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Background

A simple phase diagram

1 atm
Melting
point

Boiling
point

A phase is defined as a homogeneous region of a material system with 
uniform physical and chemical characteristics .



The phase diagram of water

15 ice polymorphs:
Hexagonal ice Ih
Cubic ice Ic

Amorphous water:
LDA, HDA, VHDA

Two critical points

Many triple points



Water is one of the most interesting, but 
difficult liquid to study
The unusual properties of water

Water expands when it freezes. 
maximum density at 4 degrees.
higher melting point and boiling 
point than expected.
the largest surface tension of any 
common liquid.
unusually large viscosity, high heat 
capacity.
Water is an excellent solvent.

So many crystalline forms of solid water!

Hexagnoal Ice Ih (normal ice)



Computational approaches

1. Test models
2. Achieve a molecular scale structural and dynamical description of the

bulk phases and interfaces .
3. Study fundamental phenomena under uncommon conditions → replace

experiment or help design future experiments.

Why computational approaches?

Prioneering works in computer simulations of liquid water:  
Barker and Watts, MC (1969) 
Rahman and Stillinger, MD (1971)

Water is the most investigated liquid by numerical methods(1paper/day).

Properties of interest:
Density, free energy, the self diffusion coefficient, melting
temperature, the atom-atom pair distribution functions, etc. 



Computational tools

MD and MC simulations provide most popular and most 
useful approaches for water!

N-body system at equilibriumN-body system at equilibrium (EMD) 
/ away from equilibrium (NEMD)

• Microcanonical (NVE)
• Canonical MD (Isothermal)
• NPT MD 
• Grand canonical MD (constant
chemical potential)

Static and dynamic properties

Dynamic (Newton’s equation)
MD

• Canonical (NVT)
• NPT MC
• Grand canonical MC (constant
chemical potential)

Static properties

Stochastic (configurations, Bolzmann
probability distribution)

MC



Water models of the literature

Over 50 main water models published since 1933(Bernal and Fowler)

Empirical potential
one-site models: polarizable electropole (PE, 1979)
three-site models: SPC (1981), TIP3P (1981), SPC/E (1987)
four-site models: TIP4P (1987), TIP4P/Ew (2004), TIP4P/2005 
(2005)
five-site models: TIP5P (2000)

Potential based on Ab initio results
MCY (1976), MCHO (1990), NCC (1990),NEMO (1990,1995)

Potentail based on DFT

The most popular models are rigid and non-polarizable with the positive 
charge located on the hydrogen atom and a Lennard-Jones interfaction
site located on the oxygen atom (SPC/E, TIP4P-like).



Outline

Background

Computational tools and water models in the literature

Computations for bulk water

Computations for solid/liquid water

Summary and the near future



Computations for bulk water

Liquid density in various water 
models (298K, 1bar)

[Bertrand Guillot, Jounal of
Molecular Liquids, 101/1-3 
(2002)]

Rigid models

Flexible models

Polarizable
models

Good prediction:

TIP4P, SPC/E, 
TIP5P, DEC

Simulations:
MD and MC



Self diffusion coefficient from 
various water models (298K, 1bar)

Computations for bulk water (cont.)

Dexp. = 2.3×10-5 cm3/s

Simulations: MD

conclusion:

A systemetic evaluation of
water models (i.e.various
conditions, ice phases)!



Less attention received for solid water until the studies by Morse and 
Rice (1982)

The emphasis when developing potentials has been the ability of the
potential to reporoduce the properties of liquid water→A systemetic
testings the solid state behaviour of the liquid ’water models’

Approaches to estimate the melting temperature of ice: 
free energy calculations,
grand-canonical MC, 
direct simulations of solid-liquid coexistence by MD 

Computations for solid/liquid water



The melting temperature of ice

Free energy calculation:
Einstein crystal methodology by Frenkel and Ladd (1984)
For proton disordered ice phases: Pauling entropy

S/R=ln(3/2), if free energies are to be recovered.

TIP4P model

Tm,Ih

Choice of model for 
interatomic potentials and 
their cut-off radius

Correct treatment of long-
range Coulomb interaction by 
3D Ewald summation

[Z. Gao et al., J. Chem. Phys
112 (2000)]

liquid

Ice Ih



Water models: TIP3P, SPC, SPC/E, TIP4P, TIP5P, TIP4P/Ew,
TIP4P/ice, TIP4P/2005, TIP4PQ

Modeled ices: Ih, Ic, II, III, IV, V, VI, VII, VIII, IX, XI, XII and virtual ices

Liquid phase: isotropic NpT MC,  Solid phases: anisotropic NpT 
(Parrinello Rahman like) 

The Ewald summation method → electrostatics

Einstein molecule method → free energy

Gibbs-Duhem intergration technique (simulation)→coexistence curve

Path-integral MC (PIMC) →quantum effects

[C Vega, et al., (2005, 2006, 2007, 2008, 2009)]: Systematical improvements of 
water models and simulation methods.

Computations for solid/liquid water



The coexistence curve of ice/ice

Slope=dp/dT

Coexistence lines between ice Ih and II

Gibbs-Duhem intergration
• Integration the Clapeyron equation
• An initial point from free energy cal.

• Reference state Ice II (0 K), 
S(T=0 K)=0



Melting properties of ice Ih at 1 bar 

[C Vega, et al., J. Phys.: Condens. Matter 17 (2005)]

Models designed to reproduce the density and vaporization enthalpy of
liquid water, in general, yield too low melting temperatures and too low melting
enthalpies.  (SPC, SPC/E)



(experiment) (SPC/E)(TIP4P and TIP4P/ice)

The phase diagram of solid/liquid water

The phase diagrams for SPC/E, TIP4P, TIP4P/ice 

TIP4P-like (TIP4P, TIP4P/Ew, TIP4P/ice): 
negative charge on the H-O-H bisector.



Virtual ices at negative pressure

[M. M. Conde, et al., J. of Chem. Phys., 131, 034510 (2009)]

Motivation: Is it possible to find virtual ices
at negative pressure?

Experimentally, there is no known ice with a 
density lower than ice Ih.

(sH)

(sII)

(sI)

(Initial configurations: Hydrate type sI, 
sII, and sH with disordered proton and 
368, 1088 and 408 water molecules, 
respectively.)



(TIP4P/2005)

SPC/E and TIP5P fail in description of the phase diagram
A potential model: TIP4P/2005 model (reproducing a number of water 
properties including the phase diagram of water)

The phase diagram of virtual ices

Gibb-Duhem simulations:
A fourth-order Runge-Kutta
integration

Stable virue ices: sII and sH



Quantum contributions

[C. McBride, et al., J. of Chem. Phys., 131, 024506 (2009)]

A  first attempt on introducing
atomic quantum delocalization
effects in the description of the
solid phases of water
Path-integral MC (PIMC) (NpT
ensemble)
A new empirical model: 
TIP4PQ/2005  (reparametrized
version of TIP4P/2005) 

Equations of state for ice Ih at 1 bar.



Quantum contributions (cont.) 

TIP4P/2005

TIP4PQ/2005 (PIMC)

Experimental data

Radial distribution function of ice Ih at 77 K, 1 bar

Conclusion: Quantum effects decrease both the structure and the
density of the ices as the temperature is lowered! 



Summary and outlook (I)

Computation simulations are powerful for studying phase
behaviour of solid and liquid water.

The major disadvantage of computer simulations is the
increasing demand for 

more complex models (i.e. long run time) and 
larger sample size (a more appropriate treatment of long-
range electrostatic forces and boundary conditions )

Computed water properties critically dependent on details of the
water model. 

New water models (TIP4PQ/2005, TIP4P/Ice) are promising.



Summary and outlook (II)

Systemetic testing of models
Evaluations of non-pair additivity water potentials
(polarization and flexible intramolecular bonding).
The limits of applicability of currently popular computational
models (hydrogen bonding, one of the most important
interactions in nature, cannot be quantitatively described in 
the framework of empirical potential models).

Quantum effects: a rigid body path integral study
→a flexible or/ polarizable model of water in 
path integral simulations



Jing Xu        2009-10-14 24

Thank you for your attention!



LDA/HDA phase diagram

[D. Paschek et al. , ChemPhysChem (2008)]

Replica exchange molecular
dynamics (REMD)

The phase diagram of
liquid TIP4P/Ew water in a 
contour plot exibits a first 
order low-density/high-
density liquid-liquid.



Structure of metastable liquid water

[D. Paschek et al. , ChemPhysChem (2008)]

TIP4P/EW Experiment

Too strong repulsive 
(hard-sphere like) 
water-water interaction


