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Abstract

The best way of adding two interstage heat exchangers to a binary distillation column is studied using
irreversible thermodynamics. A distillation column is simulated with a computer program using the tray-
to-tray calculation method. The purpose of the analysis is to find the locations of the two interstage heat
exchangers which give the minimum entropy production rate in the column. According to the isoforce
principle, minimum entropy production rate is obtained in distillation when the driving forces are uni-
formly distributed over the trays. This implies that the entropy production rate, in the optimum case, varies
according to the value of the phenomenological coefficient. Therefore, locations with the largest deviations
from this behavior are good locations for additional heat exchangers. A column separating n-pentane and
n-heptane is used to demonstrate how the optimum variation in the coefficient may be used in prac-
tice. � 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

A large fraction of the energy need in the chemical industry is used in distillation processes.
Second law efficiencies are typically very low for these processes (5–20%). We have previously
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shown for binary distillation that the energy efficient tray column has equal driving forces for
evaporation of the light component on every tray, see Ratkje et al. [1] and Sauar et al. [2]. In this
context, an energy-efficient system means that the system operates with minimum entropy pro-
duction rate, minimum lost work or minimum exergy loss. Adiabatic columns do normally not
have constant thermodynamic driving forces. Forces that are closer to constant can be obtained
by distributed heating. Le Goff et al. [3] describe columns with distributed heating.

The aim of this work is to answer the following question: given that we know the ideal solution
for distributed heating and have only two interstage heat exchangers available, how can we use
this knowledge to find the optimum position of these exchangers? The addition of only two in-
terstage heat exchangers can hopefully lead to a reduction of entropy production rate without

Nomenclature

Symbols
A area of transfer (m2)
i production/force counter
J production (mol/s or W)
j production/force counter
k production/force counter
l phenomenological coefficient (mol2 K/s J)
L phenomenological coefficient (mol2 K/s J)
Ln liquid flow below tray n (mol/s)
m number of productions
n tray counter
Q heat flow (W)
r resistance (s J/mol2 K)
S entropy (J/molK)
s number of trays
T temperature (K)
V volume (m3)
Vn vapor flow below tray n (mol/s)
X force (J/molK or 1/K)
x liquid mole fraction
y vapor mole fraction
z distance (m)

Greek
DvapH heat of vaporization (J/mol)
k Lagrange multiplier
l chemical potential (J/mol)
r entropy production rate per volume (J/K sm3)
R entropy production rate (J/K s)
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adding too much to the equipment costs (see Agrawal and Fidbowski [4]). In order to answer the
question we have chosen to study a model column that separates a binary mixture of n-pentane
and n-heptane. We investigate how the entropy production rate, forces and phenomenological
coefficients vary through the column. These are next used to discuss the best position of the two
heat exchangers. The system consists of the distillation column alone. Fig. 1 gives a schematic
representation of the column with two interstage heat exchangers. Only the column is the target
for optimization.

2. Distillation with minimum entropy production rate

2.1. Stationary state operation

The total entropy production rate of the distillation column, R, is the integral of the local
entropy production rate rðzÞ ¼ r½J1ðzÞ; J2ðzÞ; . . . ; JmðzÞ� over the volume V of the column

R ¼ A
Z
z

rðzÞdz ð1Þ

The entropy production rate is a function of the m productions JiðzÞ at location z. By a pro-
duction we mean a flux integrated over the area of transfer (A). The entropy production rate of a
non-equilibrium system has a similar relation to the fluxes as the entropy has to the independent
extensive variables of an equilibrium system. The freedom to redistribute the productions JiðzÞ
over the volume, or the column trays, makes it possible to optimize the entropy production rate
(see Kjelstrup et al. [5]). The minimum in the entropy production for a given set of productions, is
found using Lagrange’s method of undetermined multipliers:

Fig. 1. Schematic representation of the distillation column with two interstage heat exchangers in which the dashed line

encloses the system to be optimized.
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o

oJjðzÞ
R

"
þ
Xm
i¼1

kiJi

#
¼ 0 i ¼ 1; 2; . . . ;m ð2Þ

where o is a functional derivative and ki are the Lagrange multipliers. From functional theory, we
can replace the functional derivative by the local derivative when Ji are independent. The Euler–
Lagrange variational principle then gives:

oR½J1ðzÞ; J2ðzÞ; . . . ; JmðzÞ�
oJjðzÞ

¼ �kj ð3Þ

meaning that the column produces minimum entropy when the distribution of JjðzÞ is such that
oR=oJjðzÞ is constant over the volume. When the derivative is constant, entropy production rate
cannot be saved by moving production from one to another position (see Ratkje et al. [1]). As an
example, consider Jk as the only interesting production. This gives:

o

oJkðzÞ
½R þ kkJk� ¼ 0 ð4Þ

The other productions are then not restricted, and are most appropriately chosen such that:

o

oJkðzÞ
R ¼ 0 j 6¼ k ð5Þ

meaning that the forces conjugate to the fluxes should be zero. This is possible if the forces are
independent of one another. One can extend the number of interesting productions by adding
more equations like Eq. (4).

In a tray column, we may assume that it is possible to replace the integration in the equations
above by a summation over trays. The total production of a component has then a contribution
from each tray. On one arbitrary tray, n, the production is

Ji;n ¼
Xm
j¼1

lij;nXj;n ð6Þ

where lij;n is the phenomenological coefficient for transport on this tray, and Xj;n is the driving
force for j. When the forces are linear functions of the fluxes, we have:

Xj;n ¼
Xm
i¼1

rji;nJi;n ð7Þ

We can also write:

Rn ¼
Xm
i¼1

Ji;n
Xm
j¼1

rij;nJj;n

" #
ð8Þ

where rij is the resistance and an element in the inverse matrix of lij s. From Eqs. (4) and (8) we
have:

oR
oJk

¼
Xm
j¼1

2rkjJj ¼ �kk ð9Þ
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combining with Eq. (7) gives:

Xk ¼
Xm
j¼1

rkjJj ¼ � 1

2
kk ð10Þ

This means that minimum entropy production rate is obtained when the driving forces are
constant along the transport path. When only independent variables are used, we can conclude
that forces corresponding to all other productions Ji 6¼ Jk must be as small as possible. The
constant production over all trays (s) is:

Ji ¼
Xs

n¼1

Ji;n ð11Þ

The optimum production of j, when all other forces than the kth is zero, is:

Jj;n ¼ �1
2
ljk;nkk ð12Þ

and the entropy production rate is in this case:

R ¼
Xs

n¼1

Rn ¼
1

4
k2
k

Xs

n¼1

lkk;n 	
1

4
Lkkk

2
k ð13Þ

with the overall coefficients generally written as:

Lkj 	
Xs

n¼1

lkj;n ð14Þ

We observe that the entropy production rate should vary in the same manner as the diagonal
(main) phenomenological coefficient in the optimum situation. We shall use this property to
improve distillation in an adiabatic column, by adding two heat exchangers the best possible way.

When the overall coefficient is known, the optimum force is now equal to:

Xk ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
R=Lkk

p
ð15Þ

The given production is:

Jk ¼
ffiffiffiffiffiffiffiffiffi
RLkk

p
ð16Þ

There is a production of the other materials through their coupling coefficients to the non-zero
driving force:

Jj ¼ Ljk

ffiffiffiffiffiffiffiffiffiffiffiffi
R=Lkk

p
ð17Þ

The above results are valid when the coefficient lij or rij are functions only of composition,
temperature and pressure, and not of the force. The restriction to the transport processes in the
column is independent productions JiðzÞ, for the results to be true. When this is the case, the en-
tropy production rate will vary along the column, proportionally to the phenomenological co-
efficient. The coefficients need not be constant. We do not expect that the conditions for the
optimal solution are all fulfilled in the present case. At present, we have used fluxes and coeffi-
cients that derive from the assumption of equilibrium between the vapor and liquid at the outlets
of each tray. This gives constraints on the system, and therefore a deviation from the isoforce
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solution, as shown by Bedeaux et al. [6]. Numerical results indicate that certain columns with
certain boundary conditions (see Sauar [7], Sauar et al. [2]), may still have an optimum solution
that is not too far from isoforce operation.

We shall here investigate whether the proportionality between the entropy production rate and
the phenomenological coefficient (13) can be used as a rule of thumb to find an answer to the
question of the optimum location of the two heat exchangers.

2.2. Distillation of a binary mixture

In a tray distillation column that separates two components, there are three fluxes and forces of
transport. These fluxes and forces are not independent, however, and cannot all be used in an
optimization. We shall see how the practical situation helps us to reduce the number of variables.
But first we shall find the entropy production rate on each tray. Fig. 2 gives a scheme of a tray.
For tray number n, the inlet flows and mole fractions have number n and the outlet nþ 1.

On this tray we have production of heat in the gas phase, J 0g
q , and of components J1 and J2: The

entropy production rate for tray number n is in accordance with De Groot and Mazur [8]:

Rn ¼ J 0g
q;nDn

1

T

� �
� J1;n

1

Tn
Dnl1;T � J2;n

1

Tn
Dnl2;T ð18Þ

where D is taken between the exit and the entrance states of the tray. If there is good stirring in the
liquid (convection), the first state is the liquid state close to the interface at the entrance, and the
last state is the state of the exit gas. We shall take the exit gas and exit liquid to be in equilibrium
with one another, so that there will be a bound on the coefficients and the fluxes, as discussed in
the previous section. The stationary state entropy balance over a tray is:

Fig. 2. Schematic representation of a tray.
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Js;n � Js;nþ1 þ Jq=Tn þ Rn ¼ 0 ð19Þ
In the stationary state, there is no change in entropy density on the tray. The entropy flow leaving
the system, Js;nþ1 minus entropy flow into the system, Js;n plus the entropy contributed from the
heat exchanger at temperature Tn, Jq=Tn, must be equal to the entropy production rate.

In terms of flows, the entropy balance for a tray without a heat exchanger becomes:

0 ¼ Rn þ VnSvap
n þ Lnþ1S

liq
nþ1 � Vnþ1S

vap
nþ1 � LnSliq

n ð20Þ

Here L denotes the liquid flow, S is the absolute entropy, and the subscript denotes the tray the
flows refer to.

The production of component i (in mol/s) from tray number n is obtained from the mass
balance over the tray:

Ji ¼ Vnþ1yi;nþ1 � Vnyi;n ð21Þ

where Vn is the vapor flow below tray n in moles per second, and yi is the vapor mole fraction of
component i. The transfer of heat from the liquid to the gas is modeled by the energy balance.
With negligible temperature gradients in the liquid phase, the energy balance for transport across
the liquid–vapor interface on tray n is:

J 0g
q;n ¼ �J1;nDvapH1 � J2;nDvapH2 ð22Þ

where DvapHi is the partial molar enthalpy of vaporization of component i.
The driving force for component i is estimated from:

� 1

Tn
Dli;T ;n ¼ � 1

2
R ln

xi;nþ1

xi;n

�
þ ln

yi;nþ1

yi;n

�
ð23Þ

The estimate is an average over the liquid and gas phases. The two chemical forces are related,
because the sum of the mole fractions in each phase is unity. The thermal force on tray n was
chosen so that the entropy production was the same, whether it was calculated from Eqs. (18) or
(20), and so that all the main phenomenological coefficients were positive:

D
1

T

� �
¼ T liq

nþ1 � T vap
n

8½T liq
n �2

ð24Þ

The flux equations that derive from Eq. (18) are:

J 0;g
q;n ¼ �lqq;nDn

1

T

� �
� lq1;n

1

Tn
Dnl1;T � lq2;n

1

Tn
Dnl2;T

J1;n ¼ �l1q;nDn
1

T

� �
� l11;n

1

Tn
Dnl1;T � l12;n

1

Tn
Dnl2;T

J2;n ¼ �l2q;nDn
1

T

� �
� l21;n

1

Tn
Dnl1;T � l22;n

1

Tn
Dnl2;T

ð25Þ

In lack of more precise information, we assume that the coupling between the mass fluxes is
negligible l12;n ¼ l21;n ¼ 0. Phenomenological coefficient ratios can be identified by comparing
these equations with the energy balance (see Eq. (22)):
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lq1;n
l11;n

¼ DvapH1

lq2;n
l22;n

¼ DvapH2

ð26Þ

The fluxes and forces as well as phenomenological coefficients were found from these equations.

3. Calculation procedure

A computer program was implemented (programming language C) using the tray-to-tray
calculation method described by King [9] and Knoche [10]. Input data were the number of trays,
the feed tray location, the feed flow rate and the recoveries for the distillate and bottom. The
program calculates the reflux ratio and the corresponding thermal energy need with an iterative
procedure. The necessary vapor–liquid equilibria data (VLE) were obtained from a combination
of an interpolation function and a data file containing 2000 VLE data. The data file was created
with ASPEN PLUS. It can contain data for all mixtures and equations of state that are available
in ASPEN PLUS. As an estimate for the partial molar enthalpies of vaporization in Eq. (22) the
pure component values were used.

The column separated a boiling liquid stream of 100 mol/s containing an equimolar mixture of
n-heptane and n-pentane, a highly ideal mixture. The column contained 19 trays, and the feed tray
was above tray number 10. Both recoveries were 0.9999. The Peng–Robinson equation of state
was used to obtain the VLE data. The program was used to find the entropy production rate on
each tray, the driving forces and the phenomenological coefficients of transport from Eq. (25).

4. Results and discussion

The entropy production rate of n-pentane and n-heptane on each tray in the adiabatic column
is shown in Fig. 3. The entropy production rate due to heat transport is not shown in the figure,
because it was small (<8%) compared to the other contributions.

Fig. 3. The entropy production rates by n-pentane and n-heptane as a function of the tray number in the adiabatic

column.
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The figure shows that n-pentane is the main contributor to the entropy production rate in the
stripping section (64%) and n-heptane in the rectifying section (86%). In binary distillation there is
only one degree of freedom for the column in the stationary state. In the stripping section, we
therefore choose to minimize the entropy production choosing n-pentane as the free variable, and
in the rectifying section, we choose to minimize the entropy production rate using n-heptane as the
free variable. The feed tray location (no. 10) is not considered as a possibility for adding a heat
exchanger due to complex programming and design.

We are interested in the covariation of the entropy production rate and the main phenome-
nological coefficient. Fig. 4 shows the main phenomenological coefficient for production of n-
pentane and n-heptane in the adiabatic column.

We see from Fig. 4 that the phenomenological coefficients do not vary in the same manner as
the entropy production rate of Fig. 3. In order to check how far the (non-ideal) adiabatic column
is from isoforce operation, the main phenomenological coefficient of n-pentane was plotted as a
function of the total entropy production rate (all three contributions) of the trays of the stripping
section, see Fig. 5.

Fig. 4. The main phenomenological coefficient for n-pentane and n-heptane production as a function of the tray

number in the adiabatic column.

Fig. 5. The total entropy production rate vs. the main phenomenological coefficient of n-pentane in the stripping

section of the adiabatic column.
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It is obvious that the smaller coefficients follow the variation in the entropy production rate
quite well, while the points with the higher values deviate. The largest deviation is the tray below
the feed tray. If the theoretical results are true, this is the place to add the first heat exchanger. A
similar figure was made for the rectifying section. The main phenomenological coefficients for n-
heptane transport were plotted against the total entropy production rate in Fig. 6. Again, we see
that the largest deviation from isoforce operation for this column is where we have the larger
phenomenological coefficients, i.e. the largest deviation is close to the feed tray. The second in-
terstage heat exchanger should therefore be placed on tray 11 and/or 12.

In order to check the predictions we calculated also numerically the locations that gave min-
imum entropy production rate for the total column. Table 1 gives the reboiler and condenser
duties and the corresponding total entropy production rate, for the numerical optimum and the
adiabatic column.

The results show that the optimum thing to do, is to put the heat exchangers directly around the
feed tray. The addition of heat exchangers at tray 9 and 12 with respectively 6:4� 105 and
1:3� 105 W meant a reduction of 14% in entropy production rate. The optimum was found to be
a broad one. To show this Table 1 contains also data from a near-optimum column in which the
heat exchanger in the rectifying section is moved from position 12 to 11 with the same duty. We
conclude that the qualitative method is in agreement with the results for the numerical optimum.

We have thus been able to deduce the optimum location for additional heat exchangers in this
particular column. Whether the same is true for other systems, remains to be seen. We also cannot
predict a priori the duties of the heat exchangers. This has to be established by other means, e.g.
by numerical simulations. If the method is true, computer time and efforts may be saved.

Fig. 6. The total entropy production rate vs. the main phenomenological coefficient of n-heptane in the rectifying

section of the adiabatic column.

Table 1

Duties and entropy production rate for the adiabatic, optimum and a near-optimum column

Qreb (MW) Qcond (MW) R (J/sK)

Adiabatic 2.37 0.704 546.2

Optimum 1.89 0.732 472.1

Near optimum 1.90 0.797 473.3
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5. Conclusions

The distribution of variables that lead to minimum entropy production rate in a binary dis-
tillation column, i.e. isoforce operation, have been discussed. By using the results of the isoforce
operation, we propose a rule of thumb that the entropy production should be proportional to the
variation in the main phenomenological coefficient through the column. The rule is applied to a
column that separates an equimolar mixture of n-pentane and n-heptane. We find that it correctly
predicts the optimum location of two interstage heat exchangers compared to a numerical opti-
mization procedure for this case. The entropy production rate was reduced by 14% by adding the
heat exchangers. A pre-requesite for our finding was that the production of the component on one
tray was independent on other productions. More studies must be carried out to establish the
meaning of this.
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