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Abstract

The entropy production rate of a common industrial SO2 converter was minimized, simultaneously
varying the heights of four catalytic beds, the temperature differences across five intermediate heat
exchangers, and the distribution of a fixed area available for heat exchange. The entropy production rate
had contributions from the chemical reaction, the pressure drop and the heat exchange. The total area
for heat exchange, inlet temperature, inlet pressure, inlet composition, outlet temperature, and outlet
composition remained constant in the minimization. A new path of operation was found for the given
constraints that saved 16.7% of the entropy production rate compared to an industrial SO2 converter.
There were changes in chemical, mechanical and thermal contributions to the entropy production. The
savings can be taken out as higher quality heat output, lower quality heat input, or reduction in the total
area for heat transfer. The optimum operating conditions also indicate that the same product can be
obtained under milder thermal conditions than now. Furthermore, the requirement for catalyst, as meas-
ured by the total bed height, decreased with the area available for heat transfer, from 2.4 m at 2000 m2 to
1.7 m at 6000 m2. We conclude that there is a significant potential to improve the second law efficiency of
the particular industrial SO2 converter that is studied.
# 2003 Elsevier Ltd. All rights reserved.
1. Introduction

The reactor is often the central unit around which a chemical plant is designed. Good reactor

design is thus important for the performance of the plant [1].



Nomenclature

A transfer area (m2)
CP heat capacity (J/mol K)
d diameter (m)

dSirr=dt entropy production rate (J/s K)
F flow (mol/s)
f Fanning friction factor (–)
G Gibbs energy (J/mol)
H enthalpy (J/mol)
h bed height (m)
KP reaction rate constant (–)
kr reaction rate constant (mol/s kg Pa)
L length of tube (m)
N number of tubes (–)
P pressure (Pa)
Q duty (J/s)
R gas constant (J/mol K)
RHX heat transfer resistance (s/J K)
r reaction rate (mol/s kg)
S entropy (J/mol K)
T temperature (K)
v velocity (m/s)
X thermal driving force (1/K)
y vapor mole fraction (–)
z distance (m)

Greek

d film thickness (m)
e void fraction/porosity (–)
g viscosity (Pa s)
h flow fraction (–)
k thermal conductivity (W/m K)
m stoichiometric coefficient (–)
q density (kg/m3)
v conversion (–)

Super- and subscripts

HX heat exchanger
i component number
m heat exchanger number
n bed number
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part particle
R reaction
ref reference
tot total
u utilities, i.e. heating or cooling medium
�xx average of property x
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We have chosen to minimize the entropy production rate (exergy loss, lost work) of reactor
systems in view of the demands worldwide for higher energy efficiencies and lower emissions of
carbon dioxide. This extends the systematic second law analysis in mechanical engineering (see
e.g. [2]) to chemical engineering problems. This type of optimization leads to a lower need for
high quality energy inputs, or to a larger production of high quality energy outputs. Therefore,
it gives higher second law energy efficiencies.

We have so far worked mostly on method development with the purpose of increasing the
second law efficiency for single chemical reactors [3–6]. We have seen that it is not enough to
study the reaction alone. The optimum solution changes considerably when the heat exchange
in the system is taken into account. The method development has now reached a stage where it
is possible to test it on a real system. We choose the oxidation of sulfur dioxide (SO2) to sulfur
trioxide (SO3) in packed beds. It is part of the sulfuric acid synthesis system, a well proven tech-
nology [7–9], and is carried out in an actual plant in southern Norway. Optimization studies
have been carried out for yield (see e.g. [10]), return on investment (see e.g. [11]), and operating
and investment cost of heat exchangers (see e.g. [12]). To find better operating conditions for a
real plant with mature technology is challenging. We have decided to try this using our method
for second law optimization, and report the findings in this paper.

The technology studied here consists of four catalytic beds and five heat exchangers [9,13].
Some standard operating conditions are used to define the reference system based on experi-
ences from industry [14]. The objective function is the entropy production rate of the beds and
the heat exchangers, and the problem we want to examine is the following: Given that we keep
the most important inlet and outlet conditions constant in the optimization, is it possible to find
a new path of operation that has minimum entropy production rate? The reason why we keep
inlet and outlet conditions fixed is that we want an answer that affects up- and downstream
processes in the plant as little as possible. In this way, we need not consider major investment
costs from new apparatuses in an implementation of the solution. The variables of the mini-
mization are furthermore realistic ones. They are the temperature differences between the outlet
and inlet of the heat exchangers, the heights of the catalytic beds, and the distribution of area
for heat exchange between the available heat exchangers.

We shall indeed see that it is possible to find a state of operation with a significantly lower
entropy production rate than in the industrial reference system. The solution with minimum
entropy production rate is, interestingly, also characterized by milder thermal conditions in the
reactor. This may be beneficial for the durability of the catalyst. We shall see that in the opti-
mum solution, the total area used for heat exchange is related to the amount of catalyst needed.
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The requirement for catalyst, as measured by bed heights, decreases with area available for heat
transfer. Another characteristic feature of the optimal solution is that chemical equilibrium is
not reached at the outlet of each catalyst bed. We shall also see, as expected, that a reduction in
the number of variables reduces the gain in the optimization.
2. The system

2.1. Introduction

The oxidation of sulfur dioxide is an important step in the production of sulfuric acid, a com-
mon bulk chemical. Sulfur dioxide, diluted in air, is oxidized to sulfur trioxide according to:

SO2ðgÞ þ
1

2
O3ðgÞ�SO3ðgÞ ðIÞ

A vanadium pentoxide catalyst is used. The product, sulfur trioxide, is afterwards dissolved in
water to produce sulfuric acid.

Sulfur dioxide is a toxic gas, and governments have imposed strict regulations on the amount
and concentration of sulfur dioxide outputs to the environment. An important aspect of sulfur
dioxide oxidation reactors is, thus, to keep the outlet concentration of sulfur dioxide below
acceptable levels. A sufficiently low concentration of sulfur dioxide cannot be reached in one
adiabatic catalytic bed. Therefore, more beds with intermediate cooling are needed. The inter-
mediate cooling is done with heat exchangers. Our reactor system has four beds and five heat
exchangers. Four or five beds are commonly used. The system is shown in Fig. 1.

Inlet parameters, as well as some other parameters for the actual reactor, are given in Table 1.
The parameters are representative for this type of industrial reactor system and derive from dis-
cussions with industry [14]. We consider them as fixed in the present study.
2.2. Conservation equations for the catalyst beds

We use a plug flow model for the catalyst beds. This model considers flow in the z-direction,
i.e. from the top of the first bed to the bottom of the fourth bed. There is a flat gas velocity pro-
file and there are no radial gradients in the beds. Gradients due to diffusion and reaction inside
the catalyst pellets are neglected. Each bed is adiabatic.

We model the reacting stream from the inlet at z ¼ 0 to the outlet at z ¼
P
hn, (n ¼ 1; 2; 3; 4).

The state is everywhere specified by the temperature (T), pressure (P) and the mole fractions
(yi). The composition of the reacting mixture can be described by a single variable: the conver-
sion of SO2 in reaction I (v). This is a standard way to keep track of the composition in plug
flow reactors (see e.g. [8]). The conversion of SO2 in reaction I is defined as:

v ¼ moles of SO2 consumed by reaction I

moles of SO2 initially
(1)

The molar flow rates, Fi, and the mole fractions then become

Fi ¼ F in
SO2

ðh þ mivÞ (2)
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and

yi ¼
Fi
Ftot

¼ hi þ miv

htot �
1

2
v
; (3)
Fig. 1. Sketch of the reactor system.
Table 1
Reactor system parameters
Parameter D
escription
 Value
dbed B
ed diameter
 6 m

dpart P
article diameter
 8 mm

qbed B
ed density
 450 kg/m3
e B
ed porosity
 0.26

Tin I
nlet temperature
 333 K

Pin I
nlet pressure
 1:3 � 105 Pa
yin
SO2

I
nlet mole fraction of SO2
 0.075
yin
SO3

I
nlet mole fraction of SO3
 0
yin
O2

I
nlet mole fraction of O2
 0.1
yin
N2

I
nlet mole fraction of N2
 0.825
Fin I
nitial molar flow
 480 mol/s

g G
as viscosity
 3:7 � 10�5 Pa s
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respectively. Here, i ¼ SO2;O2; SO3;N2, superscript ‘in’ means values at the inlet of the first
bed, mi is the stoichiometric coefficient of component i, and

hi ¼
F in
i

F in
SO2

htot ¼
F in

tot

F in
SO2

(4)

The state variables are governed by conservation equations. These are the energy balance, the
momentum balance and the mole balance (see for instance [8]). The energy balance gives:

dT

dz
¼ p

4
ðdbedÞ2qbed rSO2

ð�DrHÞP
i FiCP;i

(5)

Here, DrH is the heat of reaction, rSO2
is the rate of reaction I, and CP,i is the heat capacity of

component i.
The momentum balance (Ergun’s equation) is:

dP

dz
¼ � 150g

ðdpartÞ2
ð1� eÞ2

e3
þ 1:75qinvin

dpart

1 � e
e3

� �
v (6)

P is the pressure, g is the gas viscosity, qin is the initial density of the gas, vin is the initial gas
velocity, dpart is the particle diameter, and v is the gas velocity.

Finally, the mole balance gives:

dv
dz

¼ p
4
ðdbedÞ2 qbed

F in
SO2

rSO2
(7)

Heat capacities, enthalpy of reaction and rate expressions were taken from [8]. Details are given
in Appendix A.
2.3. The heat exchangers

All heat exchangers are modeled the same way. The following parameters are fixed: the diam-
eter of the heat exchanger tube (dHX ¼ 0:03 m), the number of tubes (N ¼ 1000), and the Fan-
ning friction factor (f ¼ 0:005). These choices lead to reasonable overall heat transfer
coefficients, between 10 and 50 W/K m2 for gas–gas type heat exchangers [15]. The values are
representative for a shell and tube heat exchanger where the reaction mixture flows turbulently
on the tube side.

An average thermal driving force, XHX
m , is next allocated to each heat exchanger m. A linear

relationship is assumed between XHX
m , and the total heat transferred in the heat exchanger (i.e.

the duty), Qm [16]:

XHX
m ¼ RHX

m Qm (8)

The proportionality constant RHX
m is thus an average resistance to heat transfer. The average

driving force is the average difference in the inverse of the temperatures between the tube and
shell side of the heat exchangers. We assume that the resistance to heat transfer is located in the
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gas film that covers the heat exchanger pipes, giving:

RHX
m ¼ d

AHX
m

1

km �TT2
m

(9)

AHX
m is the area of transfer. The film thickness of the gas layer, d, is set to 10�3 m [17]. The

choice of this value is important since it relates linearly to the resistance. The estimate is consist-
ent with the earlier mentioned heat transfer coefficients of 10–50 W/k m2. The thermal conduc-
tivity of the gas, k, depends on the average temperature (see Appendix A). For a given duty and
area of transfer, the average driving force in the heat exchanger is calculated by introducing
Eq. (9) into (8):

XHX
m ¼ Qmd

AHX
m

�TT2
mkm

(10)

It is necessary to know the pressure difference across the heat exchanger for the calculation of
the entropies (Eq. (A.7)) that define the objective function. The pressure difference (outlet minus
inlet), DmP

HX, over heat exchanger m is [18]:

DmP
HX ¼ �4f

LHX
m

dHX

1

2
�qqm�vv

2
m (11)

The average velocity of the gas in the tubes, �vvm, is calculated from the number of tubes and
the diameter of the tubes:

�vvm ¼ 4FmR�TTm

NpðdHXÞ2Pin
m

(12)

Here, Fm is the total molar flow, R is the gas constant, and Pin
m is the pressure at the entrance of

the heat exchanger. We should have used the average pressure in the heat exchanger, but using

Pin
m enables a calculation without iterations with a negligible error. The average density of the

gas �qqm is:

�qqm ¼ Pin
m
�MMm

R�TTm
(13)

where �MMm is the average molecular weight of the gas mixture. Finally, the length of the tubes

LHX
m in the heat exchangers is:

LHX
m ¼ AHX

m

pdHXN
(14)

2.4. The industrial reference reactor

In order to have a meaningful optimization, one needs to define a reference. In this case, we
could use an industrial reactor system as Ref. [14]. It is defined by parameters in Table 1. The
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numbers represent industrial reality. As will be shown in this work, they are not necessarily the
optimum ones from an energy perspective.

The heights of the four catalytic beds are equal, 0.6 m in this system. The industrial reference
reactor system has a heat exchanger network in which the heats, which are generated by the
reaction and taken away in heat exchangers number 2, 4, and 5, are used for heating the feed
with heat exchanger number 1. Heat exchanger number 3 was independent from the network.
Four of the five duties of the heat exchangers are thus related by the choice of heat exchanger
network:

Q1 þQ2 þQ4 þQ5 ¼ 0 (15)

The heating of the mixture from 333 K in heat exchanger 1 is needed to reach a sufficiently high
temperature for the reaction to take place. Below 600 K, the reaction rate is near 0. The heat
exchangers 2, 3 and 4 cool the mixture out of a bed away from equilibrium (see also Fig. 5) so
that reaction can take place in the next bed. Heat exchanger 5 cools the mixture down to a tem-
perature given by downstream specifications. Eq. (15) was not taken into account in the opti-
mization, which provides an optimum independent from the design of the heat exchanger
network.

The temperature differences between the outlet and the inlet of the heat exchangers, DmT , are
given in Table 3 for each m. The areas of transfer are also given. The sum of these areas is the
total area of transfer equal to 4000 m2. This total area was used as a constraint in the mini-
mization. The duties were determined by solving the equations of the system (see Sections 2.2
and 2.3, and Eq. (15)). The temperature differences, the areas and the duties of all the heat
exchangers are given in Table 3. A negative sign for a duty in the table means heat transfer
from the reaction mixture to a coolant, while a positive sign means heat transfer from a heating
medium to the reaction mixture. The outlet temperature of the industrial reference reactor was

486 K, and the outlet mole fraction of SO2 was 1:839 � 10�3. These numbers were assumed to
be a specification for downstream equipment. Hence, the outlet temperature and mole fraction
of SO2, obtained in this manner, were used as constraints in the minimization.
3. The minimization problem

3.1. The objective function

The objective function, the entropy production rate dSirr=dt of the reactor system, is:

dSirr

dt
¼

X4

n¼1

dSirr;bed
n

dt

� �
þ
X5

m¼1

dSirr;HX
m

dt

� �
(16)

The first sum on the right-hand side is the contribution from the reaction and pressure drop in
the beds. The second sum is due to heat transfer and pressure drop in the heat exchangers. The
contribution from bed number n is obtained from the entropy balance over the bed:

dSirr;bed
n

dt
¼ Fout

n Sout
n � F in

n S
in
n (17)
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The contribution to the entropy production rate from heat exchanger m is obtained from the
entropy balance over the heat exchanger:

dSirr;HX
m

dt
¼ Fm Sout

m � Sin
m

� �
þ Fum Su;out

m � Su;inm

� �
(18)

Here, superscript u means a property of the unknown utility, which cools or heats the reaction
mixture on the shell side of the heat exchanger.

The entropy production rate due to heat transfer is equal to the product of average force and
total heat transferred. The following expression applies [19]:

QmX
HX
m ¼ Qm

�TTm
þ Fum Su;out

m � Su;inm

� �
(19)

By introducing Eq. (19) into Eq. (18), we have an expression for the entropy production rate in
the heat exchangers that does not require knowledge of the utilities:

dSirr;HX
m

dt
¼ Fm Sout

m � Sin
m

� �
� Qm

�TTm
þQmX

HX
m (20)

The third term, QmX
HX
m , is the contribution from heat transfer across the area of transfer. In

case of zero pressure drop, the first and second terms on the right-hand side of Eq. (20) cancel.
This is not the case here, and Eq. (20) is therefore a convenient description.

By introducing Eqs. (20) and (17) into Eq. (16), the objective function is obtained:

dSirr

dt
¼ FoutSout � F inSin �

X5

m¼1

Qm

�TTm
þ
X5

m¼1

QmX
HX
m (21)

The calculation of entropies is explained in Appendix A. The explicit expressions for XHX
m or

RHX
m are introduced in the objective function as explained before. An objective function is thus

formulated without explicit reference to the cooling and heating media around the reactor.
3.2. Variables and constraints

Three sets of variables were used in the minimization. These are:

1. The height of the beds, hn (n ¼ 1; 2; 3; 4). These were also used in earlier optimization studies
[10,11]. The heights can be changed to a certain extent in existing reactor systems during
replacement of the deactivated catalyst. They are therefore realistic variables. Since the cata-
lyst is expensive [11], the heights have an economical significance. In the minimization, we set

the sum of bed heights,
P4

n¼1 hn, less than or equal to the total bed height in the industrial
reference reactor.

2. The areas of transfer in the heat exchangers, Am (m ¼ 1; 2; 3; 4; 5). The magnitude of the cor-
responding driving force follows, once Am is known (see Eq. (10)). We chose the transfer
areas and not the forces, because the areas are always positive. They are thus convenient,
positive variables in the minimization algorithm. Like the catalyst, transfer area costs money,
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and therefore has also an economical significance. We choose to set the sum of transfer areas

constant in the minimization,
P5

m¼1Am ¼ Atot.
3. The temperature differences of the reaction mixture between the out- and inlet of the heat

exchangers, DTm (m ¼ 1; 2; 3; 4; 5). The temperature difference is related to the duty of the
heat exchanger via the energy balance. The temperature differences can be altered by the
choice of heating or cooling medium (i.e. utility). They might have a significant impact on
the heat exchanger network, but we do not consider this effect here.
With this choice of variables, an optimization is performed without knowledge of cooling and
heating media or heat exchanger network.

Constant in the minimization were the outlet compositions, the inlet compositions and flow
rates, Fin. These constraints fixed the chemical production to that of the reference case. The
inlet temperature and pressure, Tin and Pin, and the outlet temperature, Tout, were also kept
constant. Varying these latter properties has been considered, but this would lead to other con-
ditions up- and downstream. In this way, the up- and downstream processes are disturbed as lit-
tle as possible, and the minimization is as fair as possible. The bed diameter, the bed density
and the bed porosity are also constant. The outlet pressure, Pout, is a function of the height of
the beds and area of transfer, which were variables in the minimization.
4. Calculations

4.1. The mathematical method

The minimization problem is a constrained nonlinear programming problem. We used the
Matlab1 6.1 function fmincon to solve it. The same function was used earlier to minimize the
entropy production rate of distillation by De Koeijer et al. [16] and of reactors by Nummedal
and coworkers [20,21].
Fmincon uses a sequential quadratic programming method to solve our problem: see Math-

Works [22] for details on the algorithms in fmincon. In addition to the constraints described in
Section 3.2, we included upper and lower bounds on the variables. The temperature differences
over the heat exchangers were allowed to vary from �700 to 700 K, the bed heights from 0 to
2.4 m, and the transfer areas from 1 to 10 000 m2. This was done to prevent the algorithm from
crashing by trying unfeasible values.

In order to check for multiple minima and the reliability of the minimum that is reported, we
used two different procedures for the starting vectors. The first procedure was to take the refer-
ence variable vector as starting vector. Afterwards, perturbed versions of the reference were
used. Finally, perturbed versions of the minima were tried. The perturbations were done on all
variables. The main ones were to set a height or temperature difference to 0, and to rescale the
transfer areas. For the minimizations that served the purpose of comparison with the industrial
reference reactor, 20–30 different starting points were tried. By varying the total transfer area,
the results of a previous minimum were used and 5–10 perturbations were tried. The second
procedure was to make a random choice of starting vectors over a period of 2 weeks for selec-
ted cases. Several hundred initial variable vectors were tried. Most vectors caused the algorithm
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to crash. Among those which converged, the minimum was the same as the one found directly
using the first procedure.

Depending on the initial values, it took the algorithm 1000–10 000 iterations to find a mini-
mum. The algorithm needed a high accuracy of the simulation of the system and minimization
to converge to a satisfactory minimum. In the ode-solver, the accuracy was 10�6, while in
fmincon, the accuracy was 10�10.
4.2. Calculations

The conservation equations were solved for the industrial reference reactor, and used to
establish the fixed values in the minimization. The input and output from the industrial refer-
ence reactor to the minimization were otherwise as given above.

In the first run, the sum of areas of transfer was equal to the value of the industrial reference
reactor (4000 m2, see also Table 3). All three sets of variables were varied simultaneously as
described above. A minimum was found, and studied in more detail. In the next set of calcu-
lations, the total transfer area was set to one of six different values in the range 1000–6000 m2.
In the end, further restrictions were introduced in order to gain more insight, and show alterna-
tive results.
5. Results and discussion

5.1. Entropy production rates

The total entropy production rate ðdS=dtÞirr and its two contributions in Eq. (16) for the
industrial reference reactor system and the system with minimum entropy production rate with
a total transfer area 4000 m2 are given in Table 2. The table shows that the losses in the beds
(the chemical losses and the pressure losses) increase somewhat, from 1272 to 1334 W/K, but
the reduction in the losses in the heat exchangers (thermal and pressure losses) was larger, from
3415 to 2573 W/K.

The minimization procedure thus reduced the total entropy production rate by 16.7%. Our
first conclusion is then that the industrial reference reactor system has a large potential for sav-
ing energy. This indicates that even for an old and well established process, like the SO2 oxi-
dation, there is still significant energetic improvement possible. The value 16.7% is large in
relation to all the constraints mentioned in Section 3.2. The largest part of the saving is due to
the redistribution and change in the values of Qm. The total amount of transferred heat
Table 2
Contributions to the energy production rates in W/K
R
eference
 Minimum
Heat exchangers 3
415
 2573

Beds 1
272
 1334

Total 4
687
 3907
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(
P5

m¼1 jQmj) is reduced from 12.42 to 10.67 MW. A smaller part (4.4%) can be explained by the

larger outlet pressure in the optimum case: 1:16 � 105 vs. 1:10 � 105 Pa in the reference case.
The outlet pressures differ between the optimized and reference cases, so we also calculated

the different second law energy efficiency [23]. The maximum obtainable work from the refer-
ence system was 2.03 MW, while that for the system at minimum entropy production rate was
1.97 MW. This difference is caused by the different outlet pressures. The second law energy
efficiency therefore increased from 0.31 in the reference system to 0.41 in the optimized system.
This calculation also confirms that a significant improvement is possible.

The contribution of the heat exchangers was reduced by 24.7%. It is interesting that the mini-
mization did not reduce the entropy production rate in the reactor beds: there was in fact a
4.9% increase in the entropy production rate for the reactor beds after the minimization. The
gain for the total process came from better operation of the heat exchangers. The minimization
procedure gives new values for the operating and design variables of the heat exchangers, which
are given in Table 3. These values characterize the state of operation and are discussed in the
subsections below.

In our next case, we let the total area vary, and found the state with minimum entropy pro-
duction rate for each of six new total areas. The value of the reference is given by a point, a tri-
angle, for Atot ¼ 4000 m2 in Fig. 2. The total entropy production rate as well as its separate
contributions, from the catalyst beds and from the heat exchangers, are plotted as function of

total area of transfer (Atot ¼
P5

m¼1Am), in Fig. 2. The total entropy production rate is given by

a thick line, the contribution from the catalyst beds is shown by a dashed line, and the contri-
bution from the heat exchangers is given by a thin line with crosses.

The line for the total entropy production rate was roughly parallel to the line for the heat
exchangers. The contribution from the heat exchangers was always the most important part in
Eq. (21). The variation in the total entropy production rate can therefore be explained by the
contribution from the heat exchangers. The contribution of the catalyst beds to the entropy pro-
duction rate, changed little with the area of transfer, from 1400 W/K at 1000 m2 to 1270 W/K
at 6000 m2 (see Fig. 2).

The entropy production rate was roughly inversely proportional to the transfer area. This is
reasonable. At zero area of transfer, the entropy production rate would be infinite. At large
transfer areas, the entropy production rate due to heat exchange tends to 0. Only the con-
tributions of reaction and pressure drop remained for the range shown. For very large areas
Table 3
Operating conditions for the heat exchangers in the reference and optimum reactor with 4000 m2 total area
Heat exchanger
number, m

D
mT (K)
 Am (m2)
 Qm (MW)
Ref O
pt R
ef
 Opt
 Ref
 Opt
1
 374.54
 318.1 1
743.8
 2173.1
 5.58
 4.70

2
 �90.00
 �67.7
 581.2
 249.7
 �1.45
 �1.08

3
 �80.00
 �45.1
 512.5
 171.7
 �1.27
 �0.72

4
 �55.00
 �36.3
 181.3
 151.8
 �0.87
 �0.57

5 �
214.00 �
235.6
 981.2
 1235.7
 �3.26
 �3.60
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(>10 000 m2), the contribution from pressure drop in the heat exchangers increased signifi-

cantly, however, as the length of the tubes in the heat exchangers increased significantly.
By drawing a straight line parallel to the area axis in Fig. 2 through the point that

represents the reference system, we see that the same production and entropy production can be

maintained, but with 1200 m2 less transfer area, i.e. 2800 m2. This may be an interesting alterna-

tive to improve the system: to save instead on the area of transfer.
5.2. The nature of the solution: temperature and concentration profiles

One point on the solid line in Fig. 2 represents a set of variables, that uniquely define the

reactor system and its operation. The temperature and concentration profiles with Atot ¼
4000 m2 are shown in Figs. 3 and 4. The profiles for the system with minimum entropy

production rate are shown with broken lines, while the profiles of the reference system are

shown for comparison with solid lines. The temperature profile in Fig. 3 and the SO2 mole frac-

tion profile in Fig. 4 must thus be applied to have a reduction in the entropy production rate of

16.7% compared to the industrial reference reactor.
The temperature profile and the mole fraction profile of the reference system are typical for a

conventional SO2 oxidation reactor system [9]. The reaction mixture reaches equilibrium well

before the end of each bed in the reference system, as indicated by the four relatively flat parts

in the temperature profile of the industrial reference reactor (Fig. 3). This state of operation is

robust. It gives the reactor system a possibility to cope with deactivation of catalyst, since all of

it is not used.
The mole fraction profile (Fig. 4) indicates that little has reacted in the last bed. However,

there was a significant relative conversion, since pSO2
=pin

SO2;4
reached 0.40 in the last bed. The last

bed is thus important to keep the desired outlet concentration low.
n rate of the contributions of the minimum vs. transfer a
Fig. 2. Entropy productio rea, including reference.



G. de Koeijer et al. / Energy 29 (2004) 525–546538
The state of minimum entropy production rate has different characteristics than the industrial
reference case. The equilibrium composition was only nearly reached at the outlet of each bed.
This is expected in an optimization that has catalyst height as a variable; reaching equilibrium is
in this respect a waste of catalyst. Extra catalyst would cause an unnecessary pressure drop. So,
Fig. 3 shows, from a second law perspective, that there is excess catalyst in the industrial refer-
ence reactor. The total bed height decreased from 2.4 m in the industrial reference reactor to
1.98 m in the operation with minimum entropy production rate. The mole fraction profile of
SO2 (Fig. 4) shows that the production became more uniformly distributed in the optimal situ-
ation. The fact that one does not reach equilibrium at the outlet of a bed makes the reactor sys-
tem less robust. The system is more sensitive to deactivation of catalyst, when the amount of
mperature profile of the optimized and industrial reference
Fig. 3. Te reactors.
le fraction profile of the optimized and industrial referenc
Fig. 4. Mo e reactors.



539G. de Koeijer et al. / Energy 29 (2004) 525–546
catalyst is ‘‘just enough’’. It is useful, however, to know the minimum amount of catalyst
needed. The sums of bed heights of the minima (e.g. 1.98 m at Atot ¼ 4000 m2) can be seen as
such a minimum value for the given objective function, variables and constraints.

Important, and somewhat surprising is that the optimal state of operation had a lower
maximum temperature in the reactor, and also a smaller exposure to high temperature (Fig. 4).
When the catalyst on the whole is exposed to milder conditions, it will deactivate more slowly.
This is interesting, because it compensates to some degree for the loss of robustness discussed
above. The explanation for the finding is the increase of the entropy production in the beds (see
Table 2).

The nature of the solution, or the profiles in Figs. 3 and 4, did not change much by changing
Atot, the sum of all areas for heat transfer. The variable that changed mostly with Atot was the
height of the first bed, h1 (see next section). The same patterns as in Figs. 3 and 4 were observed
for the temperature and concentration profiles for other values of Atot: the values of the maxima
and minima of the profiles were similar, but the position given by h1 changed.

It is common in reaction engineering to give the degree of conversion of the reaction as a
function of temperature. Such a diagram for this particular reactor system is found in Ull-
mann’s Encyclopedia [9]. Our results are plotted in such a way for the industrial reference reac-
tor and for the optimal reactor in Fig. 5 with the values for equilibrium and maximum reaction
rate. In the industrial reference reactor, the degree of conversion (the thick solid line) is
touching the line that corresponds to the equilibrium composition for each temperature (the
thin dashed line). In the reactor with minimum entropy production rate, the degree of conver-
sion (thick dashed line) is only close to the equilibrium line in the reactor with minimum
entropy production rate (not shown). In both cases, the curves for the degree of conversion
crisscrossed the line that represents the maximum reaction rate (thin solid line) (see Fig. 5).
Fig. 5. Degree of conversion as a function of temperature for the industrial reference reactor and the reactor with
minimum entropy production rate. The equilibrium composition and the conditions for maximum reaction rate are
also shown. The total area for heat exchange was 4000 m2.
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5.3. The nature of the solution: variables

For each total area of transfer, we also plotted the temperature differences between the out-
and inlets of the heat exchangers and the corresponding bed heights for the state of minimum
entropy production rate (see Figs. 6 and 7). The temperature differences did not change much
by changing the transfer area. The small scatter in Fig. 6 is explained by numerical inaccuracies.
The solution surface is namely flat around the minimum (see also Section 5.5).

Four of the five bed heights also did not vary (much) with the transfer area (see Fig. 7). Only
the height of the first bed decreased significantly with the transfer area. Ullmann’s Encyclopedia
[9] has recommended single bed heights between 0.2 and 1.0 m. Our solution is within this rec-
ommendation for a total area of transfer larger than 4000 m2. As the total area of transfer
becomes smaller, we have a different height recommendation for the first bed. A second law
optimal reactor system should have catalyst filling in the first bed varying from 0.8 to 1.6 m as
the total area of transfer varies from 6000 to 1000 m2.

The sum of the heights was the full 2.4 m when the total area was less than 2000 m2. A
reduction in the catalyst filling was only beneficial for larger areas with this particular set of
constraints. The total bed height was reduced to 1.7 m when the total area was 6000 m2.
Thanks to the larger area for heat exchange, and larger capacity for cooling, the system then
operates closer to the maximum reaction rate (see Fig. 5). This explanation is supported by a
higher entropy production rate of the reaction per kilogram of catalyst at larger transfer areas.

Finally, the driving forces for heat exchange in the state of minimum entropy production rate
are plotted in Fig. 8. All driving forces decreased in absolute value with the transfer area and
tended to 0 at infinite transfer area, as expected.

We are now in a position to return to the observation made upfront on the possible saving of
total area for heat exchange. We saw that an optimum state of operation with the same entropy
production rate as that of the reference system was obtained for a total area of transfer around
2800 m2. From the figures in this and the preceding section, we see that the temperature differ-
erences of the reaction mixture across the heat exchanger
Fig. 6. The temperature diff s in the state of minimum
entropy production rate.
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ences across the heat exchangers are not much affected by this change. The most significant
change that has to accompany the reduction in area is the redistribution of the catalyst among
the beds. In particular, the height of the first bed should be increased from 0.60 m in the refer-
ence system to 1.58 m in the optimal system, compare Fig. 7 and Table 3.

5.4. Smaller sets of variables

In order to see how sensitive the minimum solution was to the set of variables chosen, the
minimization was carried out with subsets of the variables. A practical motivation for doing this
is to find the most important variables. We therefore varied

. the bed heights only,

. the distribution of area of transfer only, and

. the temperature differences across the heat exchangers only
8. Driving forces in the state of minimum entropy product
Fig. ion.
. 7. Bed heights in the state of minimum entropy productio
Fig n.
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By varying the bed heights only, the entropy production was reduced by 4.2% (4490 W/K)
compared to the reference case. When the transfer area distribution alone was allowed to vary,
it was reduced by 3.6%. A variation of the temperature differences was by far the most impor-
tant way to reduce the entropy production rate, as a reduction of 12.4% was obtained.

Even if the variation in the bed heights did not reduce the entropy production that much, the
total bed heights were reduced by the minimization, to 1.5 m. (The heights were 0.250, 0.175,
0.465, and 0.580 m for bed numbers 1–4, respectively, compare Table 3.) The areas that gave
3.6% reduction in entropy production rate in case 2 were 2247, 386, 349, 199, and 819 m2. The
large (12.4%) reduction in the entropy production rate was obtained by changing the tempera-
ture differences to, respectively, 213.3, 121.6, �118.3, �45.2, and �237.6 K. Interesting is that
the first two heat exchangers should be used for heating. The first bed was then not effective.

To vary only one of the variable sets may thus be fruitful. The temperature differences had by
far the largest impact on the reduction in entropy production in this reactor system. This is not
surprising, as the heat exchange processes contributed most to the entropy production, and the
temperature differences specify the driving forces. The heights as a variable came second, and
the area distribution had the least impact. (A change in the total area again has a large effect,
however.) The nature of the solution of the single variable-minimization was distinctly different
from the ones found when all variables were included (not shown).

Finally, we imposed a constraint constant average forces across all heat exchangers
(XHX

m ¼ constant). This was motivated from the good results by imposing a similar constraint
for diabatic distillation in De Koeijer et al. [16]. The variables and constraints were the same as

the ones mentioned earlier in Section 3.2 and the total area was set to Atot ¼ 4000 m2. Next, the
entropy production rate was minimized. The value of the constant driving force was

2:08 � 10�4 1=K, and the minimum entropy production rate was 4039.53 W/K. The reduction
was 13.8% compared to the reference value. This is also a significant reduction, comparable to
the result obtained for diabatic distillation columns.

5.5. Other comments

The central question raised by this work is how to turn the reductions in entropy production
rate into benefits. The entropy is a measure of quality of energy, and a lower entropy pro-
duction rate means higher quality outlets and/or lower quality inlets. A good example of a
benefit is thus higher outlet temperatures of the heating medium.

In this investigation, the benefits manifest themselves not directly. However, once one has
chosen the utilities, the optimum in- and outlet temperatures and flows of the utilities can be cal-
culated with the values of the driving forces XHX

m in Fig. 8. Then, one can obtain the design with
the higher quality energy inputs or lower quality energy inputs. Alternatively, a smaller need for
transfer area for heat exchange can also be considered. In practice, the benefits may depend on
the other processes in the plant. The results for the cooling and heating conditions clearly do.
The degree of catalyst filling is, however, not dependent on other parts in the process.

A certain choice of variables have been used in this investigation. Other choices are also poss-
ible with the same method. Other variables are, for instance, the number of beds, number of
heat exchangers, bed porosity, inlet conditions, outlet conditions, or diameter of the beds. Fur-
thermore, imagine that the profiles of temperature, composition and pressure inside the beds
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could be controlled in more detail. In Johannessen and Kjelstrup [25], a tubular SO2 converter
with continuous cooling by a utility flowing outside the reactor tubes was studied. Optimal con-
trol theory (Pontryagin’s maximum principle) was used to find the temperature profile of the
utility that gave minimum entropy production while keeping the inlet and outlet states of the
reacting stream fixed.

The expression for the entropy production rate used the entropy balances of the various parts
of the system. This means that the single parts of the process were taken as black boxes. The
entropy production rate per unit of volume, as given by a flux-force product from irreversible
thermodynamics [24], can offer additional insight into the nature of the solution. For the chemi-
cal reaction, the entropy production rate is [3,25]:

dSirr;bed
n

dt
¼ p

4
d2

bedqbed

ðhn
0

rSO2
� DrG

T

� �
dz (22)

In this work, the simpler way to express the entropy production rate, Eq. (17), was sufficient.
The multidimensional surface around the minimum seemed to be rather flat. The algorithm

converged at solutions having entropy production rates within 0.3 W/K of the reported value.
The temperature differences, the areas and the bed heights of these solutions deviated from the
reported values with less than 2.5 K, 16 m2 and 0.013 m, respectively. These small convergence
problems are the reason for the scatter in the variables in Figs. 6–8.

It is interesting to compare the results obtained here to those obtained for diabatic distillation
columns [16]. The diabatic tray distillation column had heat exchangers in connection with sev-
eral trays. A figure similar to Fig. 2 was presented for the distillation. The contribution to the
entropy production rate of heat transfer was also modeled by QmX

HX
m in that investigation. The

main conclusion of the work on distillation was that the heat exchangers had a significant influ-
ence on the state of minimum entropy production rate. The same observation is made here, cf.
Fig. 2. The main potential for increase in the second law efficiency was in the operation of the
heat exchangers. The entropy production rate from the reaction increased in fact in the mini-
mization. An important difference with De Koeijer et al. [16] was that we used a nonequilibrium
model for this system. The distillation columns were modeled using the assumption of equilib-
rium between the outlet flows on each tray.
6. Conclusion

We have shown through second law optimization studies for a standard industrial SO2 con-
verter, that there is a significant potential for energy saving, without major investments in new
apparatuses. The entropy production rate of the converter can be reduced by 16.7% in compari-
son with a reference system. This was obtained by changing bed heights, area distribution
between intermediate heat exchangers, and inlet and outlet temperatures from the heat exchang-
ers. The total area, the inlet temperature, pressure, and composition as well as the outlet tem-
perature and composition were not altered. The benefits can be taken out in terms of higher
quality heat in the utilities or by smaller area needed for heat exchange. The state of operation
that had minimum entropy production rate had milder thermal conditions in the catalyst beds.
The amount of catalyst needed depended on the area of the heat exchangers.
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It is interesting to see that, even for well proven technology, it seems possible to find new
modes of operation that do not alter the output, but result in better overall energy economy for
the part studied. It is expected that a larger improvement can be obtained if the design is
allowed to vary more than is done in this work.
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Appendix A.

The reaction rate, rSO2
, is [8]:

rSO2
¼ kr

ffiffiffiffiffiffiffiffiffiffi
PSO2

PSO3

s
PO2

� PSO3

PSO2
KP

� �2
" #

(A.1)

where

kr ¼ 9:8692 � 10�3exp
�97782

T
� 110:1lnT þ 848:1

� �
(A.2)

and

KP ¼ 0:003142exp
98359

RT
� 11:24

� �
(A.3)

Below v ¼ 0:05, the reaction rate at v ¼ 0:05 was used. This is recommended by Fogler [8]
because Eq. (A.1) gives too high a reaction rate in that region.

According to Fogler [8], the heat capacities are:

CP;i ¼ ACPi þ BCPi T þ CCP
i T2 (A.4)

Here, ACPi , CCP
i , and CCP

i are coefficients that are given in Table 4. With these heat capacities,
the heat of reaction is:

DRH ¼ DRHðT refÞ � 6:5415ðT � T refÞ þ 0:0205165

2
ðT2 � T ref2Þ

� 10:007� 10�6

3
ðT3 � T ref3Þ (A.5)

The heat of reaction at reference temperature, 700 K, is �98787.5 J/mol.
The thermal conductivity was taken from Reid et al. [26], who tabulated k in the form:

ki ¼ Ak
i þ Bk

i T þ Ck
i T

2 þDk
i T

3 (A.6)
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The thermal conductivity and the heat capacity of vapor mixture are the molar averages. The
coefficients are given in Table 4.

The entropies of the gases, required for Eqs. (17) and (20), were calculated with:

S ¼
X
i

yi Sref
i þ

ðT
T ref

CP;i
T

dT

� �
� R

X
i

yilnyi � Rln
P

Pref
(A.7)

The standard pressure is 1:013 � 105 Pa. The standard entropies at 298.15 K in the gas phase
are given in Table 4, and were taken from Handbook of Chemistry and Physics [27].
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