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Summary. We investigate gas transport and exchange in a model of the mammalian lung, from the 
perspective of thermodynamic optimization (second law energy efficiency). This approach to modeling 
the structure-function relation of the lung exploits the analogy between the respiratory organs and a 
chemical membrane reactor, and reveals that the design of the lung may be optimal for its function. We 
use methods from irreversible thermodynamics to give approximate expressions for the entropy 
production rate in the lung, and a variational approach to minimize the rate under meaningful functional 
constraints. The large-scale bronchial tree and small-scale alveolar sponge are modeled separately, to 
account for the different nature of mass-transport at the two scales (pressure-driven flow and diffusion, 
respectively). We prove that maximum energy efficiency requires equipartition of thermodynamic forces: 
pressure drop must be uniformly distributed across all the branches of the bronchial tree, and oxygen 
concentration drop must be uniformly distributed over the lung membrane. We show that the fractal-like 
architecture of the lung, the particular size of the gas-exchange units, and the subtle interplay between the 
airway tree and its vascular network are highly compatible with these requirements of equipartition.  
 
 
1 Introduction 
 
The mammalian lung is an impressive feat of bioengineering. Its branching, highly 
organized hierarchical structure bridges 3-5 orders of magnitude in scale, from the sub-
millimeter size of individual alveoli to the macroscopic size of the whole lung. Three 
similar interdigitating trees (airways, arteries and veins) are closely packed together, to 
ensure that gas transfer between air and blood occurs with high efficiency. This striking 
architecture distributes a huge number of gas-exchange units (3 x 108 alveoli in a typical 
human lung [1]), uniformly within the thoracic cavity. While the biochemistry of gas 
exchange occurs exclusively at the microscopic level of the alveolar membrane, the 
efficient accessibility of the alveoli to incoming oxygen is equally important for the 
performance of the lung, a fact which is often overlooked. Therefore, the large and 
small scales of the lung are functionally connected. 
 The highly non-trivial design of the lung raises an important question: what are 
the evolutionary advantages that such a gas-exchanger would give its owner? Is it 
maximal gas exchange rate, robustness, stability, minimal maintenance cost, minimal 
energy expenditure? In this article, we address the issue of optimality of the lung 
architecture from the perspective of energy efficiency, as measured by the second law of 
thermodynamics. By modeling the lung as a chemical membrane reactor, we derive 
optimality conditions for operation of a gas-exchange unit, and show that the actual 
design of the lung is highly compatible with these requirements for optimality.  

The issue of optimality of biological structures is a complex one, subject to 
considerable controversy [2]. Murray [3] showed early on that the geometry of blood 
vessels seems to be optimized, in the sense that it minimizes resistance to flow. 
Mandelbrot ([4], p. 158) proposed an alternative explanation for the fractal-like 
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structure of trees, vascular networks, and lung airways, as the outcome of one of the 
simplest possible growth mechanisms: self-similar, recursive development from bud to 
tree. Any comprehensive approach to the question of structural vs. functional 
optimization has to consider the typically multifunctional nature of living organs. The 
lung has to accomplish several (sometimes contradictory) tasks: maximize transport of 
gases in and out, maximize air/blood contacting while limiting the exposure to chemical 
or biological hazards, and minimize water and heat loss through the membrane. The 
problem is further complicated by the time-dependent nature of respiration, and by the 
variable demands for oxygen corresponding to the states of rest versus exercise. It is not 
clear which requirement takes precedence in the optimization, or whether one design 
can successfully accommodate all functional requirements. Additionally, there is the 
complex question of symmorphosis [5], i.e., whether the different components of the 
respiratory system are optimized together for a common task. 
 The design of nature has fascinated scientists for centuries. Thompson [6] 
provided the first modern framework to study structure-function relationships in 
biology. Recently, there is a renewed interest in optimization studies of biological 
systems. West et al. [7] showed that the minimal resistance to flow associated with self-
similar vascular networks is the key to explaining the allometric scaling law that relates 
metabolic rate to body size. Bejan [8] proposed a general approach to structural 
optimization of systems with heat and mass flow, and extended its predictions to trees 
and blood vessel networks.  Several numerical optimization studies [9-11] proved that 
energetic efficiency is only one of several optimization criteria which lead to realistic 
blood vessel networks.  Focusing on the lung, Sapoval et al. [12] showed that the size of 
the functional units (acini) seems to maximize the rate of gas exchange, and Mauroy et 
al. [13] argued that the architecture of the bronchial airways is quasi-optimal for the 
flow of air, while providing a certain degree of fault tolerance.  
   
 
2 Energetic Optimization of Processes by Equipartition 
 
Our current approach to studying the energetic efficiency of lung design is based on 
Onsager’s formalism of irreversible thermodynamics, a powerful tool in the study of 
chemical processes. This framework allows for a systematic treatment of (possibly 
coupled) transport processes of mass, heat, and charge, while providing a powerful and 
unambiguous means to assess the energetic efficiency of systems based on the second 
law of thermodynamics.    
 The work that is lost in maintaining the function of lung is given by the Gouy-
Stodola theorem [14]: 

 lost 0
dSW T t
dt

⎛ ⎞ Δ⎜ ⎟
⎝ ⎠

,  (1) =

 
where T0 stands for the surrounding temperature and (dS/dt)Δt is the average entropy 
production in the lung during time interval Δt. According to the second law of 
thermodynamics, the most energy-efficient systems are those for which the total entropy 
production rate is minimal.  

Irreversible thermodynamics hinges on calculating the entropy production rate of 
a system. In stationary state operation, the average entropy production rate can be 
written as: 
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in which σ(x) denotes the local entropy production per unit time and unit volume of the 
lung [J/m3sK]. Entropy is always produced during the transport of heat, mass, or charge, 
as well as in chemical reactions. Following Onsager, the rate σ(x) at a spatial position x 
inside the lung defines the independent thermodynamic fluxes Ji and forces Xi in the 
system:  
 
 ( ) ( ) ( )i i

i
x J x X xσ = −∑  (3) 

 
 (e.g., if J is the flux of oxygen, then its conjugate force X is minus the gradient of 
chemical potential of oxygen divided by the temperature). Every flux depends linearly 
on the forces,  
 
 ( ) ( ) ( )i ij

j
jJ x L x X= − x∑  (4) 

 
where Lij=Lji are known as the Onsager coefficients of the problem.  

An interesting optimization problem can now be formulated: if the fluxes and 
forces can be distributed at will within the system, how should they be distributed so the 
total entropy production rate is a minimum, while the total flows of the problem are 
fixed? This situation corresponds to a system that performs a predetermined task (e.g., 
delivers a given amount of a substance to a receptor, per unit time) with minimal work 
input. Recently, several authors [15-18] showed that, under specific transport 
conditions, such energetically optimal systems are characterized by a uniform spatial 
distribution of either entropy production σ(x) or thermodynamic force X(x).  

These “equipartition” principles for optimal energetic efficiency open a 
promising new path to the structure-function relationships of the lung. The architecture 
of the airways directly influences the efficiency and spatial distribution of gas transfer, 
so we can formulate a geometric optimization problem as follows: which structure of 
the bronchi and the alveoli will deliver a specific amount of oxygen to the blood, with 
minimal entropy production rate (minimum energy dissipation)? The rationale for this 
formulation is that, while the oxygen intake is fixed by the metabolic rate, most of the 
energy generated by respiration should be available for useful work and not for 
maintenance. This means that the energy dissipated for respiration should be as small as 
possible. This idea was pioneered by Wilson [19], who obtained the correct geometric 
parameters of the bronchial tubes based on minimization of entropy production alone. 
Here, we will take this approach one step further, and show that minimization of 
entropy production implies some remarkable equipartition requirements on the part of 
the lung components. 

The morphology of the lung is well known, thanks to the monumental effort of 
Weibel and collaborators. These studies (e.g., [20],[21]) have shown that the structure 
of the lung is slightly different at large and small scales. The bronchial tree branches 
dichotomously for an average of 23 generations. The bronchi decrease in diameter by a 
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factor of 21/3 (Murray’s law) from one generation to the next, for the first 15 generations 
of branching. Beyond that, at the scale of the acinus (the gas exchange unit of the lung), 
the diameter of bronchioles varies very little between consecutive generations of 
branching. This morphometric observation is consistent with the fact that the two scales 
of the lung have essentially distinct functions. The main purpose of the trachea and 
bronchi is to transport air in and out of the lung, and to slow its motion down in order to 
enhance gas transfer at the small scale (see also [22]). At the millimeter scale of the 
acinus, the transport of gases occurs primarily through diffusion, which is optimal for 
gas exchange through the permeable membrane.     

This natural separation of scales suggests that the entropy production rate inside 
the lung is divided between the flow region (the bronchial tree) and the diffusion region 
(the acinar level). At the large scale, energy is being lost mainly by viscous dissipation, 
while at the small scale, diffusional transfer of the respiratory gases across the lung 
membrane dominates the entropy production. In the following, we will neglect the other 
sources of entropy (heat exchange, water, etc.). 

 
 
3 Optimization at the Bronchial Level 
 
Under rest conditions, the flow of air during inspiration and expiration can be 
approximated as laminar (Reynolds number around 1200 in the trachea, decreasing 
rapidly from one generation of branching to the next). Then, in tube i of branching 
generation j, viscous dissipation gives an entropy production rate of the form: 
 

 ,
, ,

i j
i j i j

p
v

T
σ

∇
= − , (5) 

 
where vi,j is the air velocity [m/s] averaged over the cross-section of the tube, ∇pi,j is the 
pressure gradient [Pa/m], and T the local temperature [K]. Rewriting the gradient in 
terms of the pressure drop Δpi,j across the tube, the entropy production becomes: 
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where  is the volume flow rate in the tube [m2

, ,i j i j i jV r vπ=&
,

,

3/s], and ri,j is the tube radius. 
In laminar flow, the flow rate is proportional to the pressure drop (Poiseuille law),  

, with an Onsager coefficient given by  , ,i j i j i jV L p= − Δ&
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where li,j is the tube length and μ is the viscosity of air [Ns/m2].  

In our optimization approach, the total entropy production rate of the bronchial 
tree needs to be minimized while keeping the total flow of air constant, . We ,

,
i j

i j
V V=∑ & &
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choose the individual flow rates  to be the independent optimization parameters. 
Then, optimization amounts to solving the variational equation: 

,i jV&
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where λ is the Lagrange parameter which enforces the constraint of constant total flow. 
The solution is straightforward:  
 

 , ,
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&
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where λ is the same for all tubes. Hence, the condition for minimal entropy production 
is that the pressure drop must be the same across every tube of the bronchial tree 
(equipartition of thermodynamic forces). The same result follows if one takes the length 
and diameter of individual tubes as the optimization parameters. 
  The result above is strikingly simple, but it explicitly assumes that all individual 
flow rates  can be varied independently. When tubes are connected in a network, the 
independence is lost since the flow rate in any parent branch must equal the sum of the 
flow rates in its daughter branches. Such additional optimization constraints can only 
increase the total entropy production, so equipartition of pressure drops provides the 
absolute lower bound for the entropy production over all possible flow configurations, a 
governing design principle for efficient distribution networks. 

,i jV&

 A truly remarkable fact is that the architecture of the lung actually implements 
the equipartition design principle. Morphometric data from mammalian bronchial trees 
[21] shows that at every branch point, both the length and diameter of a typical branch 
are reduced by a factor 21/3 (the length-to-diameter ratio is constant in branch 
generations 5-15). In an ideal dichotomous tree with this self-similar property, the total 
flow at level j can be written as 
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(subscript 0 refers to the trachea). Since all branches at one level are identical, and since 
the total flow at one level of branching is the same as the total flow at any other level by 
virtue of mass conservation (  for all j, where N is the number of branch 
generations), it follows that the pressure drop Δp

/jV V N=& &

i,j is the same across every branch of 
the tree!  
 The novelty of this result is not the confirmation of the fact that branching 
according to Murray’s law leads to the most energy-efficient structure. This has already 
been shown by similar variational methods [7, 13]. While the previous analyses 
produced geometric optimization principles (optimal diameter ratio or length-to-
diameter ratio), the present study reveals a governing physical principle (equipartition of 
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thermodynamic forces). The geometric design principle (Murray’s law) can be seen as 
just the manifestation of the more general, thermodynamic one. 

A second remarkable fact is that the equipartition result defines a natural 
“distance” or measure for flow distribution networks, which can be used for design 
purposes (see also [8]). For the bronchial tree, if every tube in every generation provides 
the same pressure drop, it follows that the pressure drop between the entrance to the 
trachea and the entrance to each acinus must be the same. Therefore, the complicated 
structure of the bronchial tree in Euclidean space has a very simple representation in the 
state space of pressure drops. 

Equipartition of pressure drop alone is not enough to specify the tube diameter, 
aspect ratio, or spatial distribution of tubes, and hence may be compatible with many 
flow configurations. Nature’s particular choice of a self-similar bronchial tree may be 
fulfilling a second optimality condition: it may be the easiest to grow [4], may occupy 
the least volume [13], or may be uniformly space-filling, therefore utilizing the 
available space in an optimal way [7]. The design flexibility provided by the 
equipartition principle may also explain the degree of variability seen in the lung and 
other natural tree-shaped structures (non-identical daughter branches may be made to 
have the same pressure drop across). 
 The local nature of the equipartition requirement is also noteworthy. Having the 
same pressure drop across all tubes, irrespective of their spatial position and 
connectivity, is relatively easy to enforce by local feedback mechanisms. One may 
speculate that this kind of control mechanism could be driving the growth and 
development of the lung during childhood. A similar control mechanism using local 
pressure sensors and feedback via muscles lining the blood vessels could be actively 
regulating blood pressure. The even distribution of pressure drop may also provide an 
elementary example of symmorphosis: in the case of the lung, every tube of the 
bronchial tree is optimized separately to ensure the optimal performance of the whole 
organ. 
 Finally, it is interesting to note that hints of an equipartition principle for 
pressure drop can already be seen in the seminal work of Murray: “In capillaries the 
pressure gradient is larger than elsewhere, but the capillaries being very short, the loss 
of pressure in these is only a fraction of the total blood pressure” ([3], p.209).  
 
 
4 Optimization at the Alveolar Level 
 
In contrast to the bronchial tree, which is dominated by laminar flow, the acinar and 
sub-acinar scale has diffusion as the dominating transport mechanism for the respiratory 
gases. Oxygen diffuses from the entrance of the acinus through the labyrinth of 
bronchioles, to one of several thousands of alveoli where it may cross the lung 
membrane driven by a difference in chemical potential between the air and the blood 
side. The process is reversed for carbon dioxide, which must cross the membrane and 
diffuse out of the acinus.   

The entropy production in this region has therefore two parts: for diffusive 
transport along the airways, and for transport across the membrane. Physiological data 
[1] show that the partial pressure of respiratory gases varies very little between the 
entrance to the acini and the alveolar sacs where gas exchange is actually taking place 
(for O2, the total change is approximately 10mm Hg, or roughly 10% of the partial 
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pressure of inhaled O2). The small magnitude of the gradient of partial pressure along 
the airways suggests that the first contribution to entropy production can be neglected in 
a simplified model.      

To model the entropy production upon crossing the membrane, we consider a 
cylindrical section of an acinar airway (Figure 1).  

 
Figure 1: Simple model of an acinar tube. The membrane lining the tube has a thickness δ.  

J(x) denotes the local flux of respiratory gases across the membrane.   
 

The local entropy production of respiratory gases can be expressed as  
 

 2 2

2 2

O C
O CO

( , ) ( , )1 1( , ) ( ) ( ) Ox r x
x r J x J x

T r T r
rμ μ

σ
∂ ∂

= − −
∂ ∂

, (11) 

 
where μ denotes the chemical potential [J/mol], and J stands for the flux of the 
transported species [mol/m2s].  

In the following, we will only discuss the transport of oxygen, so we will drop 
the indices on J and μ. The analysis can be extended to CO2 in a straightforward way. It 
is important to realize that the transport of oxygen is driven by gradients of both oxygen 
and carbon dioxide (see Eq. 4), and therefore the concentration profile of carbon dioxide 
on the blood side is also relevant for the entropy production. Still, this cross coupling of 
O2 and CO2 is not considered explicitly here, due to a lack of physiological data on the 
matter. The linear flux-force law for diffusion across the membrane can now be written 
as: 

 

 ( ) ( )J x L x
T

μ
δ

Δ
= − , (12) 

 
where L(x) is the position-dependent Onsager coefficient, and δ the membrane 
thickness. This relation is phenomenological, encoding all the details of the actual 
mechanism of transport across the membrane into one single parameter L. Although the 
transport of O2 from air to blood involves a number of consecutive processes, the rate-
limiting step is actually diffusion through the lung membrane and blood plasma. 
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Physiologists and biophysicists agree that transport of respiratory gases across the lung 
membrane is mostly passive (unmediated). Under this assumption, Katchalsky [23] 
gave the expression for diffusive membrane transport: 
 

 ( )( ) ( )m
c xJ x D x
δ

Δ
= − , (13) 

 
where Δc(x) is the change in O2 concentration within the membrane, between the air and 
blood side. Since the concentration of oxygen varies along the tube on both sides of the 
membrane, the concentration drop is position-dependent. Dm is an equivalent diffusion 
coefficient [m2/s], possibly also position-dependent: 
 
 

2 2O O( )m wD x RT Dϕ β= , (14) 
 
where ϕw is the volume fraction of water in the membrane, βO2 is Henry’s law 
coefficient for oxygen (the ratio of the concentration of oxygen dissolved in the 
membrane to the partial pressure of oxygen in air at temperature T [mol/m3Pa]), and 
DO2 is the diffusion coefficient of oxygen in the membrane [m2/s]. In good 
approximation, the membrane-plasma system can be considered as just a water barrier, 
so ϕw≈1.0, and the diffusivity and Henry’s law coefficient are calculated for oxygen in 
water.  

Under physiological conditions (low solute concentration and partial pressure), 
βO2 is not dependent on oxygen concentration, so Dm(x) in reality does not depend on 
position and will be relabeled as Dm. By contrast, equations (12) and (13) show that the 
Onsager coefficient L(x) does depend on position via the local concentration of oxygen 
on the air side, 

 

 air ( )( ) mD c xL x
R

= . (15) 

 
A useful alternative formulation of transfer across the membrane is in terms of the 
membrane permeability W. Equation (13) can be rewritten as: 
 
 ( ) ( )J x W c x= − Δ , (16) 
 
which gives W = Dm/δ = RTβO2DO2/δ  [m/s], also position-independent. This expression 
allows for an interpretation of gas transport and exchange in the alveolar sponge as a 
reaction-diffusion problem [12], in which oxygen diffuses in the airways and “reacts” at 
the walls with a probability proportional to the local concentration drop across the 
membrane (1st order reaction). 

By substituting equation (16) into the formula for entropy production, we find: 
 

 [ 2

air

( ) ( )
( )

WR ]x c x
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σ
δ
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As previously stated, the concentration of oxygen on the air side of the membrane is 
reasonably constant, especially in the deep layers of the lung. The total entropy 
production rate in the alveolar region is then the integral of the local rate σ over the 
volume of gas exchange, 
 

 [ ]2 3

acini air acini

( )dS WR c x d x
dt cδ

⎛ ⎞ = Δ⎜ ⎟
⎝ ⎠ ∫ , (18) 

  
whereas the total oxygen current across the membrane is  
 

 . (19) 3

acini

( )I W c x d x= Δ∫
 

We can now take advantage of the observed small variation in the oxygen 
concentration along the alveolar surface. Given this property we can assume, as a first 
approximation, that transport through the membrane at one location is independent of 
similar transport at another location (i.e., the transport paths are parallel) [16-17]. A 
simple variational argument, similar to that leading to equation (9), then shows that gas 
exchange is optimal (in the sense of minimal entropy production) if the concentration 
drop of oxygen across the membrane is the same everywhere in the lung. Therefore, at 
the scale of the acinus, we can argue that the principle of equipartition of 
thermodynamic forces, Δc(x)=constant, should apply. A more realistic problem 
formulation must consider the mechanism by which oxygen diffuses from the entrance 
of the acinus to every point on the membrane. However, this mass conservation 
restriction acts as an additional optimization constraint, and shifts the entropy 
production to a higher value. The “equipartition of forces” principle is therefore a lower 
bound for entropy production, i.e., the ideal situation.  

A uniformly distributed thermodynamic force is frequently encountered in 
chemical engineering in so-called “counterflow” reactors. This configuration is also the 
solution of choice for heat exchangers, where the hot and cold streams run in opposite 
directions, so as to have a more uniform temperature difference along the contact 
surfaces [18]. Remarkably, Nature also provides such examples, which are strong 
evidence that evolution is driven by optimization. Respiration in fish is an instance of 
applicability of the equipartition principle: along the surface of each gill, water and 
blood run in counterflow ([1], p. 17).  In entering the gill chambers, oxygen-rich water 
meets blood which is already oxygen-rich, while upon exiting, it contacts blood that is 
poor in oxygen. In this manner, the difference in concentration of oxygen between water 
and blood is almost uniform along the gill membrane, ensuring an energetically-optimal 
exchange. 

Unlike gills, bird lungs operate as cross-current systems. In the mammalian lung, 
the configuration is less clear; cross-current situations do occur because there is a 
gradient of oxygen concentration within the acinus. Remarkably, even in this 
configuration, the unique architecture of the lung provides an alternative way of 
operating close to the equipartition ideal. As shown by Sapoval et al. [12], the size of 
the acini is not arbitrary, but chosen precisely to maximize the rate of gas exchange. 
Here we propose that this high rate also corresponds to high energetic efficiency.   
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To gauge the applicability of the principle of equipartition of forces to the case 
of the lung, an independent calculation of the oxygen concentration was performed on a 
two-dimensional model of a human acinus, consisting of a space-filling fractal curve. 
The dimensions of the model were tuned to actual morphometric data, and accurate 
physiological values were input for the diffusion coefficient of oxygen in air (D = 0.243 
cm2/s at 37º C) and for the permeability of the lung membrane to oxygen (W= 8.07 x 10-

3 cm/s). The problem was modeled as reaction-diffusion for oxygen, with the flux 
through the membrane given by equation (16). For details of the geometry and problem 
formulation, see [22]. The equation for Δc(x) was solved using finite element software, 
and the results are shown in Figure 3 of Ref. [22] (C. Hou et al., present volume). The 
left pane of the figure shows the gas exchange unit corresponding to the state of rest 
(1/8 of an acinus); the right pane represents the gas exchange unit in heavy exercise 
(one quarter of the rest gas exchange unit). Oxygen diffuses from the entrance of the 
unit (leftmost end of the structures) to the membrane, where it crosses into the blood 
stream with a probability given by the membrane permeability W. The grayscale shows 
the local concentration difference Δc(x) between the air and the blood side of the 
membrane, as a fraction of the concentration difference at the entrance of the unit. 

During respiration at rest, convective flow gives way to diffusional transport 
approximately at the entrance to 1/8 of an acinus [12], so this can be considered as the 
typical gas exchange unit.  Calculation shows that the concentration drop Δc varies 
significantly with position (nonuniform gray in Figure 3 of Ref [22], left), and only the 
equivalent of 40% of the total alveolar surface is actively involved in gas exchange. 
This suggests that the assumptions that led to the equipartition result are probably too 
simplistic for the rest case. The study can be improved by involving the mass 
conservation equations explicitly in the determination of the entropy production rate. 

During heavy breathing, air penetrates deeper into the alveolar sponge, so the 
typical gas exchange unit is now 1/64 of an acinus (1/32 of an acinus in our 2d model). 
In this case, computations reveal that approximately 80% of the lung membrane is 
exchanging oxygen at maximum rate. This means that Δc is practically constant almost 
everywhere along the membrane surface (uniform gray in Figure 3 of Ref. [22], right), 
which is precisely what the equipartition principle requires. Therefore, during heavy 
exercise the lung is not only using practically all the available surface for gas exchange, 
but also does it with very good energy efficiency! The fact that the energy efficiency of 
the lung is higher during heavy exercise is remarkable, and shows that the complex 
architecture of the lung also provides a vital degree of functional redundancy. Operation 
at rest is suboptimal, so that the organism can face the real physical challenges with 
optimal efficiency.   

 
 
5 Conclusion 
 
The human lung and its blood network were modeled as a chemical membrane reactor, 
using methods from irreversible thermodynamics. Taking the transport pathways as 
being parallel, we showed that such a gas exchange unit operates close to maximal 
energy efficiency if the thermodynamic forces characterizing the system have a uniform 
spatial distribution (“equipartition of forces”).   

We found that the design of the mammalian lung is compatible with this 
optimization principle. At a macroscopic scale, the pressure drop was found to be the 
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same across every individual bronchus. At the microscopic scale of the alveolar sponge, 
the concentration difference between the air side and the blood side was found to be 
almost uniform along the whole membrane of the lung (at heavy exercise). These 
remarkable facts strongly suggest that the design of the lung is optimized for energy 
efficiency.    
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