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Abstract

Thousands of numerical solutions of an optimal control problem for plug flow reactors were found to give, what we call a “highway
in the reactors’ state space”. The problem was to find the heat transfer strategy which minimise the entropy production in reactors with
fixed chemical conversion. The control variable was always the temperature of the heating/cooling medium along the reactor. The highway
represents the most energy efficient way to travel far in state space. Such highways were studied for five reactor systems, endothermic and
exothermic ones. Numerical analysis showed that the reactor highway is characterised by approximately constant thermodynamic driving
forces/local entropy production for reasonable process intensities. Each solution represents a compromise between the entropy production
of reactions, heat transfer and frictional flow (pressure drop). The solutions enter and leave the highway at different positions depending
on how far from the highway their initial and final destinations are. Knowledge about the nature of the highway, e.g. when the reactor
operates in a reaction mode or a heat transfer mode, may be important for energy efficient reactor design. The theoretical formulation of
the optimisation problem is valid for plug flow as well as batch reactors. We showed that important results in literature like the Spirkl–Ries
quantity, the theorems of equipartition of entropy production and equipartition of forces are contained in our general formulation. The
numerical results showed that the analytical results are good approximations to the optimum also in problems where they do not apply in
a strictly mathematical sense.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Entropy production minimisation (or entropy generation
minimisation) is now established as a field in engineering.
The reason for this is that the entropy production is related to
the energy efficiency of a system or process (Bejan, 1996).
We study entropy production minimisation with plug flow
reactors as examples. The problem is to find distribution of
the cooling or heating duty along a reactor which is com-
patible with minimum entropy production in the system. By
applying the optimal cooling/heating strategy, the reactor
operates in the state of minimum entropy production. This
paper is devoted to the properties of this state.
Some works have already been published on entropy

production minimisation in plug flow reactors, namely the

∗ Corresponding author. Tel.: +4773594179; fax: +4773550877.
E-mail address:signe.kjelstrup@nt.ntnu.no(S. Kjelstrup).

0009-2509/$ - see front matter� 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ces.2005.01.026

sulphur dioxide oxidation reactor (Johannessen and Kjel-
strup, 2004), the ammonia reactor (Nummedal et al., 2003),
the methanol synthesis reactor (Kjelstrup et al., 2000), the
propane dehydrogenator (RZsjorde et al., 2003), and the
tubular steam reformer (Nummedal et al., 2004). These pa-
pers give interesting details about the state of minimum en-
tropy production in the respective cases. A description of the
general properties of this state has not been given, however.
We shall give such a description in this paper, by generalis-
ing these earlier solutions. This will be done by adding both
numerical and theoretical results. Special emphasis will be
put on the situation where the number of state variables in
the system exceeds the number of possibilities to control the
system from the outside.
The numerical results reveal that the state of minimum

entropy production in a chemical reactor has some general
properties. We have extracted these properties from thou-
sands of numerical solutions of the optimisation problem.

http://www.elsevier.com/locate/ces
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The properties shall be clarified, by contrasting the solution
of the full reactor problem to problems where some of the
driving forces are zero.
When the optimisation problem is formulated in the stan-

dard manner using optimal control theory, its Hamiltonian
is constant throughout the reactor (Johannessen and Kjel-
strup, 2004). In the theoretical section we show how re-
sults from the literature (Andresen and Gordon, 1994; Be-
deaux et al., 1999; Diosi et al., 1996; Johannessen et al.,
2002; Sauar et al., 1996; Spirkl and Ries, 1995; Tondeur
and Kvaalen, 1987) are contained in this condition. The
Hamiltonian itself does not have any direct physical inter-
pretation, but by adding assumptions in a stepwise manner,
we obtain first the Spirkl–Ries quantity (Spirkl and Ries,
1995), next the theorem of equipartition of entropy produc-
tion (EoEP) (Andresen and Gordon, 1994; Bedeaux et al.,
1999; Diosi et al., 1996; Johannessen et al., 2002; Spirkl and
Ries, 1995; Tondeur and Kvaalen, 1987) and finally the the-
orem of equipartition of forces (EoF) (Bedeaux et al., 1999;
Sauar et al., 1996).We have used plug flow reactors as ex-
amples in the numerical analysis, but theory predicts that
the conclusions hold true, also when the length coordinate
is exchanged with time as a variable.
The numerical results show that there is a path in the

reactor’s state space which is especially crowded by so-
lutions. The path exists for all process intensities, also in
the domain where the flux–force relations are nonlinear.
The solutions follow this path only in the central part
of the reactor. The boundary conditions account for de-
viations from the path at the reactor inlet and outlet. A
solution enters and leaves the path at different locations
depending on where the initial and final points are in the
reactor’s state space. A collection of solutions with differ-
ent initial and final points (different boundary conditions)
looks therefore like a highway with its connecting roads.
We have adopted the highway picture and call it the “reactor
highway”.
The reactor highway has a surprising property; the local

entropy production and the thermodynamic driving forces
are approximately constant, provided that the process inten-
sity is not too high. This means that the EoEP and EoF theo-
rems are good approximations to the highway, even though
we find that they are not strictly valid in a mathematical
sense: some of the underlying assumptions for these theo-
rems are not fulfilled.
Inspection of the underlying properties of the solutions

reveals that the reactor operates partly in what we have called
a heat transfer mode, partly in what we have called a reaction
mode, when the production of entropy is minimum. This
may have some important consequences for energy efficient
reactor design. We can find the optimal length of the reactor,
and the proper partial length for each mode of operation. We
shall see that we through this can give theoretical support to
examples of engineering practises.
The famous work ofPrigogine (1955)on the nature of

states with minimum entropy production is not relevant for

this work. Prigogine found that minimum entropy produc-
tion was compatible with globally linear flux-force relations
at stationary state, if Onsager’s reciprocal relations were
obeyed. Our analysis does not necessarily concern station-
ary states. We deal equally well with ordinary differential
equations describing evolution in time. The rather restricted
situation, of having globally linear flux–force relations, is
also not an issue here. More important, the problem to be
solved is entirely different from Prigogine’s. While he was
asking for the rate laws and their governing principle, we
are taking the laws as granted, and we ask how to optimally
control the state of a constrained system. Our problem for-
mulation may also be relevant for natural systems, however,
since these are often constrained.
The organisation of the paper is as follows. In Section

2 we give the governing equations for the example, a plug
flow reactor. The formulation of the optimisation problem
follows in Section 3. In Section 4 we give theoretical re-
sults for the state of minimum entropy production. Section
5 presents the five reactor cases that we have studied and
the numerical method we have used. Section 6 presents and
explains the numerical results. In Section 7 we discuss the
results, and in the last section we give some conclusions.
Some of the numerical results have been reported in a short
communication (Johannessen and Kjelstrup, 2005).

2. The plug flow reactor

A sketch of a fixed bed tubular reactor is given inFig. 1. A
gas mixture ofn components flows through a tube filled with
catalyst. On the catalyst,m different reactions take place.
Heat is exchanged with a fluid with temperatureTa through
the tube wall. In addition, the friction between the reaction
mixture and the catalyst causes the pressure to drop from
the inlet to the outlet of the reactor.
The plug flow model of the reactor has zero radial gradi-

ents inside the tube, and a temperature difference across the
tube wall. The flow is plug-like, there is no back-mixing,
and all transport in the flow direction is considered to be
by convection. We also neglect gradients inside the catalyst
pellets and gradients in the film around each pellet. With
this reactor model, the state of the reacting stream can be
characterised by the following state variables: The temper-
ature,T, the total pressure,P, and the degrees of conversion
in them reactions that take place in the reactor,�j , where
j = 1, . . . , m.
The state variables are governed by differential equations

which are derived from the balance equations of the sys-
tem. These are the mole balances, the energy balance and
the momentum balance (Ergun’s equation), see for instance
Fogler (1992). These balances give (Johannessen and
Kjelstrup, 2004):

d�j
dz

= f�j = ��B
F 0A

rj j = 1, . . . , m, (1)
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Fig. 1. System sketch.
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)
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The symbols are defined in the symbol list.
The three independent phenomena that produce entropy in

this reactor are the reactions, the heat transport through the
reactor wall and the frictional flow (pressure drop). The local
entropy production (on a unit length basis), as formulated
by irreversible thermodynamics (de Groot and Mazur, 1984;
FZrland et al., 2001) is (Johannessen and Kjelstrup, 2004),

� = ��B
∑
j

[
rj

(
−�rGj

T

)]
+ �DJq�

1

T

+ �v
(

− 1

T

dP

dz

)
. (4)

Each term in Eq. (4) contains a product of a flux and its
conjugate force. The first term is a sum over all reactions;
the flux is the reaction rate,rj , and the chemical force is
−�rGj/T . The second term is due to heat transfer across
the reactor wall; the flux is the sensible heat flux,Jq , and
the thermal force is�(1/T ) = 1/T − 1/Ta . The last term
is due to frictional flow; the flux is the gas velocity,v, and
the force is(−1/T (dP/dz)). Each flux is a function of
only one force, since the scalar and vectorial phenomena do
not couple. The chemical reaction rate is a highly nonlinear
function of its driving force.
The total entropy production is the integral of� over the

spatial coordinatez(
dS

dt

)
irr

=
∫ L

0
�dz. (5)

The complete model contains flux–force relations (reac-
tion rate expressions, heat transfer law and friction param-
eters). These relations were documented earlier for the five
reactors that are studied here, see also Section 5.

3. Optimal control theory formulation of entropy
production minimisation

We are concerned with optimisation problems, where one
control variable (Ta) is used to optimise the behaviour of the

system. This type of problem is standard in optimal control
theory (Bryson and Ho, 1975; Johannessen and Kjelstrup,
2004).
The problem is to find theTa-profile of the reactor which

is compatible with minimum entropy production in the sys-
tem. State variables areT, P and�j for j =1, . . . , m (m+2
variables). With three types of dissipative phenomena in the
reactor (cf. Eq. (4)), the outcome of the optimisation is di-
verse and difficult to interpret. General properties can be
demonstrated by contrasting the solution of the full problem
to simpler problems. We have solved:

1. The RQF-problem: the full problem, with all terms in
Eq. (4).

2. The RQ-problem: reactions and heat transfer are consid-
ered, dP/dz= 0 in Eq. (4).

3. The R-problem: reactions are considered, dP/dz=0 and
�(1/T )= 0 in Eq. (4).

In each problem, we are seeking the state that produce as
little entropy as possible, and the best trade-off between the
phenomena involved.

3.1. The RQF-problem

In the optimal control theory formulation, the necessary
conditions forminimumentropy production are derived from
the Hamiltonian of the problem (Bryson and Ho, 1975):

H = � +
∑
j

[	�j f�j ] + 	T fT + 	P fP . (6)

The Hamiltonian contains the local entropy production and
products of multiplier functions,	’s, and the right hand sides
of the balance equations (see Eqs. (1)–(3) for the definition
of f�j , fT andfP ).
The Hamiltonian of our optimal control problem is au-

tonomous. This means that it does not depend onz explic-
itly. It has only an indirect dependence onz through the state
variables, the control variable (Ta) and the multiplier func-
tions. The state of minimum entropy production has there-
fore a constant Hamiltonian along thez-coordinate. This is
a general property of optimal control problems where the
Hamiltonian is autonomous (see for instanceBryson and
Ho, 1975).
The necessary conditions for a minimum are the following

2m+ 4 differential equations

d�j
dz

= �H
�	�j

,
d	�j

dz
= −�H

��j
,

dT

dz
= �H

�	T
,

d	T
dz

= −�H
�T

,

dP

dz
= �H

�	P
,

d	P
dz

= −�H
�P

, (7)

and the algebraic equation

�H
�Ta

= 0 for all z ∈ [0, L], (8)
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wherej = 1, . . . , m. The left column in Eq. (7) reduces to
the balance equations, Eqs. (1)–(3).
We allow Ta to take any positive value. Experience has

shown that zero and infinity are not optimal values ofTa for
the present problem. The weak condition, Eq. (8), is there-
fore sufficient. Optimal control theory gives a stronger form
of this condition, if required (Johannessen and Kjelstrup,
2004).
There are 2m + 4 boundary conditions to go with the

2m+4 differential equations in Eq. (7). Four of these bound-
ary conditions are connected to the inlet/outlet temperatures
and pressures. We have studied both fixed and free tempera-
tures/pressures at the boundaries, meaning that 24= 16 dif-
ferent combinations of boundary conditions have been tried.
When a temperature or pressure is free at one end of the re-
actor, the transversality conditions of optimal control theory
give that the corresponding multiplier function is zero at the
position in question. If for instance the inlet temperature is
free, the transversality condition gives	T = 0 at the inlet
(Bryson and Ho, 1975).
The remaining boundary conditions are connected to the

chemical conversion in the reactor. For reactors with one
reaction, we used fixed inlet and outlet conversions (2m

boundary conditions). For reactors with more than one re-
action, we fixed the inlet conversions and the outlet molar
flow rate of one component (m + 1 boundary conditions).
The remaining boundary conditions were found from the
transversality conditions. The transversality conditions give
the following conditions at the outlet;	�j (L)= 
�j,i=C for
j =1, . . . , m, where
 is an additional unknown which must
be determined, and C is the component with fixed outlet mo-
lar flow rate. In total there are 2m+1 unknowns (inlet/outlet
conversions and
) and 2m+ 1 conditions, connected to the
chemical conversion in the multiple reaction cases.
The solution of the optimisation problem is found by solv-

ing Eq. (7) for the given set of boundary conditions. In ad-
dition, Eq. (8) must be fulfilled at every position. This is a
nonlinear two-point boundary value problem, which has to
be solved numerically.

3.2. The RQ-problem

The equations for the RQ-problem were obtained from
the RQF-problem, by taking away all terms and equations
related to the pressure drop. This means that Eq. (3), the
third line in Eq. (7), and the terms related to the pressure
drop in Eqs. (4) and (6) were taken out. Boundary conditions
(described in Section 3.1) related to the pressure were thus
irrelevant.

3.3. The R-problem

The equations for the R-problem were obtained from the
RQF-problem, keeping only terms and equations related to
the reactions. This means that Eqs. (2), (3) and (8), the

second and the third line in Eq. (7) and all terms not related
to the reactions in Eqs. (4) and (6), were taken out.
In this problem we can considerT as the control variable.

Since there is no resistance towards heat transfer,T = Ta .
We therefore replace Eq. (8) with

�H
�T

= 0 for all z ∈ [0, L]. (9)

ThatT = Ta , corresponds to an infinitely large heat transfer
coefficient in the expression for the heat flux (Jq=U(Ta−T )
andJq=UT 2�(1/T )). The R-solution is therefore the same
as the solution of the RQ-problem withU = ∞.
Minimum entropy production is obtained in the R-

problem with inlet and outlet temperatures that are different
from the specified values. The temperature jumps infinitely
fast at the inlet and outlet of the reactor in order to meet the
fixed temperatures there. This is physically possible only
whenU = ∞.

4. The state of minimum entropy production

4.1. Matrix formulation of the RQF-problem

We give here a more general form of the above optimisa-
tion problems. As a first step, we give a matrix formulation
of the RQF-problem for a specific case, a reactor with one
reaction.
There areN=2+m=3 state variables andM=1 control

variable in the RQF-problem, when one reaction takes place
(i.e.,m=1). We organise these variables in the state vector,
y = [�1, T , P ]T, and the control vector,u = [Ta]. This state
vector is governed by Eqs. (1)–(3). Form= 1, we obtain

dy
dz

=


d�1
dz
dT
dz
dP
dz


=




1
F 0A

0 0

− �rH1∑
i FiCp,i

1∑
i FiCp,i

0

0 0 − f
�




︸ ︷︷ ︸
A(y)

×
[��B 0 0

0 �D 0
0 0 �

]
︸ ︷︷ ︸

�

[
r1
Jq
v

]
︸ ︷︷ ︸

J(y,u,x(y,u))

. (10)

Furthermore, the local entropy production, Eq. (4), is

� =



−�rG1
T

�
1

T
− 1
T
dP
dz



T

︸ ︷︷ ︸
x(y,u)T

[��B 0 0
0 �D 0
0 0 �

]
︸ ︷︷ ︸

�

[
r1
Jq
v

]
︸ ︷︷ ︸

J(y,u,x(y,u))

. (11)

In Eqs. (10) and (11)A(y) is a matrix with proportionality
factors wheref is the parenthesis on the left hand side of
Eq. (3). The diagonal matrix� contains geometric factors.
Furthermore,J(y,u, x(y,u)) and x(y,u) are vectors with
the fluxes and the forces, respectively. We have indicated
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that� is a constant matrix,A depends on the state vector,
andJ andx depend on both the state vector and the control
vector. We have also indicated that the fluxes and forces are
related.
In this matrix formulation, the Hamiltonian in Eq. (6) is

H(y,u,�)= x(y,u)T�J(y,u, x(y,u))
+ �TA(y)�J(y,u, x(y,u)), (12)

where� = [	�1, 	T , 	P ]T is a vector with multiplier func-
tions. The Hamiltonian is autonomous, as before, and is thus
constant along thez-coordinate (Bryson and Ho, 1975). The
necessary conditions for minimum entropy production, Eqs.
(7) and (8), can now be written as

dy
dz

=
(

�H
��

)T
,

d�
dz

= −
(

�H
�y

)T
(13)

and

�H
�u

= 0. (14)

Here, we use that the derivatives ofH (�H/��, �H/�y and
�H/�u) are row vectors. This is the convention inBryson
and Ho (1975).

4.2. The general problem

The set of Eqs. (10)–(14) is a general formulation, valid
for cases beyond the particular reactor problem that was pre-
sented. The vectors and matrices particular for the problem
in question, were given to illustrate the general expressions.
The general formulation describes evolution in one di-

mension, in time or space. We have chosen to use the spa-
tial coordinatezhere. This means that the system is station-
ary. All equations and results in this section hold, however,
equally well if we switch from space to time as variable. We
are thus not restricted to stationary systems.
Many models of engineering systems fit into this form.

Among stationary systems some examples, in addition to
the plug flow reactor, are heat exchangers, packed columns
used for distillation, absorption or extraction, and membrane
processes. The batch counterparts of these systems are ex-
amples of time-dependent systems.
We focus from now on the necessary conditions for the

optimum, Eqs. (13) and (14), and the fact that the Hamil-
tonian is constant. We still assume that the weak form in
Eq. (14) is sufficient, see discussion below Eq. (8). The nec-
essary conditions in Eqs. (13) and (14) and the fact that the
Hamiltonian is constant are therefore mathematically robust.
The details of the state of minimum entropy production are
not obvious, though. We shall see below, how physical in-
sight into the solution can be gained by introducing assump-
tions in a stepwise manner.

4.2.1. The Spirkl–Ries quantity
We start by making the assumption of enough control

variables:

(1) There are enough control variables to control all the
forces independently and without any constraints on
their values. This means that there are at leastN control
variables (M�N ).

This assumption makes it possible to usex as the control
instead ofu. We can then eliminateu from the problem and
obtain a simpler Hamiltonian

H(y, x,�)= xT�J(y, x)+ �TA(y)�J(y, x). (15)

The forces appear now explicitly inH, and implicitly in
the flux relations. The necessary conditions, equivalent to
Eq. (14), become

�H
�x

= (�J(y, x))T + xT
�(�J(y, x))

�x

+ �TA(y)
�(�J(y, x))

�x
= 0. (16)

By solving this equation for�TA and introducing the result
in Eq. (15), we obtain

H = −(�J(y, x))T
(

�(�J(y, x))
�x

)−1
(�J(y, x)). (17)

The combination of geometric factors and fluxes, and their
derivative, on the right hand side of Eq. (17), is constant
along thez-coordinate. This was called the Spirkl–Ries quan-
tity by de Vos and Desoete (2000)because these authors
were the first who proved the result (Spirkl and Ries, 1995).
The Spirkl–Ries quantity is valid for any flux–force relation,
given that the number of control variables is at least as high
as the number of state variables. It has no simple meaning,
unless the flux–force relations are linear. It then reduces to
the theorems discussed below.
In the reactor problems discussed in Sections 3 and 4.1,

there is only one control variable,Ta . There are more than
one driving force in all the reactor problems, except the R-
problem with one reaction (m = 1). Assumption (1) holds
therefore only for this simplest of the reactor problems,
meaning that the Hamiltonian reduces to the Spirkl–Ries
quantity only for this case.

4.2.2. The theorem of equipartition of entropy production
To the result above, we can now add the assumption that

is standard in irreversible thermodynamics (de Groot and
Mazur, 1984; FZrland et al., 2001)

(2) The flux–force relations are linear, that isJ(y, x) =
L(y)x.

Here, L(y) is the matrix with conductivities. With this
assumption we obtain�(�J(y, x))/�x = �L(y) and a
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reduction of Eq. (17) toH = −�. In other words: the local
entropy production is constant along thez-coordinate when
assumptions (1) and (2) are valid. This is the theorem of
equipartition of entropy production (EoEP) which has been
reported by many authors (Andresen and Gordon, 1994;
Bedeaux et al., 1999; Diosi et al., 1996; Johannessen et al.,
2002; Spirkl and Ries, 1995; Tondeur and Kvaalen, 1987).

4.2.3. The theorem of equipartition of forces
Another result in literature is the theorem of equipartition

of forces, EoF (Bedeaux et al., 1999; Sauar et al., 1996). In
order to obtain EoF, we first make the assumption of constant
conductivities

(3) The conductivity matrix,L , does not depend ony and
is therefore constant.

Assumption (3) reduces EoEP to EoF immediately for a
system with one force. In the general case (N >1), the fact
that � = xT�Lx is constant, makes a combination of the
forces, but not necessarily each force, constant. In order to
derive EoF whenN >1, we first rearrange Eq. (16) using
assumption (2) and obtain

xT = −1
2

�TA. (18)

This equation shows that all forces are constant if�TA is
constant. It is possible that�T andA vary in such a way that
the product is constant, but in general both�T andA must
be constant. In order for�T to be constant, the Hamiltonian
cannot depend ony (see the right part of Eq. (13)). We
therefore need to make a fourth assumption in order to prove
EoF for the general case (N >1):

(4) The matrixA does not depend ony and is therefore
constant.

When assumptions (1)–(4) hold, the constant Hamiltonian
reduce to EoF. The derivation of EoEP required only as-
sumptions (1) and (2). EoEP is therefore generally a better
approximation to the constant Hamiltonian. The numerical
results presented in Section 6.1 confirm this.
Some comments to the original proof of EoF can be given

(Sauar et al., 1996). The original proof considered the min-
imisation of the total entropy production(
dS

dt

)
irr

=
∫ L

0
xT�L(y, z)x dz (19)

subject to constraints on the total duty of the process:

I =
∫ L

0
�L(y, z)x dz= constant. (20)

The problem was solved by formulating the functional

F =
∫ L

0
[xTL(y, z)x + �TEoF�L(y, z)x]dz, (21)

where�EoF is a constant vector with Lagrange multipliers.
EoF was obtained by setting the functional derivative ofF
with respect tox equal to zero, i.e.,�F/�x = 0.
The original proof of EoF does not take the balance equa-

tions of the system into account. This means that the origi-
nal proof considers systems with parallel and unconnected
transfer paths. The optimisation problem is therefore differ-
ent from the one in this paper. Only assumptions (1) and (2)
were needed to derive EoF in the original proof (Sauar et
al., 1996).
The optimisation problem we study here coincides with

the optimisation problem in the original proof of EoF when
assumptions (1)–(4) hold. This can be seen by writing the
Hamiltonian, when all these assumptions hold, as

H = xT�Lx + �TEoF�Lx , (22)

where�, L and�TEoF= �TA are constant. We see that the
integrand in Eq. (21) is the same as the Hamiltonian in
Eq. (22) whenL is constant. This means that�F/�x = 0 is
equivalent to�H/�x = 0, whereF andH are given in Eqs.
(21) and (22), respectively.
Bedeaux et al. (1999)showed that EoF is valid when the

conductivity matrix,L , depends onz. We study systems with
a constant Hamiltonian, meaning that we do not have any
explicit z dependence inL or in other quantities. However,
Eq. (18) and the discussion below are still valid when as-
sumption (3) is changed to

(3*) The conductivity matrix does only depend onz, that is
L = L(z).

This means that EoF is also valid when assumptions (1),
(2), (3*) and (4) hold. The Hamiltonian, the Spirkl–Ries
quantity and the local entropy production are not constant
in this case, though.

5. Calculations

The five reactor systems given inTable 1 were stud-
ied. The systems are the sulphur dioxide oxidation
reactor (Johannessen and Kjelstrup, 2004), the ammonia
reactor (Nummedal et al., 2003), the methanol synthesis
reactor (Kjelstrup et al., 2000), the propane dehydrogena-
tor (RZsjorde et al., 2003), and the tubular steam reformer
(Nummedal et al., 2004).
Thermodynamic data, transport properties and reaction ki-

netics data for these systems were all reported in detail ear-
lier. They were all taken from well established sources, and
we refer to these earlier publications for this factual input.
The same data were used here, if not otherwise indicated.
For each reactor, a reference was first established in order
to define the primary constraint on the entropy production
minimisation; the amount of chemical produced.
The first three reactor systems are exothermic reactors

and the two last are endothermic reactors. There are three
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Table 1
Reactor systems

Case Reactions

Sulphur dioxide oxidation SO2 + 1
2 O2 = SO3

Ammonia synthesis N2 + 3H2 = 2NH3
Methanol synthesis CO2 + 3H2 = CH3OH+ H2O

CO2 + H2 = CO+ H2O
Propane dehydrogenationa C3H8 = C3H6 + H2
Tubular steam reforming CH4 + H2O= CO+ 3H2

CO+ H2O= CO2 + H2
CH4 + 2H2O= CO2 + 4H2

aWe neglected the second reaction in RZsjorde et al. (2003): C3H8 =
C2H4 + CH4.

cases with one reaction (m = 1), one case with two reac-
tions (m = 2), and one case with three reactions (m = 3).
Through these choices, a great variety of results was gen-
erated for systems with up to five state variables. This was
needed to separate case specific and general properties. For
each reactor we solved all optimisation problems (RQF, RQ
and R), varying parameters like the reactor length,L, the
overall heat transfer coefficient,U, and the inlet molar flow
rates.
In the single reaction cases we fixed the inlet and out-

let conversions, and in the multiple reaction cases we fixed
the inlet conversions and the outlet molar flow rate of one
component. We chose to fix the outlet molar flow rate of
methanol/hydrogen in themethanol synthesis reactor/tubular
steam reformer. Furthermore, we studied all 16 combina-
tions of free or fixed inlet/outlet temperature and pressure
for all reactor cases. Properties of all these 5×16=80 com-
binations, except the ones where the temperature and the
pressure are free at both boundaries, are contained in the
results presented in the next section. The exceptions gave
the trivial solution of zero entropy production, because the
pressure approached infinity.
We used the same method as reported inJohannessen and

Kjelstrup (2004): the two-point boundary value problem ob-
tained from optimal control theory was solved by collocation
with theMatlab� 6 functionbvp4c. The collocation method
needs a reasonably good initial guess of the solution in or-
der to converge. We found good initial guesses using the
method described byNummedal et al. (2003). This method
is based on a discretisation of the optimisation problem and
the solution by sequential quadratic programming using the
Matlab� 6 functionfmincon.

6. Results

We present corresponding values ofT (z) and�(z) of se-
lected cases, in order to demonstrate general properties of
the states of minimum entropy production in chemical reac-
tors. The plots shall be called “state diagrams for minimum
entropy production” or simply state diagrams from now on.
They refer to dynamic states, and must be distinguished
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Fig. 2. State diagrams for SO2 oxidation. Small frame: R-solutions for
L = 1.6,2.0,4.0 and 9.0m (dashed lines). Large frame: R-solutions for
L=1.6 and 6.0m (thick dashed lines), EoEP lines (thin solid lines), EoF
lines (thin dashed lines). The equilibrium line (upper solid line) and the
maximum reaction rate line (lower solid line) are shown in both frames.

from phase diagrams for systems in equilibrium. We do not
present the correspondingTa- andP-profiles.
While all reactors have been studied in the same detail,

we present state diagrams mainly for the sulphur dioxide
oxidation reactor, seeFigs. 2, 6, 8 and 9. For this partic-
ular exothermic reactor, the reference reactor had the inlet
conversion 0 and the outlet conversion 0.8547 (Johannessen
and Kjelstrup, 2004). These values give the end points on
the abscissa in diagrams inFigs. 2and6–9. State diagrams
for the propane dehydrogenator and for the steam reformer
are presented inFigs. 4and5, respectively.
We present first the characteristic properties of the R-

problem, for all reactors (Figs.2–5), before we give the
more complicated solutions of the RQ-problem (Figs.6–8).
We then present the essence of the full problem (the RQF-
problem,Fig. 9).

6.1. The R-solution

We shall see in this section that the R-solutions for all re-
actors given inTable 1, are characterised by approximately
constant local entropy production and forces (EoEP and
EoF), except when the process intensity is very high. By
process intensity we mean the average chemical conversion
per meter,��/L where�� = �out− �in.
The state diagram for SO2 oxidation in the small frame

in Fig. 2 shows the effect of varying process intensity. The
dashed lines are R-solutions for four values of the reactor
length L, the lowest dashed line being the shorter of the
lengths. The upper solid line in the figure is the equilibrium
line. Along this line,�rG and the reaction rate are both zero.
The lower solid line in the figure is the maximum reaction
rate line. For each value of the conversion, the temperature
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Fig. 3. SO2 oxidation: The total entropy production as a function of
reactor length in the R-problem.

given by this line corresponds to maximum reaction rate.
There is a unique relation between the process intensity and
the distance between the R-solution and the equilibrium line.
The higher the process intensity, the further the solution is
from the equilibrium line. For long reactors the solution is
almost parallel with the equilibrium line. The equilibrium
line is itself a solution for an infinitely long reactor. For short
reactors the solution approaches the maximum reaction rate
line. The maximum reaction rate line is also a solution. The
reactor length has then its lowest possible value. For the SO2
oxidation case with the above mentioned inlet and outlet
conversions, this minimum length is 1.42m.
Infinitely efficient heat transfer is implicit in the R-

problem; the overall heat transfer coefficient,U, is infinitely
large (see Section 3.3). The R-solutions have thus temper-
ature jumps at the reactor inlet and at the reactor outlet in
order to fulfil the boundary conditions for the temperature.
These discontinuous profiles, obtained with zero resistance
to heat transfer, become continuous in the RQ-problem (see
below). We have not included the jumps inFig. 2.
The large frame inFig. 2 and Fig. 3 present a central

property of the R-problem. The upper and lower thick solid
lines in the large frame inFig. 2 are again the equilibrium
line and the maximum reaction rate line, respectively. Be-
tween these two lines, R-solutions are given for two reactor
lengths (thick dashed lines). In addition, selected lines cor-
responding to constant local entropy production (thin solid
EoEP lines) and constant driving force (thin dashed EoF
lines) are given. The solution for reactor withL=6.0m, fol-
lows the EoEP and EoF lines closely. The process intensity
is reasonable for thisL. In other words, EoEP and EoF are
good approximations to this solution of the R-problem. The
EoEP and EoF approximations become better, the longer the
reactor is. In the limit of an infinitely long reactor, they are
equal to the R-solution, since then both the local entropy
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Fig. 4. State diagram for propane dehydrogenation: R-solutions for
L=1.0,3.0 and 40.0m (thick dashed lines). EoEP lines (thin solid lines),
EoF lines (thin dashed lines) and the equilibrium line (thick solid line)
are included.

production and the driving force are zero. In the other limit,
for reactor lengths close to the minimum possible value, the
agreement between EoEP, EoF and the optimal solution is
poor. An example of this is the R-solution for the shortest
reactor in the large frame inFig. 2 (L = 1.6m). This so-
lution does not behave like the EoEP and EoF lines in this
part of the state space.
Fig. 3shows the total entropy production of the R-solution

(solid line), the EoEP-solution (dashed line) and the EoF-
solution (dash–dotted) as a function of the reactor length.
Three vertical solid lines are also added. These lines are
drawn at the lowest possible reactor lengths where a solu-
tion exist for the R-problem (1.42m), for EoF (1.77m) and
for EoEP (3.33m). These lowest limits follow in each case
from the maximum reaction rate line. The figure shows that
the total entropy production of the EoEP solution is very
close to the value of the R-solution for reactor lengths (or
process intensities) in the range where both exist. The EoF
solution approximates the optimal solution slightly worse in
this range, but it exists for lower reactor lengths than the
EoEP solution. In summary, the large frame inFig. 2 and
Fig. 3 show that EoEP and, to a slightly lesser degree, EoF
are good approximations to the R-solution for reasonable
process intensities.
A second set of R-solutions exists, but is not presented.

These solutions all lie below the maximum reaction rate line.
They have higher entropy production than the set above the
maximum reaction rate line, and are therefore not interesting.
The results for the ammonia synthesis case are qualita-

tively the same as for the sulphur dioxide case. In both these
cases there is a single exothermic reaction.
The differences between the exothermic and endother-

mic reactors are best seen by comparing the large frame in
Fig. 2 andFig. 4. These figures refer to the SO2 oxidation
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Fig. 5. State diagram for steam reforming: R-solution forL = 10.0m.
Equilibrium lines for reaction (I) (middle solid line), reaction (II) (upper
solid line) and reaction (III) (lower solid line) are included.

reactor and the propane dehydrogenator, respectively. We
see that the equilibrium line starts high and decreases for
SO2 oxidation while it starts low and increases for propane
dehydrogenation. There is no maximum reaction rate line in
the latter case, since a maximum reaction rate line is only
possible for exothermic reactions.
We investigated the effect of multiple reactions by study-

ing the methanol synthesis (two reactions) and the steam
reforming of methane (three reactions).Fig. 5 shows one
R-solution for the reformer (dashed line). The equilibrium
lines for all three reactions are included (solid lines). The
figure does not present the whole solution since the conver-
sions of the second and third reaction are not included in the
state diagram. The R-solution line inFig. 5 is almost par-
allel with the two lower equilibrium lines. These represent
the two reactions that produce most of the hydrogen, which
is the component we fixed the production of. The results are
therefore analogous to results for single reactions in long re-
actors, where the R-solution follows the single equilibrium
line. The effect of changing the reactor length is similar for
the steam reformer and the single reaction cases. The re-
sults for the methanol synthesis case have the same kind of
behaviour as the steam reformer.
In summary, we have found that all R-solutions lie some

distance below/above the equilibrium line for the exother-
mic/endothermic reactions. Exothermic reactions have a
minimum reactor length, while endothermic reactions have
not. All properties of the state diagrams for the single reac-
tion case, hold equally well for exothermic and endother-
mic reactions. The differences between the single reaction
cases and the multiple reaction cases are not significant.
The important general feature of all R-solutions is that
they approach EoEP and EoF lines in the state diagram,
better and better as the process intensity decreases. But,
already for reasonable intensities, EoEP and EoF are good

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
700

900

1100

1300

ξ

T
 / 

K

Fig. 6. State diagram for minimum entropy production for the SO2
oxidation reactor. The R-solution (black solid line) and RQ-solutions for
50 combinations of inlet and outlet temperatures (10 grey solid lines can
be seen) when the reactor length is 6.096m and the conversion varies from
0 to 0.8547. The equilibrium line (upper dashed line) and the maximum
reaction rate line (lower dashed line) are included.

approximations to the R-solution. EoEP is a slightly better
approximation than EoF when both solutions exist.

6.2. The RQ-solution

Given that the results for SO2 oxidation are qualitatively
the same as for other reactors, we shall now use this case to
illustrate the general nature of the RQ-solutions.
Fig. 6 shows the R-solution (black solid line) and RQ-

solutions for fifty combinations of ten inlet temperatures
and five outlet temperatures (grey solid lines). Only 10 grey
lines can be distinguished in the figure. The equilibrium
line (upper dashed line) and the maximum reaction rate line
(lower dashed line) are shown as before. The figure reveals
an interesting property: The central parts of the RQ-solutions
fall more or less on the same line. This line extends from
the inlet on the left hand side to the outlet on the right
hand side, and it coincides with the R-solution. Solutions
enter and leave this line at different positions depending on
where their initial and final destinations are. The collection
of solutions inFig. 6looks like a highwaywith its connecting
roads. We have adopted the highway picture and call the
band, which all solutions enter a “reaction highway”. The
reaction highway is a path in state space which is especially
crowded by solutions, just like a real highway is crowded by
cars. Moreover, the solution does not enter the highway if its
initial and final points are close in state space. (The exception
is if both points are on or near the reaction highway.) The
reaction highway is primarily used in order to travel “far” in
state space. This is another analogy with the real highway.
We shall not specify the details of what “far” and what
“short” mean since this is case dependent. The aim is to give
a qualitative description of the results.
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Fig. 7. SO2 oxidation: Local entropy production as a function of conver-
sion for one RQ-solution.

A real highway makes it possible to get from one place
to another very quickly; using the highway is time efficient
because we are able to drive at high speed. This property
of a real highway is not directly transferable to the reaction
highway. The reaction highway is energy efficient, not time
efficient.
The nature of the highway is further presented inFig. 7.

The figure shows the local entropy production as a function
of the conversion for one RQ-solution (solid line). The part
of the solution with approximately constant local entropy
production is on the highway. The contributions from the
reaction (dashed line) and the heat transfer term (dash–dot
line) are also included. The entropy production is not con-
stant in the beginning and in the end of the reactor since the
reactor has to accommodate certain boundary conditions.
These parts of the solution are off the highway. The figure
shows that there is a shift of operation mode as the RQ-
solution enters the highway. Up to this point the entropy
production due to the reaction is much larger than the heat
transfer term. The reactor operates with low heat transfer
duty in this region. It is basically the enthalpy of reaction
that heats the reaction mixture until it reaches the highway.
Once on the highway, the heat transfer term dominates the
entropy production. It is the heat transfer that drives the so-
lution along the highway, and we can say that the reactor is
in a heat transfer mode of operation. There is a fine balance
between the heat produced by the reaction and the rate of
heat transfer. This fine balance prevents the reaction from
reaching equilibrium and is therefore essential for the chem-
ical production on the highway.
The relative lengths of the reaction mode and the heat

transfer mode of the reactor depend on the inlet and outlet
temperatures (seeFig. 6). By letting these be free during the
optimisation we find the optimal inlet and outlet temperature
and the optimal length of each mode.Fig. 8 shows four
RQ-solutions with free inlet and outlet temperatures (dashed
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Fig. 8. State diagram for SO2 oxidation: RQ-solutions forU=28,57,114
and 2839 Jm−2 s−1 K−1 with free inlet and outlet temperature (dashed
lines). The lowest dashed line corresponds to the lowest value ofU. The
R-solution is included (solid line).

lines). Each line corresponds to a value of the heat transfer
coefficient,U. The lowest line corresponds to the lowest
value ofU. The R-solution, which corresponds toU=∞, is
also included (solid line). We see that the heat transfer mode
becomes shorter and shorter asU decreases. Below a certain
value ofU there is no heat transfer mode (not shown). The
optimal inlet temperature is then very low and the reactor
is almost adiabatic. For large values ofU, the RQ-solution
approaches the R-solution, as it should do.
Finally, comments should be given to the width of the

highway. The highway has a finite width. In the R-problem
there is a unique relation between��, L, and the distance
between the solution line and the equilibrium line. This is
not the case in the RQ-problem, because the inlet and out-
let temperatures affect the solution. Depending on the inlet
and outlet temperatures, slightly different amounts of chem-
icals are produced off the highway. The lengths in meters
of the inlet and outlet sections vary also. This means that
the process intensity on the highway is not the same for all
the RQ-solutions. The highway is therefore not a single line,
but has a finite width. The highway inFig. 6 is an example
of a narrow highway which corresponds approximately to
the R-solution for one process intensity. Other highways are
wider due to a distribution of process intensities. The nature
of the reaction highway is the same, regardless of the width,
though.
The RQ-solutions for the four other reactor cases are qual-

itatively the same as the results we have presented for the
SO2 oxidation case. They all have highways with properties
as presented here. The differences that exist among the cases
are natural extensions of the differences already discussed
for the R-problem. For instance, the highway lies above the
equilibrium line for the endothermic reactions, while it lies
below the equilibrium line for exothermic reactions.
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Fig. 9. State diagram for SO2 oxidation: RQ-solution with free inlet and
outlet temperature (solid line), and corresponding RQF-solutions with free
inlet/outlet temperature (dash–dot line) and free inlet/outlet temperature
and free outlet pressure (dashed line).

6.3. The RQF-solution

The RQF-solutions for all reactors confirm that a highway
exists in state space also here (not shown). Again we shall
take examples from the SO2 oxidation reactor. The effects
of the pressure drop on the solutions are of interest.
The effect of pressure drop on the optimal solution de-

pends on the set of constraints we put on the system. If we fix
the inlet pressure, the outlet pressure and the reactor length,
the RQF-solution and the RQ-solution can be very different.
If we let at least one of these parameters be free, the solu-
tions are similar. An example from the SO2 oxidation case
is shown inFig. 9. The figure shows one RQ-solution (solid
line) and two RQF-solutions. All solutions have free inlet
and outlet temperatures and the same inlet and outlet con-
versions. The lower RQF-solution (dash–dot line) has fixed
values of inlet pressure, outlet pressure and reactor length.
We see that it follows the highway only for a short while, be-
fore it goes down to lower temperatures close to the outlet.
The reason is that the pressure drop increases as the temper-
ature increases. The solution leaves the highway and goes
to lower temperatures in order to arrive at the specified final
pressure. The upper RQF-solution (dashed line) has fixed
inlet pressure and reactor length, but the outlet pressure is
free. There is a difference in optimal inlet temperature be-
tween this solution and the RQ-solution, but the solutions
are qualitatively the same.
Since the pressure drop increases as the temperature in-

creases, RQF-solutions have generally lower temperatures
than the corresponding RQ-solutions. The RQF-solutions
therefore follow a highway in state space which is shifted
downwards compared to the highway of the correspond-
ing RQ-problem. The highway of the RQF-problem is also
slightly wider than the highway of the corresponding RQ-

problem. The reason is that the pressure is not included in
the state diagrams.A three-dimensional state diagram can be
made, but it does not show anything more than the present
one.
The reactor length has now a pronounced effect on the

entropy production of the optimal solution. The entropy pro-
ductions of the R-solutions and the RQ-solutions decrease
monotonically as the reactor length increases. The reason is
that the amount of catalyst and the heat transfer area increase
as the reactor length increases. The processes are therefore
slowed down, and produce less entropy. As a result, there is
no optimal reactor length for these problems. The entropy
production of the pressure drop (or frictional flow) is in good
approximation proportional to− ln(Pout/Pin). Since the to-
tal pressure drop over the reactor generally increases as the
reactor length increases, there is an optimal reactor length
for the RQF-problem. At the optimal reactor length, the dif-
ferential effects of the reactions, the heat transfer and the
pressure drop balance each other. For smaller reactor lengths,
an increase in reactor length reduces the entropy production
of the reactions and the heat transfer more than the entropy
production of the pressure drop increases. The opposite is
true for reactor lengths larger than the optimal value.
An exception to this behaviour is found when bothPin

andPout are fixed, meaning that the entropy production of
the pressure drop is essentially independent of the reactor
length. There is an optimal reactor length in this case too.
The reason is that excessive heat transfer is needed to have
a fixed chemical production and a fixed total pressure drop,
when the reactor length is large. The entropy production of
heat transfer has therefore a minimum close to the optimal
reactor length, which dominates the whole behaviour (see
Fig. 6 in Johannessen and Kjelstrup, 2004).

7. Discussion

7.1. The highway in state space

The purpose of this paper was to reveal the nature of the
state of minimum entropy production when there are less
control variables than there are state variables in the system.
Taking the plug flow reactor as an example, we have found
a highway in state space for the reactor systems with min-
imum entropy production. The extent to which the system
uses the highway, depends on the boundary conditions we
impose. The highway exists for any process intensity, and
already at reasonable process intensities, interesting proper-
ties appear; the thermodynamic forces and the local entropy
production are approximately constant. At reasonable pro-
cess intensities, the flux–force relations are nonlinear.
We adopted the highway picture because the collection of

RQ-solutions inFig. 6 looks like a highway with its con-
necting roads. The analogy does also fit with the density of
solutions (cars) on the highway, and the fact that highways
are primarily used to travel far. The reaction highway is an
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energy efficient path in state space while a real highway is
a time efficient path. Time efficiency, or high speed, corre-
sponds to a different optimisation problem: maximum chem-
ical conversion. This problem has been studied by many au-
thors (see for instanceAris, 1961; Månsson and Andresen,
1986; Schön and Andresen, 1996). Large parts of the solu-
tions of this optimisation problem lie on the maximum re-
action rate line. Only the inlet and outlet sections are off the
maximum reaction rate line if this is required by the bound-
ary conditions. The maximum reaction rate line is therefore
the time efficient highway in state space. One might also say
that the maximum reaction rate line is the fast lane on the
highway. The highway for the minimum entropy production
problem corresponds then to the other lane—the lane for
those who want to arrive in reasonable time with minimum
use of fuel.
The fact that a highway in state space exists, is not triv-

ial. The constraint on the process intensity means that a cer-
tain mean reaction rate must be obeyed. This fixes more or
less the region in state space where the solutions must be:
A solution with low process intensity must have large parts
close to the equilibrium line, while a solution with high pro-
cess intensity cannot stay close to the equilibrium line ev-
erywhere. This constraint does not specify the nature of the
solution, though. There are many ways to obtain the given
process intensity. The solution may for instance oscillate to
and from the equilibrium line in a series of equilibration and
quenching stages. The fact that the highway is preferred in-
stead of other solutions, suggests that each dissipative phe-
nomenon has an optimal behaviour. This behaviour can be
analysed analytically when there are enough control vari-
ables available, see Section 4.2. The fact that this behaviour
is important also when there are too few control variables,
like in the RQ- and RQF-problem, cannot be proved rigor-
ously. To cover this situation we propose a hypothesis for
energy efficient behaviour in the next section.

7.2. A hypothesis for the state of minimum entropy
production in an optimally controlled system

We study the state of minimum entropy production when
there are less control variables than there are state vari-
ables. The effects of having too few control variables have
not been discussed thoroughly in literature. Most studies in
the literature concern systems with enough control variables
(see for instanceAndresen and Gordon, 1992; Diosi et al.,
1996; Sauar et al., 1996; Spirkl and Ries, 1995; Tondeur
and Kvaalen, 1987; Tsirlin et al., 1998). Such systems have
analytical solutions (see Section 4.2) and are therefore eas-
ier to handle, but this number of control variables is sel-
dom relevant in industry. We are therefore concerned with
cases where the number of control variables are limited.
Still, the problems with enough control variables are impor-
tant limiting cases for the understanding of the more realistic
problems.

It is interesting that the highway can be characterised
by almost constant entropy production and forces. These
properties have been proved when there are enough con-
trol variables and the flux–force relations are linear, see
Section 4.2. Our experience is that they are more general
than that: The system adjusts to some kind of optimal
behaviour, if it is given enough freedom to do so, also
when the flux is a nonlinear function of the force as in
most cases in this paper. It is clear, that there is enough
freedom to adjust in the central part of the reactors we
have studied.
We have earlier proposed the following hypothesis for

energy efficient behaviour of an optimal controlled system
(Johannessen and Kjelstrup, 2004): “The state of minimum
entropy production is characterised by subsection(s) where
the thermodynamic forces and the local entropy production
are relatively constant compared to the rest of the system.
These subsections grow, as more variables are added and
restrictions are lifted.” The present results allow us to give
a more precise formulation of the hypothesis:
EoEP, but also EoF are good approximations to the state

of minimum entropy production in the parts of an optimally
controlled system that have sufficient freedom.
The first change is that we no longer use logicalandbe-

tween EoEP and EoF. We have shown theoretically that the
EoEP solution is better, and we have also given numerical
support for this. The difference is surprisingly small, how-
ever, seeFig. 3 andJohannessen et al. (2002).
The present formulation of the hypothesis is more correct

in the way that the role of the control variables are now in-
corporated. The previous formulation on subsections which
grow is not always correct, for instance when we go from
certain fixed boundary temperatures to free boundary tem-
peratures. We have therefore replaced this part of the previ-
ous version, by the more general formulation where “suffi-
cient freedom” is important. A system with enough control
variables has sufficient freedom in the whole system, pro-
vided that it is not too far from equilibrium. Nonlinearities
in the flux–force relations may restrict the freedom far from
equilibrium, however, because the possibility for the system
to relax becomes limited. A system with too few control
variables has generally not enough freedom in the whole
system. Boundary conditions as well as the compromise that
must take place between the dissipative phenomena, will re-
strict the solution. The central part of the system is relatively
more free from these restrictions. Freedom is thus not only
related to the number of control variables, but also to the
number and type of constraints on the system. The sufficient
freedom is then necessarily system specific.
The theorems of EoEP and EoF have often been criticised

because they do not hold in a strictly mathematical sense
when the flux–force relations are nonlinear (Sieniutycz,
2003; Xu, 1997). The effects of nonlinearities are well
known in the literature (Andresen and Gordon, 1992; de Vos
and Desoete, 2000; Diosi et al., 1996; Latifi, 1992; Spirkl
and Ries, 1995). They are also visible in the R-solution
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since nonlinearities make the nature of the R-solution vary
as the process intensity change, seeFigs. 2 and 4. This
argument cannot be used to disprove the hypothesis for two
reasons: firstly, the hypothesis says that EoEP and EoF are
good approximationsto the optimal solution. Small non-
linear effects in the flux–force relations can therefore be
tolerated; secondly, states with large nonlinearities (for in-
stance at high process intensity) do not have sufficient free-
dom because the process duration, in time or space, is too
restricted.
The hypothesis is supported by the derivations in Sec-

tion 4.2 when there are enough control variables. These
derivations can be found in different forms in the literature
(Andresen and Gordon, 1994; Bedeaux et al., 1999; Diosi
et al., 1996; Sauar et al., 1996; Spirkl and Ries, 1995; Ton-
deur and Kvaalen, 1987). When there are too few control
variables, we only have numerical support for the hypothe-
sis. The numerical results in this work and earlier works on
entropy production minimisation in reactors (Johannessen
and Kjelstrup, 2004; Kjelstrup et al., 2000; Nummedal et
al., 2003, 2004; RZsjorde et al., 2003) are examples.
The literature on the state of minimum entropy produc-

tion in systems with too few control variables is limited, but
there are some exceptions that give numerical support for
the hypothesis.de Vos and Desoete (2000)studied an elec-
tric circuit with one control and two state variables. They
showed that no quantity was equipartitioned in the state of
minimum entropy production for this system. Their numer-
ical results, especiallyFig. 4 in de Vos and Desoete (2000),
show that there are parts of the process where the thermody-
namic driving forces are approximately constant. (They do
not give the entropy production.) This is in agreement with
the kind of behaviour we have found for problems with too
few control variables.

7.3. Practical consequences

We saw in Section 6 that the optimal reactor is charac-
terised by what we called a reaction mode and a heat transfer
mode. This result is our most important one, when it comes
to taking the results from theory to practise. We can draw
three conclusions on reactor design from the results: (1) The
inlet section should be (close to) adiabatic, because the heat
of the reactions moves the reacting mixture towards chemi-
cal equilibrium. (2) The central part of the reactor should op-
erate in the heat transfer mode, to provide a fine balance be-
tween heat transfer and reaction rate(s), and the heat transfer
driven reaction. (3) A total reactor length should be chosen
to have the best trade off between low entropy production
of heat transfer and reactions (long reactors are favourable)
and low entropy production of frictional flow or pressure
drop (short reactors are favourable). These conclusions dif-
fer from rules of thumb proposed by some authors on the
basis of EoF or EoEP alone (Leites et al., 2003; Sauar et al.,
1996; Tondeur and Kvaalen, 1987).

Examples of engineering practises for energy efficient de-
sign, which coincide with the outcome of these calculations,
can be found.We may mention steam reforming as an exam-
ple. In state-of-the-art tubular steam reformers, the reacting
mixture is heated from the outside by burners along the di-
rection of flow (see e.g.Rostrup-Nielsen et al., 1993). The
temperature of the reacting mixture follows the equilibrium
lines of the reactions in the same way as on the highway.
An adiabatic prereformer is often placed upstream of the
tubular reformer. The two reactor vessels approximate the
heat transfer mode and the reaction mode, respectively. In
this manner we may say that our findings give theoretical
support to engineering practises.

8. Conclusion

Through a numerical study of the states of minimum en-
tropy production in plug flow reactors we have found that
these states share a common path. We called the path a high-
way in state space due to its similarity to a real highway.
The solutions enter and leave the highway at different po-
sitions depending on how far from the highway their ini-
tial and final destinations are. The highway is a path in the
reactor’s state space which is especially crowded by solu-
tions, and it is an energy efficient way to travel far in state
space. The EoEP and EoF theorems are good approxima-
tions to the parts of the solutions that are on the highway
for reasonable process intensities, EoEP slightly better than
EoF.
Each optimal solution is a compromise between the en-

tropy production of reactions, heat transfer and pressure drop
(frictional flow). The control variable is the temperature of
the cooling/heating medium. On the highway, the state of
the reacting mixture is driven along the equilibrium line(s)
for the reaction(s) by the heat transfer, i.e., the reactor oper-
ates in a heat transfer mode. These findings offer theoretical
support for existing engineering practises, like state-of-the-
art tubular steam reformers. Some conclusions related to re-
actor design have been formulated on these grounds.
On the basis of the theoretical form of the equations, we

conclude that systems that develop in time rather than in
space as here, have the same behaviour in state space. The
optimal reactor has a constant Hamiltonian. The Hamilto-
nian can be reduced to results in the literature which have a
physical interpretation. The two most important results are
the EoEP and EoF theorems, obtained with two and four
additional assumptions, respectively.
By comparing the numerical results with the analytical

results, we have found that the EoEP and EoF theorems are
more powerful than what can be proved analytically. The
most critical assumption that must be fulfilled for EoEP
and EoF to be valid exactly, is that all forces in the system
can be controlled independently. To describe the situation
in the absence of this number of control variables, we have
formulated a hypothesis for the state of minimum entropy
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production in an optimally controlled system. This hypothe-
sis postulates that a system will seek to arrange itself, when
sufficient freedom is given, according to EoEP, and also EoF.
The results from this study and the literature give support to
the hypothesis.

Notation

A proportionality factors
Cp,i heat capacity of componenti, J/Kmol
D reactor diameter, m
Dp catalyst pellet diameter, m
EoEP Equipartition of Entropy Production
EoF Equipartition of Forces
fP right hand side of Eq. (3), Pa/m
fT right hand side of Eq. (2), K/m
f� right hand side of Eq. (1), 1/m
Fi molar flow rate of componenti, mol/s
FA molar flow rate of the reference component,

mol/s
�rGj Gibbs energy of reactionj, J/mol
−�rGj/T chemical force of reactionj, J/Kmol
H Hamiltonian of the optimal control problem,

J/Kms
�rHj heat of reactionj, J/mol
Jq sensible heat flux, J/m2 s
J fluxes
L reactor length, m
L conductivities
P pressure, Pa
rj rate of reactionj, molA/kg cat s
R gas constant, J/Kmol
(dS/dt)irr total entropy production rate, J/K s
T temperature of reaction mixture, K
Ta temperature of utility, K
�(1/T ) thermal force across the reactor wall, 1/K
U overall heat transfer coefficient, J/Km2 s
u control variables
v gas velocity, m/s
x thermodynamic drivingforces
xi mole fraction of componenti
y state variables
z position in the reactor, m

Greek letters

� geometric factors
� catalyst bed void fraction
� vector with multiplier functions
	P multiplier function, J/KPas
	T multiplier function, J/K2 s
	�j multiplier function, J/K s
� gas viscosity, kg/ms

�j,i stoichiometric coefficient of componenti in
reactionj

�j conversion of reactionj
� gas density, kg/m3

�B apparent catalyst density, kg/m3

� local entropy production rate, J/Kms
� cross sectional area, m2
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