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Abstract

We have derived a set of transport equations for heat and mass transfer across a liquid–vapour interface in distillation columns. We
have used the entropy production rate on each tray, and integrated through the interface, when the liquid is not in equilibrium with the
vapour. The set, that de3nes overall coe4cients of transport, includes contributions from the interface, from the vapour 3lm, and from
the liquid 3lm. It is shown, using data for a rectifying column that separates ethanol and water, that the coe4cients can be determined by
3tting the transport equations to the entropy production rate, with the constant thickness of one of the 3lms as the only adjustable variable.
Almost all of the entropy production is due to mass transfer between the phases. Coe4cient values were determined for a large and a
small value for the 3lm thickness ratio as a function of temperature. The distribution of the entropy production rate between the phases
depends largely on the 3lm thickness, but its distribution between mass and heat transfer contribution does not depend on this variable. A
contribution from the Soret or Dufour e9ect is found for large liquid 3lms. The driving force for mass transfer, calculated with coe4cients
and rates, compared well with average values, which were calculated from the experimental data. The set of equations was compared to the
Maxwell–Stefan equation set. Since it contains the interface contribution and coupling, it can be used to asses common approximations.
? 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Dynamic models of distillation require transport equations
for mass and heat across a vapour–liquid interface as input.
Strong arguments are given, that such models are needed
also to describe the steady state of distillation columns. A
central model has been formulated by Krishna and Wessel-
ingh (1997), Krishnamurthy and Taylor (1985a,b), Taylor
and Krishna (1993) and Wesselingh (1997). In this model,
di9usional ?uxes are calculated from the Maxwell–Stefan
equations, and the heat ?ux from Fourier’s law. The matrix
of mass transfer coe4cients is solved with an iterative proce-
dure, in which the mass transfer rates become equal on both
sides of the interface. The 3lm thicknesses are variables in
the procedure. Dimensionless numbers are used to 3nd 3lm
thicknesses, for given ?ow patterns. Through various exam-
ples this approach has been shown useful (Krishnamurthy &
Taylor, 1985b; Taylor & Krishna, 1993; Wesselingh, 1997),
and it is called the Maxwell–Stefan approach.
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This work can be seen as a continuation of e9orts to 3nd
good equations of transport for distillation. The purpose of
this work is to present equations, equivalent to the Maxwell–
Stefan equations for homogeneous phases, but with a possi-
bility to include interface contributions. Our equations have,
as the Maxwell–Stefan equations have, the entropy produc-
tion in the system as the basis for their derivation. This can
make the two sets equivalent, when the same assumptions
are used in both.

The entropy production shall be used here in a more active
way than before, to obtain the thickness of the di9usional
3lms. We shall put heat and mass transfer on the same basis,
and 3nd overall coe4cients of transport through a barrier
to transport, that consists of the liquid 3lm, the interface
and the vapour 3lm. We 3nd that detailed knowledge of the
chemical potentials and temperatures at the interface are not
needed due to the use of overall coe4cients. With general
knowledge about the form of the transport equations at the
interface, it is possible to integrate through the interface. The
transport equations shall be illustrated using experimental
data from Rivero (1993) for an adiabatic rectifying column
that separates water and ethanol in 10 trays.
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Fig. 1. Tray in a distillation column.

A detailed set of equations may help assess approxima-
tions that are useful in applications, and such assessments
are carried out with the cited data. One such assumption is
the neglect of coupling between heat and mass transport, or
the neglect of Soret coe4cients. This assumption is often in-
troduced, with the argument that thermal gradients are rarely
high enough or sustained long enough to give a contribu-
tion, see e.g. Bird, Stewart, and Lightfoot (1960) and Taylor
and Krishna (1993). This assumption is not correct, as a
non-zero coupling coe4cient between heat and mass ?uxes,
in?uences mass ?uxes as well as heat ?uxes. The mass ?ux,
might well have a small contribution when the temperature
gradient is small (the Soret e9ect is small), but the heat
?ux can have a substantial contribution from the gradient in
chemical potential (the Dufour e9ect) in the same system.

Our set of equations does not have the independence of
the frame of reference that characterises the Maxwell–Stefan
equations. In order to introduce the contribution from the
interface, we must use the interface as frame of reference
throughout the system. We shall therefore lose the advan-
tage of the Maxwell–Stefan approach for this reason. We
can still take advantage of the expressions for the transport
coe4cients given by the Maxwell–Stefan formulation in our
set of equations. A short presentation of some of the nu-
merical results, without the theoretical basis and discussion,
was already given by De Koeijer and Kjelstrup (2002).

2. The system

Separation of two components in a tray distillation column
is considered. The separation takes place when heat and mass
are interchanged across the liquid–vapour phase boundary.
The conditions on a tray are illustrated in Fig. 1. Vapour
bubbles are rising in the liquid, and liquid droplets are taken
along. Vapour and liquid mole fractions are denoted y and
x, and vapour and liquid ?ows are V and L, respectively.

The phase region between liquid and vapour is of interest.
A close-up of the region is shown in Fig. 2. Mass transfer

Fig. 2. Close-up around interface.

rates are denoted J1 and J2, and the measurable heat transfer
rate is Jq. The transfer rates are measured in moles or J per
second. (The same symbols are used for ?uxes in De Groot
& Mazur, 1984.) Superscripts L or V , or i, where i stands
for interface, indicate the phase in question. As positive
direction of transport is chosen the direction from the liquid
to the vapour, see Fig. 2. In adiabatic distillation, one of the
mass ?uxes and the heat ?ux are then negative. Since the
temperature rises from top to bottom in distillation column,
the temperature of the vapour is normally higher than that of
the liquid, as shown in Fig. 2. Only the variation in chemical
potential of the component that is transported into the vapour
is shown.

Our system is the region with gradients around all bubbles
or droplets on a tray. In Fig. 2 we distinguish between three
parts: The liquid 3lm, the interface, and the vapour 3lm. Our
thermodynamic system is the sum of subsystems of liquid
3lms, interfaces and vapour 3lms of all bubbles and droplets
on a tray. The properties that are calculated, therefore apply
to the ensemble of bubble regions. It is assumed that the
driving forces for heat and mass transfer have the same
extension, and that the transports are perpendicular to the
interface. We shall take the transfer area A and the 3lm
thicknesses 	L, 	V , to be the same on all trays.

We assume thus that the variations in temperature, T , and
in chemical potential taken for constant temperature, �T ,
are in the liquid and vapour 3lms, and across the interface,
but that the bulk phases are uniform. (All liquid and vapour
outside the system is completely mixed.) This means that the
entropy production on the tray occurs within the system’s
boundaries. Entropy production due to changes in bubble
curvature, are not taken into account.

The mass transfer rates across the liquid–vapour interface
varies as a bubble rises on one tray, but the column reaches
a stationary state of operation. We shall therefore assume
that we can speak of (average) constant mass transfer rates
for each tray. The mass transfer rates are constant through
the interface and 3lms, while the heat transfer rate has a
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discontinuity at the interface, due to the enthalpy di9er-
ence between liquid and vapour, see the energy balance in
Eq. (15).

The interface (or surface) is a separate open system ac-
cording to Gibbs (1961). The interface is described by ex-
cess thermodynamic variables. Interface transports lead to
jumps in intensive variables across the interface, as illus-
trated in Fig. 2. When there is equilibrium across the in-
terface, the jumps are zero. The interface is the frame of
reference for the transport in the present case.

3. The entropy production rate on a tray

All information about the transport processes in a sys-
tem is contained in the system’s entropy production rate.
This is because the transport equations follow from the en-
tropy production rate. According to the literature, mass trans-
port accounts for the largest part of the entropy production
rate on a tray (De Koeijer & Rivero, 2002; Ray, Panja, &
Sengupta, 1994; Taprap & Ishida, 1996). This is an argu-
ment for considering only heat and mass transfer. Contri-
butions to the entropy production from turbulence, pressure
drop, and mixing are neglected. The total entropy produc-
tion is the sum of the contributions of the three subsystems
we have de3ned in Fig. 2:
dS irr

dt
=

dS irr;V

dt
+

dS irr; i

dt
+

dS irr;L

dt
: (1)

The aim is now to describe all three contributions by the
same variables. This is necessary for the combination of
subsystems, and makes possible a de3nition of overall coef-
3cients. The critical part is to include possible interface co-
e4cients, so we must start with an examination of the inter-
face. The general theory behind the ?ux-force equations can
be read in several books, see De Groot and Mazur (1984),
FHrland, FHrland, and Kjelstrup (2001), Kuiken (1994) and
Taylor and Krishna (1993). For the interface we refer to
Bedeaux and Kjelstrup (1999).

3.1. Interface

For an interface with a binary mixture there are six pos-
sible ?uxes: three into the interface and three ?uxes out of
the interface. In steady-state evaporation or condensation,
the number of independent ?uxes reduces to three. The lo-
cal entropy production rate in the interface (�i in J=K s m2)
is a sum of products of ?uxes (J ′′) and forces (X i). Each
driving force is a sum of products of resistivities (r) and
?uxes. We have in general terms:

�i = JV
q

′′X i
q + J ′′

1 X i
1 + J ′′

2 X i
2 ;

X i
q = riqqJ

V
q

′′ + riq1J
′′
1 + riq2J

′′
2 ;

X i
1 = ri1qJ

V
q

′′ + ri11J
′′
1 + ri12J

′′
2 ;

X i
2 = ri2qJ

V
q

′′ + ri21J
′′
1 + ri22J

′′
2 (2)

All ?uxes are determined with the interface frame of refer-
ence. One model for these resistivities is given by kinetic
theory (see Section 6.2). The measurable heat ?ux in the
vapour was chosen as the variable in Eq. (2) (rather than
heat ?ux in the liquid) in order to include the interface resis-
tivities from kinetic theory. The entropy production of the
interface uses, per de3nition, forces that are integrated over
the interface (Bedeaux, 1986), i.e. average forces for the re-
gion of transport. There is always a certain arbitrariness in
the choice of ?uxes and their conjugate forces, but the en-
tropy production rate is independent of this choice. Here,
the chemical forces are the di9erences in chemical poten-
tial at temperature of the interface at the liquid side, divided
by that temperature. The fact that the chemical potential is
taken at constant temperature is indicated by subscript T .
These forces for components j=1; 2 were de3ned (Bedeaux
& Kjelstrup, 1999) by

X i
j = − 1

T i;L �i(�j;T i; L): (3)

The thermal force, X i
q, that is conjugate to the measurable

heat ?ux in the vapour was de3ned by

X i
q = �i

(
1
T

)
: (4)

The di9erences refer to positions on each side of the inter-
face. On the scale chosen for Fig. 2, the di9erences appear
as discontinuities at the position of the interface. The en-
tropy production rate in W/K is now obtained by integrating
?uxes into rates of transfer for l = 1; 2; q:
dS irr; i

dt
=
∫
A
�idA =

∑
l

JlX i
l : (5)

The total entropy production rate and the corresponding
force-rate relations for the interface are now:
dS irr; i

dt
= JV

q X i
q + J1X i

1 + J2X i
2 ;

X i
q = MriqqJ

V
q + Mriq1 J1 + Mriq2J2;

X i
1 = Mr1qJ V

q + Mri11J1 + Mri12J2;

X i
2 = Mri2qJ

V
q + Mri

21J1 + Mri22J2: (6)

Rates of transfer can be determined with higher precision
from experimental data than the forces can. This is the reason
to express forces in terms of rates and coe4cients. When
the rates of transfer have been introduced, the coe4cients
are the resistivities divided by the area of transfer:

Mri =
1
A

ri(T; y): (7)

These coe4cients are resistances for the interface alone.
From now on, we shall use the word coe4cient for Mr. We
expect each coe4cient to be a function of the average tem-
perature and vapour mole fraction (but not of the force or
?ux). The next step is to write the entropy production rate
in the vapour and liquid 3lms with the same variables and
the interface frame of reference.
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3.2. Films

The entropy production rate in the 3lms are obtained in a
similar manner as for the interface. But now the integration
is not only over the area of transfer, but also over the 3lm
thickness. The local entropy production rate in a 3lm (�k in
J=s K m3) gives the local driving forces as linear combina-
tions of all ?uxes for k = L; V :

�k = J k
q
′′X ′′

q + J ′′
1 X ′′

1 + J ′′
2 X ′′

2 ;

X ′′
q = rkqqJ

k
q
′′ + rkq1J

′′
1 + rkq2J

′′
2 ;

X ′′
1 = rk1q J

k
q
′′ + rk11 J

′′
1 + rk12J

′′
2 ;

X ′′
2 = rk2qJ

k
q
′′ + rk21J

′′
1 + rk22J

′′
2 : (8)

The local thermal force in a 3lm conjugate to the measurable
heat ?ux, J k

q
′′, is de3ned as (De Groot & Mazur, 1984):

X ′′
q =

d
dz

(
1
T

)
: (9)

The local chemical driving forces conjugate to the mass
?uxes J k

j
′′ are (De Groot & Mazur, 1984):

X ′′
j = − 1

T
d�j;T

dz
(10)

for j = 1; 2. The intensive variables do not change linearly
between the liquid and vapour, neither in space nor in time.
The driving forces in distillation have their maximum value,
when the vapour bubble enters the tray, and at their minimum
value when the bubble leaves the tray. The average driving
force is somewhere between these extremes. It is assumed
that such representative average forces exist for a constant
area and a representative time. The integral of Eq. (8) for
k = L; V and l = 1; 2; q is
dS irr; k

dt
=
∫
A

∫
	k

�k dz dA =
∑
l

J k
l X

k
l : (11)

The forces Xl in Eq. (11) are the total forces obtained by
integrating Eqs. (9) and (10) over the 3lm thickness. The
integrals of the ?uxes over the area of transfer give the
corresponding transfer rates, in a similar way as in Eq. (5)
for the interface. By applying this to Eq. (8), we have the
entropy production rate and the average forces for k =L; V :
dS irr; k

dt
= J k

q X
k
q + J1X k

1 + J2X k
2 ;

X k
q = MrkqqJ

k
q + Mrkq1J1 + Mrkq2J2;

X k
1 = Mrk1qJ

k
q + Mrk11J1 + Mrk12J2;

X k
2 = Mrk2qJ

k
q + Mrk21J1 + Mrk22J2: (12)

The coe4cients, Mr, in these equations are average coe4-
cients of the 3lm in question. The resistance coe4cient is
equal to the resistivity (r) multiplied by the 3lm thickness,
divided by the area of transfer, so

MrL =
	L

A
rL(T; x) MrV =

	V

A
rV (T; y): (13)

3.3. Combining the contributions

The total entropy production is the sum of the three con-
tributions of the subsystems. From Eqs. (1) (6) and (12) we
have

dS irr

dt
= JV

q (X V
q + X i

q) + J L
q X

L
q + J1(X V

1 + X i
1 + X L

1 )

+ J2(X V
2 + X i

2 + X L
2 ): (14)

We are now in a position to eliminate J L
q using the energy

balance for the interface

J L
q = JV

q + J1�vapH1 + J2�vapH2: (15)

Eq. (15) is introduced into Eq. (14):

dS irr

dt
= JV

q (X L
q + X V

q + X i
q)

+ J1(X V
1 + X i

1 + X L
1 + �vapH1X L

q )

+ J2(X V
2 + X i

2 + X L
2 + �vapH2X L

q )

= JV
q Xq + J1X1 + J2X2: (16)

The last equation contains the three rates of transfer that we
started out with in the entropy production for the interface.
Each rate of transfer is multiplied with the average force
for the transport region. The conjugate driving forces to the
three rates are:

Xq = X V
q + X i

q + X L
q ;

X1 = X V
1 + X i

1 + X L
1 + �vapH1X L

q ;

X2 = X V
2 + X i

2 + X L
2 + �vapH2X L

q : (17)

The entropy production remains the same, whether we
choose this or other representations. The form that is chosen
in the end, is motivated by practical considerations. In the
present case, we are motivated by the need to include the
interface in the description. This also leads to a de3nition
of overall coe4cients. Expressions for the average forces
in Eq. (17) shall next be obtained.

4. Transport equations with overall coe�cients

The forces in Eq. (17) and their corresponding rates
should map all (most) of the dissipation in a good model.
From Eq. (16) the following coe4cient-rate products are
derived for the driving forces:

dS irr

dt
= JV

q Xq + J1X1 + J2X2;

Xq = MrqqJ V
q + Mrq1J1 + Mrq2J2;

X1 = Mr1qJ V
q + Mr11J1 + Mr12J2;

X2 = Mr2qJ V
q + Mr21J1 + Mr22J2: (18)
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Here Mr is an overall coe4cient for vapour 3lm, interface
and liquid 3lm, de3ned by the procedure that was given in
the preceding section. In order to determine the coe4cients,
Eqs. (6) and (12) are introduced into Eq. (17). For the
driving force of component 1, the result is

X1 = ( Mriq1 + MrVq1 + MrLq1 + MrLqq�vapH1)JV
q

+ ( Mri11 + MrL11 + MrV11 + 2�vapH1 MrLq1 + �vapH 2
1 MrLqq)J1

+ ( Mri12 + MrL12 + MrV12 + �vapH2 MrLq1 + �vapH1 MrLq2

+�vapH1�vapH2 MrLqq)J2: (19)

The coe4cients in this equation gave Mr11, Mr12, and Mr1q. Sim-
ilar derivations are done for X2 and Xq, in order to obtain
the other coe4cients. In this manner we obtain all overall
coe4cients as combinations of the average coe4cients of
the two 3lms and the interface:

Mrqq = Mriqq + MrVqq + MrLqq;

Mrq1 = Mr1q = Mriq1 + MrVq1 + MrLq1 + MrLqq�vapH1;

Mrq2 = Mr2q = Mriq2 + MrVq2 + MrLq2 + MrLqq�vapH2;

Mr11 = Mri11 + MrV11 + MrL11 + 2�vapH1 MrLq1 + �vapH 2
1 MrLqq;

Mr22 = Mri22 + MrV22 + MrL22 + 2�vapH2 MrL2q + �vapH 2
2 MrLqq;

Mr12 = Mr21 = Mri12 + MrV12 + MrL12 + �vapH2 MrLq1 + �vapH1 MrLq2

+�vapH1�vapH2 MrLqq: (20)

The coe4cients refer to the same region of transport. We
see that an overall coe4cient is generally not just a sum
of the corresponding 3lm and interface coe4cients. Only
the main thermal coe4cient Mrqq is such a sum. The terms
that contain heats of vaporisation, �vapHj, originate from the
energy balance, that was used to eliminate the rate of heat
transfer in the liquid. The main coe4cients Mr11 and Mr22, and
the coupling coe4cient Mr12 depend therefore on the coupling
between heat and mass transport in the liquid phase.

The assumption of equilibrium across the interface, means
that coe4cients with superscript i are zero. Neglect of cou-
pling between heat and mass transfer in the liquid, removes
terms that contain MrLq1 and MrLq2. If these assumptions both ap-
ply, we are left with:

Mrqq = MrVqq + MrLqq;

Mrq1 = Mr1q = MrLqq�vapH1;

Mrq2 = Mr2q = MrLqq�vapH2;

Mr11 = MrV11 + MrL11 + �vapH 2
1 MrLqq;

Mr22 = MrV22 + MrL22 + �vapH 2
2 MrLqq;

Mr12 = Mr21 = MrV12 + MrL12 + �vapH1�vapH2 MrLqq: (21)

The coe4cients in Eq. (21) are equivalent to the ones ob-
tained from the Maxwell–Stefan equations plus Fourier’s
law, which is the normal way of describing interface trans-
port, see also Appendix A.

5. Transfer rates, transfer area and !lm thickness ratio

The mass transfer rates that appear in the entropy pro-
duction rate are rates for transport across the interface. The
accumulation of mass in the vapour phase on a tray relates
this rate to experimental quantities:

Jj;n = Vnyj;n − Vn+1yj;n+1: (22)

The heat transfer rate in the entropy production rate applies
to the vapour 6lm. It can likewise be calculated from the
heat accumulated in the vapour phase in the tray:

JV
q = (TV

n+1 − TV
n ) 1

2 (Vn[yn;1CV
P;1 + yn;2CV

P;2]

+Vn+1[y1; n+1CV
P;1 + y2; n+1CV

P;2]): (23)

The accumulated heat is here described as the temperature
rise times the arithmetic average heat capacity of the vapour
phase on the tray.

In the calculations we shall need the area of transfer, and
the vapour and liquid 3lm thickness ratio. These parameters
are likely to vary from tray to tray, with hydrodynamic and
other conditions on the tray. In lack of more precise knowl-
edge, we shall use a low and a high estimate for the 3lm
thickness ratio in order to proceed. We can then see how sen-
sitive the results are to the choice of the 3lm thickness. The
area of transfer is the interface area of all bubbles/droplets
on a tray. The area can be estimated from the bubble sur-
face area and the bubble density. The precise value of A is
not critical in the calculations, as it is the lumped variable
(	=A in Eq. (13)) that is used in the 3t to experimental data.
With lack of information of the 3lm thicknesses, it does not
seem reasonable to introduce a varying area of transfer. To
help guide the thought, we shall report results that refer to
a varying 3lm thicknesses ratio, but a constant value for A.

One value for the 3lm thickness ratio was taken from
the literature (e.g. Taylor & Krishna, 1993). For vapour
controlled mass transfer the ratio between the liquid and
vapour 3lm thickness is around 0.001.

When there are two transport processes in the system,
there are, in principle two characteristic length scales of
transport, one for heat transfer and one for mass transfer.
When the coupling coe4cients between these phenomena
are zero, it can be shown that the thermal 3lm thickness
becomes (Bedeaux, 2002):

	q =
�

|CP;1J ′′
1 + CP;2J ′′

2 |
: (24)

Here � is the Fourier thermal conductivity in W=K m, CP is
the heat capacity in J=K mol. The corresponding di9usional



1152 S. Kjelstrup, G. M. de Koeijer / Chemical Engineering Science 58 (2003) 1147–1161

3lm thickness is (Bedeaux, 2002)

	� =
cD12

|J ′′
1 + J ′′

2 |
: (25)

Here D12 is Fick’s di9usion coe4cient in m2=s, and c is the
molar density in (mol=m3). The Lewis number is obtained
by dividing Eq. (24) with (25), introducing a small approx-
imation:

Le =
	q

	�
=

�
D12cCP

: (26)

So, the Lewis number can be interpreted as the ratio of the
3lm thicknesses for heat transfer and mass transfer, in the
absence of signi3cant coupling coe4cients. A large Lewis
number then means that the characteristic 3lm thickness for
heat transfer is larger than the one for mass transfer. In
this case, the coupling coe4cients are present, cf. Eqs. (20)
or (21). This gives one argument for choosing the same
3lm thickness for heat and mass transfer in each 3lm, see
Eq. (13). We can then use Eqs. (24) and (25) to estimate
the ratio between liquid and vapour 3lm thickness.

One estimate uses the 3lm thicknesses for heat transfer:

	L

	V =
�L

�V

J1CV
P;1 + J2CV

P;2

J1CL
P;1 + J2CL

P;2
: (27)

The mass transfer rates (J ) can be used instead of the ?uxes
(J ′′) since the transfer area cancels out. The second estimate
uses the 3lm thicknesses for mass transfer:

	L

	V =
cLDL

12

cVDV
12
: (28)

Both expressions, Eqs. (27) and (28), are compatible with
the Lewis number, Eq. (26). But neither of them repro-
duce the entropy production if the coupling coe4cient is
non-zero. They can therefore be regarded to give maximum
values for the thicknesses. Data for this system gave a ratio
of 15 with Eq. (27) and a ratio of 2.5 with Eq. (28). Both
results indicate that the liquid 3lm thickness is larger than
the vapour 3lm thickness, and we chose a ratio of 10 for the
second boundary for the 3lm thickness ratio. Results were
thus calculated for a ratio of 0.001 and of 10. The constant
area of transfer was chosen equal to A = 3 m2.

6. Coe�cients from experimental data

The determination of the resistivities ri, rL and rV is de-
scribed in this section. Once resistivities, interface area and
3lm thicknesses are known, the corresponding average co-
e4cient for the region can be calculated from Eq. (20).

6.1. Vapour and liquid resistivities

There are three independent resistivities for each 3lm.
The resistivities for di9usion in the vapour and liquid phases

Table 1
Resistivities in the 3lms

Liquid 3lm Vapour 3lm Unit

r11
Rx2

x1cLDL
12

+
rL

2

1q

rqq

Ry2

y1cVDV
12

mol2 K
s J m

r12 − x1

x2
rL11 −y1

y2
rV11

mol2 K
s J m

r22 − x1

x2
rL12 −y1

y2
rV12

mol2 K
s J m

rqq
1

�L T 2

1
�V T 2

K J
s m

r1q −x2rLqqST RT 2 0
K mol

s m

r2q − x1

x2
rL1q 0

K mol
s m

were obtained from the Maxwell–Stefan equations for in-
terdi9usion (see Appendix A). We used the expressions for
Maxwell–Stefan resistivities (Krishna & Wesselingh, 1997;
Taylor & Krishna, 1993). Table 1 gives an overview of ex-
pressions for the resistivities in the vapour and liquid 3lms.
The Soret coe4cient in the vapour was neglected, because
it is mostly smaller than the one in the liquid, see Hafskjold,
Ikeshoji, and Ratkje (1993).

6.2. Interface resistivities

The six interface resistivities (also called the jump co-
e4cients) were taken from kinetic theory (Bedeaux, Smit,
Hermans, & Ytrehus, 1992; Cipolla Jr., Lang, & Loyalka,
1974; Olivier, Rollier, & Kjelstrup, 2002). In this theory,
the interface has a thickness of approximately one Knud-
sen layer, i.e. one mean free path. The resistivities refer to
this thickness. The theory applies to atoms and conditions
that are closer to the triple point than to the critical point in
a pure system (RHsjorde, Kjelstrup, Bedeaux, & Hafskjold,
2001). The expressions for a binary mixture are corrected
for misprints in Bedeaux et al. (1992):
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These resistivities are all positive. In the expression for the
resistivities, vmp is the average of the most probable veloc-
ities of the two components (in m/s):

vmp =
1
cV


cV1

√
2RTV

M1
+ cV2

√
2RTV

M2


 : (30)

The condensation coe4cient (�j; j = 1; 2) is the fraction of
molecules of component j that stays in the interface after
collision. The rest bounces back after collision. The conden-
sation coe4cient varies largely with system and conditions
(Marek & Straub, 2001). We have chosen 0.8 for both com-
ponents. The value will have some impact on the entropy
production rate for the surface. It is shown below, that the
excess entropy production rate of the interface with these
coe4cients is small, however.

7. Calculations

Experimental data for a distillation column for ethanol
and water were taken from Rivero (1993). Rivero measured
all compositions, vapour and liquid ?ows (Vn and Ln) and
the temperatures in the liquid on all 10 trays in an adiabatic
rectifying column. The vapour temperature was not mea-
sured and we assumed that the vapour temperature was the
same as the temperature of the liquid ?ow that left the tray,
i.e. TV

n = TL
n .

The entropy production rate for each tray was calculated
from the experimental data and the entropy balance over
the tray. The resistivities on a tray were then found for the
appropriate composition and temperature using expressions
in Table 1, and data referred to in Appendix B. The solver
function in MS Excel was next used to minimise the squared
di9erence between the entropy production from experimen-
tal data, and the entropy production calculated from transfer
rates and coe4cients, Eq. (18). This was done for the two
3lm ratios described in Section 5, 0.001 and 10, and with
A = 3 m2. The adjustable variable in the 3t was always the
liquid 3lm thickness.

The ratio 	L=A, that determined the value of the over-
all resistances, was obtained. This ratio varied from 6:7 ×
10−4 m=m2 when the 3lm thickness ratio was 10, to 3:1 ×
10−7 m=m2 when the thickness ratio was 0.001. The over-
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Fig. 3. Entropy production rates from Rivero (1993) and of Eq. (18) for
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for 	L=	V of 10.

all coe4cients were found for this range of 3lm thickness
ratios.

8. Results

A short version of similar calculations was already re-
ported by De Koeijer and Kjelstrup (2002). A full report is
now given.

We show 3rst the 3t of the theoretical expressions for
the entropy production rate to the values obtained from the
experiments for the di9erent ratios 	L=	V , see Fig. 3. We see
that the theoretical lines were remarkably similar. They both
predicted the trend given by the (stippled) experimental line,
but they did not predict the exact location for the maximum
in the entropy production rate. The 3t to the total entropy
production rate did thus not vary signi3cantly with 	L=	V .

The contributions from the subsystems were compared in
Fig. 4 for the highest value of the 3lm ratio (10). The results
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Fig. 6. Mr11 as a function of temperature for 	L=	V of 10 and 0.001.

was that 80% of the entropy production rates took place in
the liquid 3lm, and the rest in the vapour 3lm (20%). The
contribution of the interface was only 0.05%. This conclu-
sion changed largely as 	L=	V was reduced to 0.001. For the
smallest ratio, all of the entropy production rate was, as ex-
pected, in the vapour. The only line present was the same
as that presented in Fig. 3 for the ratio 0.001.

The contributions to the entropy production rate from
mass transfer and heat transfer are plotted in Fig. 5 as func-
tions of tray number for 	L=	V = 10. The 3gure shows that
mass transfer could explain most of its value. This was true
also for smaller the values of 	L=	V . Transfer of ethanol ex-
plains 68% of the total, and transfer of water 32% of the
total. Heat transfer accounted for only 0.04% of the total
entropy production rate. The distribution between types of
processes was insensitive to 	L=	V .

Fig. 6 gives the main coe4cient for transfer of component
1 in the two 3lms, Mr11, as a function of the average liquid
temperature on the trays, for the extreme values of 	L=A.

0

20

40

60

80

100

120

140

160

350 355 360 365 370 375

Temperature/K

r 2
2

/
J

.s
.m

o
l-2

.K
-1

0.001
10
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The coe4cient Mr11 had the highest value of all coe4cients,
and gave therefore the most important contribution to the
entropy production rate. The lower and the higher bound,
shown in the 3gure, refer to di9erent 3lm thickness ratios.
The relative contribution from the liquid and vapour changed
as one moves from one boundary value to the other. At a
ratio of 0.001 there was no signi3cant liquid contribution.
The maximum vapour contribution was 18% at 360 K for
Mr11 when 	L=	V = 10. The interface coe4cients were not
signi3cant in any case.

Fig. 7 gives likewise the main coe4cient for transfer of
component 2 in the 3lms, Mr22, as a function of average liquid
temperature on the trays for the two values of 	L=A. The
coe4cient Mr22 had a larger relative contribution from the
vapour than Mr11, but it was in general smaller.

The coupling coe4cient Mr12 for transfer of the two com-
ponents is shown in Fig. 8. The rather constant value ob-
tained for Mr12 with 	L=	V = 0:001 can be explained by ideal
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vapour behaviour, see Eq. (B.6). The minimum shown for
the largest 	L=A was due to the non-ideal liquid behaviour
described by Eq. (B.5). The coupling coe4cients Mrjq con-
tributed maximum up to 10.9% to Mr12 at 371 K for 	L=	V =
10. This contribution is analysed in more detail in Fig. 11.

The main coe4cient of heat transfer Mrqq is shown in Fig. 9.
There was a variation by a factor of about 3 in the range
from the largest to the smallest value of 	L=A. The smallest
resistance was for the largest 	L=A.

Fig. 10 shows the two mass-heat coupling coe4cients Mrjq
as a function of tray number. These coe4cients were zero
when 	L=	V = 0:001. So only for high values of 	L=	V the
heat-mass coupling coe4cients had a signi3cant value. The
two coe4cients behaved in a parallel fashion due to the
terms with the heat of vaporisation in Eq. (20).

Fig. 11 shows the maximum contribution of the Soret co-
e4cient to Mr11, Mr22 and Mr12 as a function of the 3lm thickness
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of 	L=	V .

ratio. The contribution was the di9erence in percent between
Eqs. (20) and (21). The maximum contribution shifted from
being in Mr12 on tray 10 to being in Mr11 on tray 1 around
	L=	V = 1. We see that the coupling coe4cient obtained the
maximum contribution percentage wise for large 3lm ratios
(¿ 10). There was a smaller, but still signi3cant contribu-
tion to the main coe4cient for smaller 3lm thickness ratios
(0.5–10).

9. Discussion

9.1. Entropy production rate

An explanation for the location of the irreversibilities and
their origin is given 3rst. The experiments gave that most of
the entropy production rate was located in the centre of the
column, see Fig. 3. This can be explained by the variation
of the coe4cients over the rectifying column. At trays that
are situated below the condenser, the entropy production
rate was small, because the most important coe4cient, the
main coe4cient of ethanol transport Mr11 was small. At trays
where Mr11 was large, there was not much separation work
done, because the most important driving forces were small
(see Fig. 12 further on). The entropy production was thus
largest in the middle part, where most of the separation took
place.

The experimental error in the mole fractions gave an er-
ror in Eq. (18) as well as in the entropy production rate of
±0:03 W=K. This means that the experimental and theoret-
ical entropy production fell largely into each others con3-
dence intervals in Fig. 3, except for tray 4 and 6. The local
minimum in the entropy production rate, shown in Fig. 3
was thus insigni3cant. The resulting close 3t is surprising,
considering the approximations that we have used, namely
those of a constant area of transfer, and constant 3lm thick-
nesses throughout the column. The calculations support the
idea of entropy production rate due to mass transfer.
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Fig. 3 cannot be used to choose between the 3lm thick-
ness ratios that are used, 0.001 or 10 or a value between
these. (The minimum sum of squared di9erences in en-
tropy production rates found with the 3tting procedure var-
ied from 0:057 W2=K2 at 	L=	V = 0:001 to 0:054 W2=K2 at
	L=	V = 10.) More experiments are needed to characterise
the 3lm thicknesses, since these may also depend on hy-
drodynamic conditions. Before a realistic 3lm thickness is
available, we cannot report coe4cients to be used with other
columns.

The entropy production may contain contributions di9er-
ent from the ones considered here, for instance from pres-
sure variation and turbulent mixing. We are, however, able
to predict the variation in the entropy production rate along
the trays rather well without such terms. This lends support
to the assumption that most of the entropy production was
indeed due to heat and mass transport. Other authors (Ray et
al., 1994; Taprap & Ishida, 1996) have concluded the same,
but with di9erent expressions for the irreversibilities.

When the liquid 3lm was 10 times larger than the vapour
3lm, Fig. 4 shows that both phases contributed signi3cantly
to the entropy production rate. The entropy production per
length of 3lm was then around 5 times larger in the vapour.
A small shift in the ratio of the 3lm thicknesses will there-
fore shift the entropy production rate to the vapour. The
assumption, that all entropy production rate took place in
the vapour simpli3es the description further, see Kjelstrup
Ratkje, Sauar, Hansen, Lien, and Hafskjold (1995). We also
see from Fig. 4 that the interface needed not be considered
as a source of entropy production. One explanation for this
is that the rates of transfer were so moderate in distillation
that the assumption of equilibrium across the interface be-
came good. But the result depended entirely on the validity
of rate coe4cients from kinetic theory. The present coe4-
cients for the vapour 3lm were derived for ideal gases close
to the triple line, and most likely do not apply to non-ideal
systems (Olivier et al., 2002). We conclude that ideal sys-
tems have negligible coe4cients for the interface. Possible

consequences of this for the rate equations are discussed
further below.

Fig. 5 showed that transfer of ethanol and water are almost
equally important. This is reasonable for distillation, which
is a typical process of interdi9usion. The trends in Fig. 5
did not change much with 	L=	V . This can be explained
from the values of the main coe4cients Mr11 and Mr22. These
did not change much either by changing 	L=	V . Even if the
contribution from the heat transfer in Fig. 4 was small, and
in agreement with Ray et al. (1994), we do not think that
this term should be left out in the modelling of the system.
In the present case, we have the entropy production in terms
of rates and coe4cients:

dS irr

dt
= Mr11J 2

1 + Mr22J 2
2 + MrqqJ V 2

q + 2 Mr12J1J2 + 2 Mr1qJ1JV
q

+ 2 Mr2qJ2JV
q : (31)

The 3rst three terms on the right-hand side are positive, as all
main coe4cients are positive by de3nition, see also Figs. 6,
7, and 9. The fourth term is also positive, because in binary
adiabatic distillation the mass transfer rates have opposite
signs on all trays, and because Mr12 is negative. However, the
last two terms nearly cancel each other, because Mr1q and Mr2q

are positive and have the same order of magnitude. Even
if the entropy production is not sensitive to the coupling
coe4cients, the forces and the transfer rates are. We do
not leave out the heat transfer term, because we need it to
correctly model the transfer rates of the system.

9.2. The overall coe9cients

The overall resistance coe4cients for mass transfer must
be understood from their inter-dependency. The main coef-
3cients to mass transfer Mr11 and Mr22 were plotted in Figs. 6
and 7. The coe4cients varied in opposite manners along
the column, due to their inter-dependency introduced by the
Gibbs–Duhem equation, see Table 1. The largest variation in
the main coe4cient Mr11 was in the liquid controlled regime.
But Mr11 and Mr22 were qualitatively only weak functions of
	L=	V . This is the reason why the 3ts to experimental data
in Fig. 3 were relatively independent of 	L=	V = 10.

A smaller variation is seen in Mr12, see Fig. 8 and Ta-
ble 1. For ideal liquid mixtures, the coe4cient Mr12 normally
gives a monotonic variation with concentration. A good es-
timate can then be obtained from the Wilke–Chang equa-
tion combined with the Vignes equation (Taylor & Krishna,
1993). For the liquid ethanol–water mixture this was not the
case, however. The Maxwell–Stefan di9usion coe4cients
did not vary monotonically with the experimental data avail-
able (Tyn & Calus, 1975) (So, the Wilke–Change equation
did not apply). The maximum in the liquid contribution in
Fig. 8 for 	L=	V = 10 was due to this non-ideal behaviour.
The procedure was given in Appendix B.

A 3lm thickness ratio of 10 means that the liquid should
dominate the coe4cients, see Fig. 4. A close inspection
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shows, however, that the liquid contribution was not sys-
tematically the largest contribution to all coe4cients for
	L=	V = 10. The main coe4cients for mass transfer, Mr11 and
Mr22, were dominated by the liquid, but the coe4cient of heat
transfer Mrqq was largest in the vapour phase. The coupling co-
e4cient Mr12 showed a mixed behaviour of vapour and liquid.
It is therefore not correct to speak about one phase-control
for heat and mass transfer for the thickness ratio of 10. In
order for a single phase to dominate totally, a thickness ratio
much larger than 10, or much smaller than 0.1, is necessary.
Clearly, with a thickness ratio of 0.001, the vapour domi-
nated completely. We have no means to distinguish between
vapour control or liquid domination, as long as we do not
have better information about the area of transfer.

Surprisingly, the di9erence in the main heat resistance Mrqq
between 	L=	V = 10 and 	L=	V = 0:001 was only a factor of
three, see Fig. 9. The orders of magnitude di9erence in ther-
mal conductivity � between vapour and liquid was adjusted
by the 3lm thicknesses. The heat-mass coupling coe4cients
Mr1q and Mr2q were rather similar for 	L=	V = 10 in Fig. 10.
This means that the terms with the heats of vaporisation in
Eq. (20) dominated.

A qualitative argument for the presence of a non-negligible
coupling e9ect between heat and mass transfer in distil-
lation was given by De Koeijer and Rivero (2002). The
authors arrived at this conclusion by analysing a diabatic
column (i.e. with heat exchangers on all trays). In this work
we have quanti3ed this statement with Fig. 11. The Soret
coe4cient may give a negligible contribution to the entropy
production rate due to cancellation of terms in Eq. (31).
But the Soret coe4cients had a signi3cant e9ect on the Mr11,
Mr22, and Mr12, and hence on the forces and the transfer rates,
at high values for 	L=	V , see Fig. 11. The ratio between the
thicknesses was the important factor for this conclusion.
Fig. 11 shows that for these speci3c experimental data the
Soret e9ect can be neglected below a ratio of 0.1.

9.3. The average driving forces

The driving forces for transport, like in Eq. (19), are av-
erages over the time that the bubbles and droplets reside on
the tray, as well as over the transport path between liquid
and vapour. Once the overall coe4cients were determined,
the forces were calculated from Eq. (18) for 	L=	V of 10.
This calculation used as input the constant transfer area, 3lm
thicknesses and transfer rates.

The forces were also estimated as arithmetic averages of
the minimum and maximum driving force on a tray. The
maximum driving force exists at the entrance between Ln−1

and Vn+1, while the minimum force exists at the exit between
Ln and Vn. If equilibrium is reached on a tray, the minimum
value is zero. An arithmetic average can be justi3ed, when
there is a linear variation in the intensive variables on the
tray in Fig. 1. The average driving force of mass transport
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is then (see also De Koeijer & Rivero, 2002):

Xj =
1
2
R ln

xj; n−1(jP∗
j (T i;L

n−1)

yj; n+1PV
n+1

xj; n(jP∗
j (T i;L

n )

yj; nPV
n

: (32)

Fig. 12 gives the driving force for ethanol transport on all
trays as calculated from Eq. (32) and from Eq. (18) or (19).
The two results were similar, in the way that they followed
each other rather well along the column. The agreement was
less good, but still reasonable for the driving force for water
transfer, see Fig. 13. Because ethanol transfer was the largest
contributor to the entropy production, it is reasonable that
the 3tting procedure is best for this force. The di9erences
in Figs. 12 and 13 re?ect the goodness of the averaging
procedures and the model used.

A corresponding expression for the average thermal force
can be written, see De Koeijer and Rivero (2002). The ther-
mal force is much less well predicted by an average pro-
cedure, since we do not have temperature measurements in
the vapour to use. The term that contains the thermal force
and transfer rate in Eq. (17) was also small compared to the
other two forces, and less suitable for a similar examination
as this one.

9.4. Non-equilibrium modelling

Rate equations are needed in dynamic modelling of dis-
tillation. We have described a procedure that has a poten-
tial to include all of the coupling of heat and mass transfer
in distillation. This is the main advantage of our work. We
have shown that the 3t that uses transfer rates and overall
coe4cients match the experimental results for the entropy
production rate rather well. The exact contribution from the
liquid and vapour cannot be concluded before the area of
transfer and the characteristic length scales are better known,
however. In the present case, we chose A, and estimated ex-
treme 3lm thickness ratios for the calculations. More knowl-
edge will of course make the application of Eqs. (18) more
precise.
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The temperature pro3le of a column has so far been mod-
elled by the temperature that corresponds to the equilibrium
of the outlet liquid mole fractions on the tray. It will be inter-
esting to see whether a better estimate can be obtained, with
a heat transfer rate that is more complicated than Fourier’s
law and includes the heat of transfer or the coupling coe4-
cients. This has not been possible to test with the available
data.

Our set of equations, Eq. (20), contain the Maxwell–
Stefan set of equations (Taylor & Krishna, 1993). By setting
interface coe4cients and Soret coe4cients equal to zero we
obtained Eq. (21). With these assumptions, our approach
and the Maxwell–Stefan approach are equivalent.

It is common to neglect the Soret e9ect in dynamic mod-
elling of distillation, since ‘temperature gradients are rarely
high enough, or sustained long enough, to make the thermal
contributions to the mass ?uxes worth considering’ (Taylor
& Krishna, 1993, p. 269). The presence of a Soret e9ect
does not, per de3nition, depend on the magnitude or time
span of a driving force or ?ux, as it is a component or mix-
ture property. A small thermal force will have a small im-
pact on the mass ?ux, but the heat ?ux, may still have a
large contribution from the reciprocal of the Soret e9ect, the
Dufour e9ect. Fig. 11 supports this view. This is a reason
to keep the full matrix of coe4cients in the modelling of
distillation.

The Maxwell–Stefan equations of transport give conve-
nient descriptions of multi-component di9usion. They are in-
dependent of the choice of frame of reference for the ?uxes,
and their coe4cients are in many cases remarkably indepen-
dent of the concentration (Krishna & Wesselingh, 1997). In
the particular case studied here, a concentration dependence
was seen, however, and the Maxwell–Stefan formulation
was therefore not particularly bene3ciary.

Our formulation needs the interface as the frame of
reference, as explained previously. One advantage of the
Maxwell–Stefan’s formulation is lost by introducing this
particular frame of reference. We gain on the other hand,
a common basis that makes possible an inclusion of more
terms, as they are deemed necessary. The interface might
be rate limiting to transport in non-ideal systems. This is
not known, but it is now feasible to include this, if neces-
sary. We can still take advantage of expressions for di9u-
sion coe4cients in the Maxwell–Stefan equations, as was
shown.

10. Conclusions

A set of equations for heat- and mass transfer in distilla-
tion has been derived in a systematic manner from the en-
tropy production rate of the trays in a distillation column.
The equations were illustrated by experimental data from
distillation of ethanol and water. The description was able
to model the variation in the entropy production over the
trays that was calculated from experimental data. This result

was obtained with an estimated transfer area and 3lm thick-
ness ratio, and one 3tting variable. No conclusion could be
made whether heat and mass transfer was liquid or vapour
controlled in our system.

Six overall coe4cients for transport of heat and mass
across the phase boundary were presented, and discussed on
the basis of the experimental data. The coe4cients included
contributions from the liquid as well as the vapour phase
and the interface. Heats of vaporisation contributed to the
coupling coe4cients, making these non-negligible for liquid
controlled heat and mas transfer. While the actual contri-
butions from the interface were negligible with the kinetic
theory model for these contributions, the interface does play
a role in de3ning proper boundary conditions. Further at-
tention should be given to the thermal force and its role in
predicting the column temperature pro3le.

Notation

A transfer area, m2

c concentration, mol=m3

CP heat capacity, J=mol K
D Fick’s di9usion coe4cient, m2=s
−D Maxwell–Stefan di9usion coe4cient, m2=s
dS irr=dt entropy production rate, (J=s K)
H enthalpy, J/mol
J transfer rate, mol/s or J/s
J ′′ ?ux, mol=s m2 or J=s m2

L liquid ?ow, mol/s
Le Lewis number, dimensionless
M molar mass, kg/mol
N total mass transfer rate mol/s
Mr coe4cient (various)
r resistivity (various)
R gas constant, J=mol K
sT experimental Soret coe4cient, 1/K
ST Soret coe4cient, 1/K
T temperature, K
u velocity, m/s
v most probable velocity, m/s
V vapour ?ow, mol/s
V dif di9usion volume
w weight fraction, dimensionless
x liquid mole fraction, dimensionless
X average force conjugate to rate, J=mol K or 1=K
X ′′ local force conjugate to ?ux, J=mol K m or

1=K m
y vapour mole fraction, dimensionless
z distance, m

Greek letters

	 3lm thickness, m
�vapH heat of vapourisation, J/mol
� thermal conductivity, W=m K
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� chemical potential, J/mol
� local entropy production rate, W=K m3 or

W=K m2

�j condensation coe4cient, dimensionless

List of super- and-subscripts

boil boiling
i interface
j component number
k liquid or vapour
L liquid
l phenomenon number
� mass
n tray number
q heat
T at constant temperature
V vapour
vap vaporisation
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Appendix A. Resistivities in the interface frame of refer-
ence

The entropy production rate does not change when the
frame of reference is changed for the ?uxes. This property is
useful to derive relations between our coe4cients and other
ones. The Maxwell–Stefan equations are convenient, since
they do not depend upon the choice for frame of reference.
These are our starting point. They are written for an inter-
face frame of reference, with an interface velocity ui. In an
isothermal system, the entropy production rate can be writ-
ten:

� = c1(u1 − ui)
(
− 1

T
d�1;T

dz

)

+ c2(u2 − ui)
(
− 1

T
d�2;T

dz

)
; (A.1)

where uj are component velocities. The ?ux equations that
follow from this formulation of the entropy production rate
are the Maxwell–Stefan equations:

− c1

T
d�1;T

dz
=

r11

T
(u1 − ui) +

r12

T
(u2 − ui)

− c2

T
d�2;T

dz
=

r21

T
(u1 − ui) +

r22

T
(u2 − ui): (A.2)

The rate equations are constructed so that Onsager reciprocal
relations hold. Because the sum of the left-hand side of these
equations is zero (Gibbs–Duhem’s equation), and because

the coe4cients are dependent, the coe4cients (in J s=m5)
are related:

r11 = −r12 = −r21 = r22: (A.3)

By 3lling in Eq. (A.3) into (A.2), the velocity of the frame
of reference drops out, and leaves a set that is independent of
the frame of reference. With the Maxwell–Stefan equations
from Krishna and Wesselingh (1997) the coe4cients r are
directly related to the Maxwell–Stefan di9usion coe4cient:

r11 = RT
x1x2

c−D12
: (A.4)

In order to compare with our work, the ?ux in the interface
frame of reference is de3ned for j = 1; 2 as

J ′′
j = cj(uj − ui): (A.5)

By 3lling in Eq. (A.5) and (A.4) into (A.2), we get the force
equations in the interface frame of reference:

− 1
T

d�1;T

dz
=

Rx2

cx1−D12
J ′′

1 +
R

c−D12
J ′′

2 ; (A.6)

− 1
T

d�2;T

dz
=

R
c−D12

J ′′
1 +

Rx1

cx2−D12
J ′′

2 : (A.7)

This derivation shows that both approaches are in principle
the same. Next, non-isothermal systems are considered. The
Maxwell–Stefan equation for the 3rst component in a binary
mixture with a temperature gradient is described by Kuiken
(1994):

− x1

RT
d�1;T

dz
=

x1x2(uT
1 − uT

2 )
−D12

; (A.8)

where uT
j are the augmented component velocities that in-

corporate the contribution of thermal di9usion. By separat-
ing the isothermal and thermal velocities, we have

− x1

RT
d�1;T

dz
=

x1x2(u1 − u2)
−D12

+x1x2sT

(
1 +

d ln (1

d ln x1

)
dT
dz

(A.9)

In terms of the driving force for component 1, this is

X ′′
1 =

Rx2J ′′
1

x1c−D12
− RJ ′′

2

c−D12
− x2STRT 2X ′′

q (A.10)

with the experimental Soret coe4cient sT in

ST = sT

(
1 +

d ln (1

d ln x1

)
: (A.11)

The force in Eq. (18) can be rewritten:

X ′′
1 =

(
r11 −

r2
1q

rqq

)
J ′′

1 +
(
r12 − r1qr2q

rqq

)

×J ′′
2 +

r1q

rqq
X ′′
q (A.12)

A comparison of the Eqs. (A.10) and (A.12) gives the re-
sistivities in Table 1. So, also for non-isothermal systems,
it is shown that both descriptions are in principle the same.
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Table 2
Physical chemical properties. Signi3cant digits for this work are indicated

Component Ethanol Water Reference

T boil(K) 351.5 373.7 Sinnot, Coulson, and Richardson (1983)
.L(kg=m3) 789 998 Sinnot et al. (1983)
�vapH (T boil)(J=mol) 38770 40683 Sinnot et al. (1983)
ACV

P 3.518 3.470 Smith and Van Ness (1987)
BCV

P (1=K) 20 × 10−3 1:45 × 10−3 Smith and Van Ness (1987)
CCV

P (1=K2) −6:0 × 10−6 — Smith and Van Ness (1987)
DCV

P (K2) — 1:2 × 106 Smith and Van Ness (1987)
ACL

P 33.9 8.71 Smith and Van Ness (1987)
BCL

P (1=K) −172:6 × 10−3 1:3 × 10−3 Smith and Van Ness (1987)
CCL

P (1=K2) 345 × 10−6 −0:18 × 10−6 Smith and Van Ness (1987)
A�V (W=m K) −7:80 × 10−3 7:34 × 10−3 Reid et al. (1987)
B�V (W=m K2) 4:17 × 10−5 −1:01 × 10−5 Reid et al. (1987)
C�V (W=m K3) 1:2 × 10−8 1:80 × 10−7 Reid et al. (1987)
D�V (W=m K4) −5:18 × 10−11 −9:10 × 10−11 Reid et al. (1987)
A�L (W=m K) 2:63 × 10−1 −3:84 × 10−1 Reid et al. (1987)
B�L (W=m K2) −3:84 × 10−4 3:37 × 10−3 Reid et al. (1987)
C�L (W=m K3) 2:21 × 10−7 −3:67 × 10−6 Reid et al. (1987)
V dif 91.0 113.8 Taylor and Krishna (1993)

Finally, the experimentally measured Soret coe4cients sT
from Kolodner, Williams, and Moe (1988) is rewritten in
our terms. They found the Soret coe4cient from the gradient
in mole fraction at zero mass transfer rate:(

dx1

dz

)
J1=0

= −sT x1x2
dT
dz

: (A.13)

This condition is rewritten as

X ′′
1 =

r1q

rqq
X ′′
q

− 1
T

d�1;T

dz
=

r1q

rqq

d(1=T )
dz

dx1

dz
=

r1q

Rrqq

1
T 2

dT
dz

(
1 +

d ln (1

d ln x1

)−1

: (A.14)

The resistivity ratio r1q=rqq is connected to the Soret coe4-
cient by these equations. From these equations, the coe4-
cients in Table 1 are derived.

Appendix B. Estimating resistivities

The vapour–liquid equilibrium properties were calculated
using the integrated Clausius–Clapeyron equations for a reg-
ular solution with the Margules equation for the activity co-
e4cients. The Margules parameters were 1.6711 and 0.9006
(see DECHEMA data series Gmehling & Onken, 1977).
Densities and molar volumes for the vapour phase were cal-
culated from the ideal gas law. For the liquid phase we
assumed constant density and molar volumes. The thermal
conductivity was taken from Reid, Prausnitz, and Poling

(1987) who tabulated � in the form:

�j = A�
j + B�

j T + C�
j T

2 + D�
j T

3: (B.1)

The conductivity of a vapour mixture was the molar aver-
age one. For the thermal conductivity of a liquid mixture,
Yano, Fukuda, and Hashi (1988) recommended the follow-
ing Filipov equation:

� = w1�1 + w2�2 − 0:45w1w2|�1 − �2|: (B.2)

The heat capacities for the liquid and vapour, CL
P and CV

P ,
were taken from Smith and Van Ness (1987). As a function
of temperature, they are for j = 1; 2:
CP;j

R
= ACP; j + BCP; jT + CCP; jT 2 +

DCP; j

T 2 : (B.3)

The Maxwell–Stefan di9usion coe4cients were calculated
from the experimental data of Tyn and Calus (1975) using
the formulation from Kuiken (1994):

−DL
12 = D12

(
1 +

@ ln (1

@ ln x1

)−1

: (B.4)

A polynomial of the third degree in mole fraction and sec-
ond degree in temperature was assessed to be su4cient to
describe the experimental data for the di9usion coe4cient.
The model was created by starting with the suggested poly-
nomial including all cross combinations, i.e. 11 terms. Then
a linear regression was performed and the term with the
highest p-value was taken out of the model. This was done
until all p-values were below 10−7. The result was a poly-
nomial with only 4 terms and a constant:

109−DL
12 = 1:15 +

T − 305
50

(1:66 + 18:4x1 − 35:7x2
1 + 17:7x3

1): (B.5)
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The Fuller relation was used for −DV
12, as proposed by Taylor

and Krishna (1993):

−DV
12 = 1:013 × 10−2T 1:75

√
M1 + M2=M1M2

P
(

3

√
V dif

1 + 3

√
V dif

2

)2 : (B.6)

Kolodner et al. (1988) measured the Soret coe4cient of a
liquid water/ethanol mixture in the range from 283 to 313 K
and 0.05–0.6 in ethanol mole fraction. The experimental re-
sults showed a shift in sign, i.e. a highly non-ideal behaviour.
A model for the sT was presented, suitable for extrapolation:

103sT =
(

2:493 − T
39:661

)

×

1 − 3:190

(
tanh

(
w − 0:2387

0:1668

)3
)1=3


 :

(B.7)

The temperature is given in K and w is the weight fraction
of ethanol. Table 2 gives an overview of the constants that
are used.
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