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Abstract

We report on the nature of the state of minimum entropy production. Thousands of solutions for this state in chemical reactors controlled
by the temperature of the coolant medium, show that the solutions fall more or less on what we have called a “highway in state space”.
The solutions were found using optimal control theory for reactors that produce a fixed amount of product. A subset of the solutions,
for the oxidation of sulphur dioxide, is presented. Each solution gives the most energy-efficient way of operating a reactor for the given
boundary conditions. For reasonable process intensities, the highway is characterised by approximately constant entropy production and
driving forces, but not necessarily by linear flux–force relations. Knowledge about the highway has implications for energy-efficient reactor
design. The results give theoretical support to engineering practices.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

With the advances of process integration, the energy ef-
ficiency of unit operations as defined by the second law,
has become more and more in focus (see e.g.Bejan, 1996).
This paper concerns the central part of a chemical plant; the
chemical reactor. Knowledge of the energy-efficient state of
this core apparatus, may be important for the design of the
plant around it.
Most of the efforts to understand the nature of systems

with minimum entropy production have been devoted to
problems with complete control of all thermodynamic forces
in the system, i.e., there are at least as many control vari-
ables as there are state variables (see e.g.,Spirkl and Ries,
1995; Tondeur and Kvaalen, 1987; Sauar et al., 1996). Two
important results are the theorems of equipartition of en-
tropy production (EoEP, see e.g.Tondeur and Kvaalen, 1987)
and of equipartition of forces (EoF, see e.g.Sauar et al.,
1996). These theorems say that the state of minimum entropy
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production is characterised by constant local entropy produc-
tion and constant driving forces, respectively. In the present
study, we have less control variables than there are state
variables. This means that we have restricted control of the
forces in the system, and the assumptions leading to EoEP
and EoF are not fulfilled. General knowledge of the state
of minimum entropy production is scarce for such cases.
In common systems in the industry, complete control of all
forces is not always possible, meaning that studies of the
state of minimum entropy production, when there are re-
stricted control of the forces, are important.
The second law gives a measure of the wasted work in

a process. The wasted work is equal to the entropy produc-
tion times the temperature of the environment. A compara-
tive study of states with minimum entropy production can
therefore give information about the path of energy-efficient
operation. This paper concerns these states. A particular re-
actor is chosen to illustrate the results, but the findings have
a more general validity. The results are surprising, given the
highly nonlinear equations that have to be solved, the large
number of variables, the restricted control of the forces in
the system, and the realistic choices of boundary conditions.
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The results confirm that there is a path in state space com-
mon to all solutions, a path that has similarities with the
real highway. The path is characterised by nearly-constant
entropy production and driving forces for reasonable pro-
cess intensities, and is followed by the system to a larger or
lesser degree depending on the boundary conditions.
This finding does not violate Prigogine’s famous results

(seePrigogine, 1955). He derived that rate laws must be
globally linear in the stationary state of minimum entropy
production, in order to preserve Onsager symmetry. We are
using a different starting point than Prigogine, as we take the
rate laws as granted and ask about possible relations between
the state variables in the dissipative state. The relations are
given as paths in state diagrams of minimum entropy pro-
duction, and it is in these diagrams that the highway appears.
Knowledge about this highway may have a bearing on re-

actor designs that aim at a high-energy efficiency. We shall
see that a system that follows the highway, operates in what
we can call a heat transfer mode. The length of this part of
the reactor, together with the total reactor length, may be rel-
evant design variables that follow from the study. The results
can thus give theoretical support to engineering practices.

2. The example system

We take a fixed bed reactor with tubular geometry in sta-
tionary state as example. In a full report to come, we shall
report on several reactor systems. In the present case, we
concentrate on the exothermic oxidation of sulphur dioxide
to sulphur trioxide:

SO2 + 1
2 O2 = SO3.

Heat is exchanged with a heat exchange medium on the
outside of the reactor wall, and there is a pressure drop due
to frictional flow. We use a plug-flow model of the reactor.
Gradients inside the catalyst pellets and the films around
them are neglected.
The state of the system is then fully described by ordinary

differential equations for conservation of energy, momentum
and mass (see e.g.Fogler, 1992):
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Here,T is the temperature of the reacting mixture, andz is
the length coordinate. The variablesD, �, �B , Dp are re-
actor diameter, cross-sectional area, density of the catalyst,
catalyst pellet diameter, respectively. The fluxJq is the sen-
sible heat flux. The molar flow rates and the molar heat ca-
pacities areFi andCp,i , respectively. The reaction rate isr,

and�rH is the reaction enthalpy. Ergun’s equation, Eq. (2),
v is the gas velocity,P is the pressure, and� and� are the
catalyst bed void fraction and the gas viscosity, respectively.
The conversion� is referred to the inlet molar flow rate of
componentA, F 0

A. Values at the inlet have superscript 0.
The entropy production� in a cross-section� in the reac-

tor has contributions from the reactions, the heat exchange
across the reactor wall and the frictional flow inside the
reactor. This was expressed byJohannessen and Kjelstrup
(2004)as
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Each term in Eq. (4) is a product of a flux and its conjugate
force. The first term is due to the reaction; the chemical
force is−�rG/T , where�rG is the reaction Gibbs energy.
The second term is due to heat transfer; the thermal force
is �(1/T ) = 1/T − 1/Ta . The last term is due to frictional
flow; the force is(−1/T (dP/dz)). In order to make the
model complete, we also need flux–force relations (reaction
rate expressions, heat transfer law and friction parameters).
Further details can be found inJohannessen and Kjelstrup
(2004). These flux–force relations are often nonlinear for
conditions relevant for engineering purposes.
The total entropy production, the quantity we want to

minimise, is the integral of� overz. The problem of finding
the state with minimum total entropy production must be
constrained, otherwise the solution is a trivial zero. The most
sensible constraint on a reactor, a constraint on the yield,
was used here.
The state variables of the system are thus the tempera-

ture,T, the pressure,P, and the degree of conversion of the
reaction,�. As control variable, we used the temperature
of the coolant,Ta . The optimisation problem was formu-
lated for these conditions using optimal control theory, see
Johannessen and Kjelstrup (2004). In a full paper to come,
we shall see that the formulation is invariant for a change of
the space coordinate with time as a variable, making us able
to generalise the findings to systems which are not in a sta-
tionary state, for instance to batch reactors. This letter shall
not discuss the theory further, but make an emphasis on the
numerical results, obtained by solving the optimal control
problem.

3. Calculations

All thermodynamic data and transport data for the reactor
conditions were the same as used before (Johannessen and
Kjelstrup, 2004). Numerical solutions to the optimisation
problemwere found using progressively simpler and simpler
expressions for� as follows:

1. The RQF-problem: Contributions from the reaction, heat
exchange and frictional flow.
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Fig. 1. State diagram for minimum entropy production for the SO2
oxidation reactor. The R-solution (black solid line) and RQ-solutions for
50 combinations of inlet and outlet temperatures (10 gray solid lines can
be seen) when the reactor length is 6.096m and the conversion varies from
0 to 0.8547. The equilibrium line (upper dashed line) and the maximum
reaction rate line (lower dashed line) are included.

2. The RQ-problem: Contributions from the reaction and
heat exchange.

3. The R-problem: Contributions from the reaction only.

The two-point boundary problem formulated by opti-
mal control theory, was solved by collocation with the
Matlab� 6 function bvp4c, using initial guesses provided
by the method described byNummedal et al. (2003). A rea-
sonable constraint on the production was first established.
Different realistic combinations of free or fixed temperature
and pressure at the inlet and outlet were used as boundary
conditions.

4. Results

Thousands of solutions of the three problems have been
found for several reactor systems. We present now a small
subset of the solutions for the sulphur dioxide oxidation
reactor, which shows some of the general properties that we
want to bring out.
The properties describe the nature of the state of mini-

mum entropy production in the reactor that produce a fixed
amount of sulphur trioxide. The results are presented inFigs.
1 and2which are state diagrams for reactors with minimum
entropy production. In these figures, one state variable, the
reactor temperatureT (z), is plotted as a function of another
state variable, the degree of conversion�(z). The variation
in pressure is not shown, as it does not add much informa-
tion. The temperature of the heat exchange medium is also
not shown. The temperatures where the reaction is in equi-
librium, and where the reaction has its maximum rate are
shown in both figures (dashed lines).
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Fig. 2. State diagram for minimum entropy production for the SO2
oxidation reactor. The RQ-solutions for 50 combinations of inlet and
outlet temperatures (10 solid lines can be seen) when the reactor length
is 6.096m and the conversion varies from 0 to 0.8547. These are the
same RQ-solutions as inFig. 1. One RQ-solution (dash-dotted line) for
a reactor length of 0.5m and the conversion varying from 0.3 to 0.65, is
also shown. The equilibrium line (upper dashed line) and the maximum
reaction rate line (lower dashed line) are included.

Fig. 1 shows the solution of the R-problem (black solid
line) and solutions for 50 combinations of inlet and outlet
temperatures for the RQ-problem (10 gray lines are visible).
The same RQ-solutions are given inFig. 2 (solid lines). All
these solutions are for the same reactor length and conver-
sion (reactor length is 6.096m and conversion varies from
0 to 0.8547). InFig. 2 an additional solution (dash-dotted
line), with a different process intensity (reactor length is
0.5m and conversion varies from 0.3 to 0.65), is given. The
RQF-solutions were obtained for the same reactor. These
solutions do not give any essential new information and are
therefore not shown.

5. Discussion

First consider the R-solution inFig. 1. This problem has a
unique solution for a given combination of inlet/outlet con-
versions and reactor length. The product must be produced
along this line in order to have minimum entropy production
or minimum work lost in the system.
The RQ-solution is more complicated, seeFig. 2. In this

case, a penalty is paid on the solution by the entropy pro-
duction of heat transfer. There is a trade-off between the
contributions from the reaction and from the heat transfer,
depending on the chosen inlet and outlet temperatures. But,
we see that the collection of solutions inFig. 2 looks like
a highway with its connecting roads. We have, therefore,
adopted the highway picture and call the band where all so-
lutions join “a highway in state space”.



1494 E. Johannessen, S. Kjelstrup / Chemical Engineering Science 60 (2005) 1491–1495

There are two state variables and one control variable in
the RQ-problem. This means that our control of the forces in
the system is restricted. With complete control of the forces
we expect something close to EoEP and EoF throughout
the system, given that the nonlinearities in the flux–force
relations are not too high. A collection of EoEP or EoF
solutions does not look like a highway with connecting roads
when plotted in the state space. Instead, there will be a band
of solutions in state space without any “connecting roads”.
The highway picture is thus a characteristic which originates
from the trade-off when there is restricted control over the
forces in the system.
Fig. 1 shows that the highway coincides with the R-

solution with the same process intensity (average production
per meter). The distance from the highway to the equilib-
rium line is dictated by the process intensity. The distance
to the equilibrium line increases as the process intensity in-
creases, but a highway also exists for systems far from equi-
librium. We shall discuss that this is a general property of
the sulphur dioxide oxidation reactor and four other reactors
in a full paper to come.
The highway is a path which is especially crowded by so-

lutions, just like a real highway is crowded by cars that have
various starting points and destinations. A curious analogy
with reality exists: A solution may not enter the highway
at all, if its initial and final states are close in state space.
The RQ-solution given by a dash-dotted line inFig. 2 is
an example. What is “close” in this context is rather case-
dependent. It is not necessarily a question of being close to
equilibrium and having linear rate laws. A highway for cars
makes it possible to travel from one place to another very
quickly. Using the highway is time-efficient, because we can
drive with high speed. This property is not transferable to
the highway in state space. The highway is energy efficient,
not time efficient.
One important property of the highway is that it is char-

acterised by approximately constant entropy production rate
(EoEP) and to a slightly lesser degree, constant driving
forces (EoF). This happens not only for small process inten-
sities, close to equilibrium, but also for process intensities
of interest in the industry, like the ones used here. The lines
for EoEP and EoF are not drawn in the diagram, they differ
slightly from each other, but both are similar to the highway
for the chosen process intensity. This property of the high-
way is surprising, given that the conditions used to derive
EoF and EoEP are not obeyed (seeBedeaux et al., 1999;
Tondeur and Kvaalen, 1987; Sauar et al., 1996; Spirkl and
Ries, 1995). We shall elaborate more on this point in the
paper to come.
The SO2 oxidation reactor is exothermic. We have also

found highways in endothermic reactors (not shown). In an
endothermic reactor, the highway lies above the equilibrium
line for the reaction. Furthermore, both the highway and
the equilibrium line start at a relatively low temperature
and increase as the conversion increases. Finally, there is no
maximum reaction rate line in the endothermic case. Apart

from these things, our discussion of the highway applies
equally well to exothermic and endothermic reactors.
Reactors with maximum chemical conversion have been

studied by many authors, see e.g.Aris (1961), Schon and
Andresen (1996). Large parts of the solutions of this op-
timisation problem lie on the line with the maximum re-
action rate. Boundary conditions may give deviations from
this line. One may compare the line for maximum reac-
tion rate with the fast lane on a real highway. The high-
way in state space with minimum entropy production cor-
responds then to the other lane—the lane for those who
want to arrive in reasonable time, with minimum use of fuel.
On this somewhat slower lane, there is a fine balance be-
tween heat transfer duty and reaction rate. The lane is char-
acterised by the reaction being driven by the heat transfer
process. We say that the reactor operates in a heat transfer
mode.
The solution to the full problem, the RQF-solution, does

not add principal new information about the highway in
state space. The RQF- and RQ-solutions are qualitatively
the same, as long as either the inlet pressure, the outlet
pressure or the reactor length are free to vary. The main
additional feature of the RQF-solution is that an optimum
reactor length is found, as a compromise between reduced
entropy production by heat flow and reactions (favoured
by a long reactor) and increased entropy production by
frictional flow (favoured by a short reactor). The fact
that there is an optimal total length, may be useful for
reactor design purposes where high-energy efficiency is
important.
Knowledge of the part of the reactor where the solution

follows the highway, and the reactor operates in the heat
transfer mode, may be useful for design. In the remaining
parts, adiabatic conditions will more or less serve the set pur-
pose for the process. Examples of engineering practices for
energy-efficient design can be found, which coincide with
the outcome of these calculations. We may mention steam
reforming as an example. In state-of-the-art tubular steam
reformers, the reacting mixture is heated from the outside by
burners along the direction of flow (see e.g.Rostrup-Nielsen
et al., 1993). The temperature of the reacting mixture fol-
lows the equilibrium lines of the reactions in the same way
as on the highway. An adiabatic prereformer is often placed
upstream of the tubular reformer. Our results give theoreti-
cal support to this design of the process.
The nature of the highway and its implications shall be

further discussed in a full paper to come. We shall then
also compare our results to theoretical results on the state of
minimum entropy production.

6. Conclusion

We have presented the first documentation of the exis-
tence of what we call a highway in state space for chemical
reactor systems that have minimum entropy production. The



E. Johannessen, S. Kjelstrup / Chemical Engineering Science 60 (2005) 1491–1495 1495

highway was documented for a tubular reactor in stationary
state; a system with more state variables than control vari-
ables, i.e., restricted control over the forces in the system.
The highway in state space lies close to paths which obey
equipartition of entropy production rate and equipartition of
forces, for reasonable process intensities. The flux–force re-
lations are nonlinear in this region, which makes the finding
surprising.
Numerical results for a particular plug-flow reactor have

been presented, but the nature of the governing equations
is such that similar highways can be expected for systems
where the length coordinate is exchanged by time as a vari-
able. This property does not link the highway to stationary
systems only. Our analysis of entropy production minimisa-
tion differs from the one byPrigogine (1955)in several re-
spects, most importantly, the constraints that are introduced.
The problem formulation here may still have perspectives
also for biological systems. Other process unit operations
may possess similar properties. Consequences for design
and/or operation can be pointed out. The optimal reactor
length, the partial length devoted mainly to heat transfer,
and the partial length devoted mainly to reactions are cen-
tral parameters that may help the design of energy-efficient
reactors.
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