface can be regarded as a separate
thermodynamic system.

9.5.2 Surface transfer coefficients

In principle, surface properties are functions of the surface variables only, i.e.
of Γs and T s, or γs and T s. This two-component surface has two degrees of
freedom and is described by two variables. All surface transport properties
should thus be plotted as a function of the surface excess density at a given
surface temperature or vice versa. However, since the gas pressure is a more
common variable to use, we decided to do the plots versus the gas pressure.
Figure 9.6 shows the relation of the surface excess concentration to the gas
pressure. Using this figure, one can convert from one variable to the other.
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Coefficients for the whole surface

Three independent coefficients were derived for the whole surface using fluxes
at the right hand side of the surface or at the left hand side, rs

qq, rs,r
bq or rs,l

bq, and
Rs,r

bb or Rs,l
bb . Other coefficients can also be chosen, and we discuss an important

one below, cf. Section 9.5.3.

We saw from Figs. 9.8c and 9.9 that the resistance to heat transfer of the
whole surface, rs

qq, decreases with the gas pressure as well as with the surface
temperature. Higher gas pressures mean higher surface excess concentrations
(cf. Fig. 9.6). Therefore, when p/p0 increases there are more butane molecules
available to transport heat. This can explain why the surface resistivity be-
comes smaller. In the same way, at higher temperatures, collisions between
gas molecules are more frequent and energy is more easily transferred between
them.

The absolute value of the coupling resistivity of the total surface, rs,r
bq (or

rs,l
bq), decreases also with increasing concentration (Fig. 9.10b or 9.10c). The

explanation can be related to the one given above, as the coupling coefficient
describes heat transfer under isothermal conditions.

The surface resistance to mass transfer, Rs,r
bb (or Rs,l

bb ), is instead little affected
by the pressure as well as by the temperature (see Fig. 9.13c or 9.13d).

These results can be compared with the experimental data published recently
by Heinke et al. [12] on surface permeabilities in zeolites. They analyzed
the evolution of the transient concentration profiles across the zeolite during
isothermal adsorption and, from this profile, they got access to the surface per-
meability α. Considering a quasi-stationary isothermal situation they wrote:

Jb = −α(c∗b − cz
b ) (9.51)

where c∗b is the concentration of butane in the zeolite in equilibrium with the
actual external gas phase. Equation (9.28) under isothermal conditions can be
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rewritten as:

Jb = − 1
Rs,r

bb T z
(μz(T z, c∗b ) − μz(T z, cz

b ))

= − 1
Rs,r

bb T z

∫ c∗b

cz
b

∂μb

∂cb
dcb

= − R

cz
bR

s,r
bb

(
∂ ln(pgΦg)

∂ ln cb

)
cz
b

(c∗b − cz
b) (9.52)

where (∂ ln(pgΦg)/∂ ln cb)cz
b

is the correction thermodynamic factor Γ. Com-
paring Eqs. (9.51) and (9.52), we get directly the expression of the permeabil-
ity:

α =
R

cz
bR

s,r
bb

Γ (9.53)

Heinke et al. observed a large increase of α close to saturation, which they
attributed to the effect of the thermodynamic factor without giving any ex-
pression of this relation. For n-butane in silicalite, the thermodynamic factor
is a strong increasing function of the loading, see results in [182]. Since in the
range of simulated conditions Rs,r

bb is constant with the pressure, a calculation
of the permeability using Eq. (9.53) shows that its evolution with the loading
at high pressures is dominated by the increment of the thermodynamic factor,
giving the same trends observed experimentally.

Transport coefficients for the zeolite and gas sides of surface

When the properties of the surface itself are of interest, a more detailed descrip-
tion is necessary. By decomposing the total transport problem into a problem
where the surface is regarded as a series of two resistances, one can have access
to the surface temperature and excess concentration. Such a decomposition
was done, in the writing of equation sets (9.2) and (9.3). The five resistivities
for the two sides of the surface obtained from these equations can also give
better insight into the three overall transfer coefficients.

By comparing the resistivities of heat transfer of the two sides of the surface
with the resistivity of the whole surface (see Figs. 9.8) we observe that rs,z

qq is
one order of magnitude smaller than rs,g

qq . We have therefore that:

rs
qq ≈ rs,g

qq (9.54)
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The fact that rs,z
qq does not play a significant role in the determination of the

total surface resistivity to heat transfer, is compatible with the fact that most
of the temperature change across the surface occurs on the gas side (see Fig.
9.5). The same behaviour was observed for the liquid-vapour interface [15, 23].
For the coupling coefficients in Figs. 9.10, the picture changes. The main
origin of the coupling coefficient of the surface, derived from the heat flux of
the zeolite, comes from the zeolite side. We may use:

rs,r
bq ≈ rs,z

bq (9.55)

This is seen by looking at Eq. (9.20b). The coupling coefficient of the whole
surface, rs,r

bq , is equal to the sum of the coupling coefficient of the zeolite side,
rs,z
bq plus the term ΔHadsr

s,z
qq . We established above, however, that rs,z

qq is neg-
ligible. We can therefore expect rs,r

bq and rs,z
bq to be approximately equal, and

the approximation (9.55) to be good.

Also the resistivity to mass transfer of the whole surface is for the most part
given by the zeolite side of the surface, cf. Figs. 9.13.

The measurable heat of transfer of the zeolite side of the surface, q∗zb , is posi-
tive, in agreement with what we found before [182] and at high concentrations
approaches a value of 60 kJ/mol. The large value of q∗zb at low pressures may
be an artifact. At this point, rs,z

qq is very small, nearly zero, and division by a
near zero value increases inaccuracies.

The resistivities obtained for the flat and zig-zag textured surfaces were es-
sentially the same. This is due to the fact that in our range of pressures, the
surface excess concentrations are the same functions of pressure for both sur-
faces, cf. Fig. 9.3. The surface structure does, therefore, not affect the surface
transport properties significantly in this case; this means that the surface ex-
cess densities play a major role in the determination of the resistivities. Only
at lower loadings, the two surfaces have different surface excess concentrations
and differences in the transport resistivities could be observed. So the analysis
of the influence of the surface structure on the transport properties should be
carried out in a lower range of pressures.

It is now not difficult to understand that the surface poses a barrier to trans-
port. The negative excess concentrations on the zeolite side of the surface,
where butane is repelled, lead to high resistivities for mass transfer on this
side. And the dilute gas leads to a high thermal resistivity on the gas side.

All transport equations were derived from the excess entropy production of the
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surface. This ensures that the coefficients are compatible with the second law
of thermodynamics.

9.5.3 A method to find the enthalpy of adsorption

The heat of transfer of the whole surface was computed considering both fluxes
on the right and left hand side of the interface. By subtracting Eqs. (9.27) and
(9.31) we have Eq. (9.33). The difference q∗s,rb −q∗s,lb = ΔadsH is plotted against
p/p0 in Figs. 9.12 and 9.15. We found a value of ΔadsH= -55 kJ/mol which is in
agreement with our previous results [183]. The present method may therefore
offer an interesting alternative for the determination of ΔadsH, at least when
simulations are concerned. From the plots, we see a negligible temperature
effect. Furthermore we see that the absolute value of the enthalpy of adsorption
is constant with the pressure for both types of surfaces. These results lend
support to the experimental methods that treat ΔadsH as a constant.

9.5.4 The method of analysis

We have presented a method of analysis which is new for analysis of transport
in porous media. We have seen that using NET it was possible to reduce
successfully the data generated by molecular dynamics simulations. Several
paths of new studies can open up with this. With detailed knowledge of the
transfer coefficients, we can now model phenomena on a macroscopic scale,
where boundary conditions are different. It will be interesting to compare
such models with real experimental results. Using NEMD it will be interesting
to study other components, for instance polar ones.

Zeolites constitute a class of materials that are important in catalysis and in
separation. The understanding of such processes is of central interest, and a
good method of analysis may then be helpful. It is, however, extremely difficult
to realize real experiments with many variables, and from them get access to
surface transfer properties. In this context, NEMD simulations may continue
to give useful modeling support, or help to check assumptions. Using NET,
it will be in fact possible, through NEMD simulations, to determine variables
that are hardly accessible, like for instance the surface temperature.

Approximations (9.54) and (9.55) may be valid for adsorptions on porous ma-
terials with large enthalpies of adsorption and high thermal conductivities. A
systematic study of such materials with the present method may give further
insights of this type, and add to the description of these important surface
phenomena.
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9.6 Conclusion

We have investigated transports into and across an interface between a silicalite
membrane and n-butane gas, using the framework given by non-equilibrium
thermodynamics. The surface was described as an independent system with its
own temperature and chemical potential, different from those of the adjacent
homogeneous phases. Surface resistivities were successfully obtained reducing
data from non-equilibrium molecular dynamics simulations. They were to a
large degree explained for the whole surface, as well as for the two sides of
the surface. This supports the idea that non-equilibrium thermodynamics is a
useful theory, for data reduction and for modeling of surface transport.
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Concluding remarks
The simultaneous transport of heat and mass into and across a silicalite mem-
brane was investigated in this thesis, in order to gain a closer understanding
of the phenomena that accompany those processes.

In the first three chapters, an overview was presented on the results we can find
in literature about diffusion and adsorption of alkanes in zeolites. Focus was
given to the efforts made to understand these processes both experimentally
(chapter 2) and by molecular simulations (chapter 3). Many open questions
still remain unanswered. For instance, why equilibrium and non-equilibrium
techniques give different values of diffusivities? How important is the surface
resistance to heat and mass transfer? How the transports of heat and mass
are coupled? In this thesis we have tried to give an answer to these questions
combining two useful tools: molecular dynamics (MD) simulations and non-
equilibrium thermodynamics (NET).

In chapter 4, the basic concepts of the NET theory were introduced. This
theory describes transport processes, and in particular, cases where simulta-
neous transports need to be studied together. It defines equations for coupled
transports in agreement with the second law and provides a framework for the
definition of experiments as well as for computer simulations.

In chapter 5 we gave a detailed description of how thermodynamics quanti-
ties can be calculated from a mechanical description of molecular or atomic
movements. In particular, the validity of the assumption of local equilibrium,
which is the basis for the NET theory, was analyzed and general statements
were formulated. We demonstrated local equilibrium in systems with enormous
temperature gradients and mass fluxes, and showed that we can use thermo-
dynamics equations also for transport across thin interfaces and microporous
materials exposed to gradients, even when we have a small number of particles
in the volume element considered. In all the non-equilibrium systems consid-
ered in this chapter, the temperature was perfectly well defined and there was
no need to introduce a non-equilibrium temperature depending on the heat
flux.

In chapter 6, transient non-equilibrium molecular dynamics (TNEMD) simu-
lations were performed to investigate the adsorption of n-butane on a silicalite
membrane. We applied simulations conditions as close as possible to those
used to study the same phenomena experimentally, e.g. manometrically. The
external surface of the membrane was found to have a thermal resistivity 50
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times bigger than that of the gas. For this reason large temperature gradients
developed across the external surface, which should be considered rate-limiting
to heat transfer.

In chapter 7, equilibrium molecular dynamics (EMD) simulations were carried
out to obtain the equilibrium properties of the silicalite-butane system. The
adsorption isotherms of the silicalite pores as well as of the external surfaces
were obtained in the temperature range 320 - 400 K. With this study we found
data in agreement with literature and obtained the equilibrium results that
were necessary for the study of the system under non-equilibrium conditions
(cf. chapters 8 and 9). Moreover we showed that the external surface can be
regarded as a separate thermodynamic system with properties independent of
those of the adjacent phases.

In the last two chapters, non-equilibrium molecular dynamics (NEMD) simula-
tions were employed to investigate the silicalite membrane and NET was used
to reduce the obtained data. In particular in chapter 8, transport inside the sil-
icalite micropores was analyzed. The thermal conductivity, the inter-diffusion
coefficient and the Soret effect, representing mass transfer induced by thermal
forces, were obtained at different butane concentrations and temperature gra-
dients. The coefficients did not depend on the driving forces, demonstrating
that the description in terms of non-equilibrium thermodynamics, was sound.
We found a diffusion coefficient equal to 7±1 × 10−8 m2/s, which is well
within the range of earlier observations in zeolite. The thermal conductivity
was found to be nearly independent on the butane concentration and equal to
1.46±0.07 W/m K, meaning that heat is conducted almost solely through the
crystal lattice in the system. The measurable heat of transfer, which gives the
impact on the heat flux by the mass flux, was around 10 kJ/mol. This value is
larger than that of the partial molar enthalpy of the adsorbed butane and, for
a typical butane flux of some mol/m2s, can lead to sizable heat effects. This is
relevant for several membrane separation technologies, e.g. for distillation and
pervaporation, because the mass flux will be influenced by the heat transport.
Moreover, with different set of simulations we gave numerical evidence that
the total heat of transfer, given by the sum of the measurable heat of transfer
and the partial molar enthalpy of the adsorbed molecules, is independent of
the butane concentration but depends on the temperature only. This adds a
new rout for the estimation of the heats of transfer: a variation between the
heats of transfer between two concentrations is equal to minus the variation of
the partial molar enthalpy of the component between the same concentrations.

Finally, in the last chapter, we examined the transport properties of the sili-
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calite external surface. A comparison between non-equilibrium and equilibrium
results showed that the surface was in local equilibrium also under temperature
gradients of the order of 1010 K/m. Three independent coefficients were derived
for the whole surface for the first time, namely the resistance to heat transfer,
the resistance to mass transfer and the coupling coefficient. The resistivity
to heat transfer as well as the coupling coefficient for the surface ware found
to be three orders of magnitude higher than those obtained for the silicalite.
The heat of transfer for the whole surface was derived in stationary state using
fluxes on the right hand side and on the left hand side of the interface. The
difference between the two heats of transfer gave the enthalpy of adsorption of
the membrane at different temperatures and butane concentrations. We there-
fore presented an interesting alternative method for the calculation of ΔadsH.
The surface was further decomposed into a zeolite side and a gas side; the in-
fluence of the two sides on the determination of the overall surface properties
was analyzed. The resistivity to heat transfer was mostly determined by the
gas side of the surface while the resistivity to mass transfer as well as the value
of the coupling coefficient were dominated by the zeolite side.

In this work, we showed how non-equilibrium thermodynamics could be used to
successfully reduce data generated by molecular dynamics simulations. With
detailed knowledge of transport properties it is now possible to model phe-
nomena on a macroscopic scale. With NEMD simulations, variables that are
hardly accessible through experiments, such as the surface temperature, can
be determined. It would be now interesting to study the transport of other
components, e.g. polar ones or mixtures.
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