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Summary

The operation of a molecular pump, the calcium pump of sarcoplasmic reticulum
is studied using mesoscopic non-equilibrium thermodynamics and molecular dy-
namics.

The mesoscopic non-equilibrium thermodynamic description of the pump is
compared to the description obtained in the framework of Hill for kinetic enzyme
cycles. By comparing these two descriptions at isothermal conditions, they are
found to be equivalent. This supports the validity of the mesoscopic approach.
An extension of the mesoscopic non-equilibrium framework to also include a
heat flux and the corresponding temperature difference is proposed. This can be
used to model phenomena such as non-shivering thermogenesis, a process which
lack a theoretical description in the kinetic cycle picture.

Further, the heat transfer in the calcium pump is studied using molecular dy-
namics. This is done in order to obtain phenomenological parameters that can
be used for the modeling of thermogenesis. A non-stationary non-equilibrium
molecular dynamics approach is developed, which may be used to study heat
transfer between a small object and the surrounding solvent. This methodology
is applied to the calcium pump solvated in water. It is found that the ther-
mal conductivity of the protein is low (0.2 W K−1 m−1) compared to water (0.6
W K−1 m−1). This means that the protein may sustain a large temperature gradi-
ent across its structure. The simulations also show that the protein-water surface
is important for the heat transfer. The time scale for vibrational energy relax-
ation is found to be of order 10–100 ps which strengthens the local equilibrium
assumption of mesoscopic non-equilibrium thermodynamics.

Mesoscopic non-equilibrium thermodynamics is also applied to calculate the
thermodynamic efficiency of the calcium pump embedded in lipid bilayers of
varying length and from different tissues. This is done in order to show the
applicability of mesoscopic non-equilibrium thermodynamics to interpret exper-
imental data. The thermodynamic efficiency is found to be low (< 13 %) in
all cases for the experimental conditions considered, which means that a large
amount of the energy released from the ATP-hydrolysis is dissipated as heat. A
complementary molecular dynamics study targeted on a bilayer for which the
protein shows a relatively large efficiency (compared to other bilayers) shows
that membrane deformation and large efficiency are not mutually exclusive.
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ii Summary

Overall, this thesis highlights the usefulness of the mesoscopic non-equilibrium
thermodynamic framework applied to molecular machines and energy trans-
duction and dissipation in these. The main result is that the mesoscopic non-
equilibrium thermodynamic framework is applicable to molecular pumps and
can be extended to include heat effects. This framework is general and can be
applied to other molecular machines as well. Further, the results also support the
notion that the calcium pump may contribute to non-shivering thermogenesis in
certain tissues.
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Chapter 1

Introduction

The topic of this thesis is the non-equilibrium thermodynamic description of
molecular machines, aided by molecular dynamics simulations. The emphasis is
on the connection between thermodynamic and kinetic methods and the possi-
bility of including heat effects in the description. Specifically, the operation of
a molecular ion pump, the calcium pump of sarcoplasmic reticulum, is studied
as an example system. For this particular pump, experiments have shown heat
effects during operation. This makes the calcium pump a convenient example
system for this thesis. This chapter serves as a short introduction to the main
topic of this thesis and puts the work in a broader perspective. Section 1.1 gives
background information motivating the work and places it in a context. Infor-
mation regarding the example molecular machine, the calcium pump, is given in
section 1.2. Finally, the aim and outline of the thesis is defined in section 1.3.

1.1 Background

The machinery of life includes a large variety of proteins and other macro-
molecules that act as molecular machines, converting energy from one form
to another in order to perform tasks such as active transport of ions, synthe-
sis of biomolecules or movement of material [7, 8]. In his 1959 talk, There’s Plenty
of Room at the Bottom, Feynman discussed microtechnology and miniaturization
of machines and he pointed to the “marvellous biological system” as a source
of inspiration [9, p. 126]. Later, Drexler noted the close analogy between the
molecular machinery of life and well-known macroscopic machines. For in-
stance, the molecular machinery includes parts that resemble motors, bearings
and pumps [10,11]. This opens up the possibility of using this biological machin-
ery as nanorobots or as a guide to develop biology-inspired nanodevices [11–13],
for instance with applications to mechanosynthesis or medicine [14, p. 6 and 237].

Artificial proteins have been designed and synthesised, one example being
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2 Introduction

the protein Top7 (PDB1 ID: 1QYS) [15]. However, the design of a protein for a
specific purpose is still difficult [12]. As nature is already completing this task,
biological systems provide natural examples to emulate and learn from. In this
respect, a general physical description or framework for molecular machines is
of great interest. As argued by Hänggi and Marchesoni [13], “A better under-
standing of the molecular machinery can help us to devise and implement new
transport and control mechanisms for biology-inspired nanodevices”. The phys-
ical description of the small scale does not appear to involve any fundamentally
new theory. Still, as pointed out by Feynman [9, p. 136], ”Atoms on a small scale
behave like nothing on a large scale”. That is, on the small scale, the physical de-
scription often deviates from comparable, and familiar, macroscopic phenomena.
One well-known example is the movement of small objects in water where grav-
ity and inertia can be neglected (the typical Reynolds number for a microscopic
object, of length-scale nm to µm, “swimming” in water is much smaller than one)
[16, 17]. This exemplifies that, although bionanomachines in many ways resem-
ble macroscopic machines, for instance molecular motors such as kinesin uses
adenosine triphosphate (ATP) as a fuel in order to move [18], care must be taken
before macroscopic theories can be applied. As molecular machines transform
energy between different forms, and since the classical laws of thermodynamics
govern such transformations [19, p. xi], it is natural to consider thermodynamics
for the purpose of describing molecular machines.2 As noted by Hänggi and
Marchesoni, the science of nanodevices is “inseparable from the thermodynam-
ics of microscopic engines” [13]. However, for the example of a molecular motor
such as kinesin, classical thermodynamics may not be directly applicable. On
the small scale fluctuations can be of importance [17, 21] and in addition, molec-
ular motors operate under non-equilibrium conditions [13]. In this thesis, the
application of non-equilibrium thermodynamics to such molecular machines is
considered.

The non-equilibrium nature of life was highlighted by Erwin Schrödinger in
his 1943 lectures at Trinity College, Dublin, which formed the basis of his influen-
tial3 book What is life? (first published in 1944) [22–24]. In this book, Schrödinger

1The Protein Data Bank (PDB), see http://www.rcsb.org
2From a historical point of view [20, pp. 381–390], the study of motors (i.e. steam engines) was

very rewarding for the development of thermodynamics, one classical example being Sadi Carnot
and his study of the efficiency of steam engines [19, p. 39]. One might hope that history repeats itself
and that the study of molecular motors (or engines) that convert fuel such as ATP into work can lead
to new understanding. Incidentally, the first formulation of the principle of conservation of energy,
by Julius von Mayer, was based on his studies of a biological system; as a ship’s doctor treating sailors
on a journey to the East Indies [20, pp. 382–384].

3Symonds [22] and Dromanraju [23] discusses the influence that Schrödinger has had in biology.
While the What is life? has been very influential, the theoretical contributions have been criticized, for
instance by Pauling who wrote [23]:

“When I first read this book, over 40 years ago, I was disappointed. It was, and still is,
my opinion that Schrödinger made no contribution to our understanding of life.”

However, Pauling did also point out that [23] “. . . Schrödinger, by formulating his wave equation, is
basically responsible for modern biology”.

http://www.rcsb.org
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discusses the nature of the hereditary material (which was later uncovered by
Watson and Crick [25]) and the thermodynamics of living systems. In the ther-
modynamic discussion, Schrödinger points out that life is able to maintain it-
self and avoid the decay into a state of maximum disorder, i.e. thermodynamic
equilibrium, “by eating, drinking, breathing and (in the case of plants) assimilat-
ing” [24, p. 70]. That is, life does not defy the second law of thermodynamics4

since living systems are able to exchange energy and matter with the environ-
ment [24,27]. By noting the non-equilibrium nature of life in connection with his
thermodynamic considerations, Schrödinger, perhaps unintentionally, alluded to
the application of non-equilibrium thermodynamics to biological systems, which
was pioneered by Kedem and Katchalsky in the late 1950s/early 1960 [28–30].

Kedem, Katchalsky and Curran [31], Caplan and Essig [32], Demirel [33] and
several others (see for instance Lebon et al. [34, chap. 4] and references therein)
have considered the application of non-equilibrium thermodynamics (NET) to
biological systems. The NET theory describes a system with a set of fluxes and
forces and the relation between them [35]. These applications of NET to biological
systems are in the form of classical irreversible thermodynamics, which limits the
description to the linear regime, i.e. the relations between the fluxes and forces
are linear. Despite this limitation, NET gives useful results, especially when ap-
plied to the description of coupled processes [34, p. 91]. Nevertheless, for an
activated process where the system must overcome an energy barrier in order
for the process to go forward, the linear description is not appropriate. The de-
velopment of mesoscopic non-equilibrium thermodynamics (MNET) [36], which
considers the system on a scale between the microscopic and macroscopic scale,
addresses the shortcomings of classical irreversible thermodynamics. Mesoscopic
non-equilibrium thermodynamics has been applied to biological systems [37, 38]
and has also been used to analyse fluctuations [39]. Mesoscopic non-equilibrium
thermodynamics capture the non-linear nature of activated transport processes,
and also the coupling between the different forces and fluxes. This description of
the coupling facilitate interpretation of experimental results. For instance, it has
been observed that molecular pumps can use ATP as a fuel in order to establish
a chemical potential gradient over a biological membrane and, by operating in
reverse, also synthesise ATP by using the chemical potential gradient [40]. Such
coupling between fluxes and forces as the ATP reaction and the chemical poten-
tial gradient is a basic feature of the MNET theory. This exemplifies one of the
strengths of the theory.

In this context, the experimental studies of the calcium pump of skeletal mus-
cle by de Meis and co-workers [41–48] are especially interesting. While the pri-

4This was the topic of an exchange of letters between Donnan (later supported by Guggenheim)
and Jeans in Nature in 1934. Donnan [26] noted that:

“An essential feature of the second law is that a finite amount of organisation may be
purchased at the expense of a greater amount of disorganisation in a series of inter-
related spontaneous actions.”
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mary function of this ion pump is to enable muscle relaxation, these experi-
ments suggest that it may transport heat reversibly, in addition to dissipating
energy [42]. The pump is also able to modulate the amount of energy released
as heat and it may contribute to non-shivering thermogenesis [42, 46, 49]. It has
been estimated that the pump may contribute as much as 20–50 % of the total
heat produced by resting muscles, depending on muscle type (red or white) [46].
Since the skeletal muscle is the most abundant tissue in the body, small changes
in the heat produced by resting muscles can have large effects for the whole body.
Changes in thermogenesis may be linked to disorders such hyperthyroidism and
endocrine dysfunction [46, 50]. The calcium pump has also been linked to other
diseases, for instance Brody’s and Darier’s diseases [51].

Typically, molecular pumps are modelled by considering kinetic cycles in
the framework of Hill [52–54] (an example for the calcium pump is given by
Läuger [54, pp. 240–242]) and in these descriptions, the possible heat effects are
ignored. Such heat effects can be included in a MNET description and this have
initiated studies applying MNET to the calcium pump [55–57]. This gives a ther-
modynamic framework for describing non-shivering thermogenesis. While the
equivalence between the kinetic cycle description of Hill and linear irreversible
thermodynamics has been established for isothermal conditions close to equi-
librium [53, pp. 29–36], the connection to the MNET approach has not yet been
clarified. Furthermore, it is not clear how heat effects can be introduced in the
context of a kinetic cycle model.

By dissipating heat during operation, molecular machines my resemble macro-
scopic machines as heat engines. This analogy should not be taken to far. The
operation of a heat engine, say a diesel engine, is very different from the oper-
ation of a protein. A diesel engine uses an exothermic reaction in order to heat
a working substance, which is then used to perform work and the efficiency is
limited by the Carnot efficiency [58, pp. 276–284]. A protein on the other hand,
uses the fuel directly to perform work and any heat released may represent a
direct loss. The efficiency is not limited by the Carnot efficiency, and the protein
resembles in this sense a fuel cell or a battery more than a heat engine. Neverthe-
less, as molecular machines such as proteins function in a narrow temperature
range, any excess heat must be removed efficiently for these systems [59]. It
was noted above that the physical description on the small scale may deviate
from the macroscopic scale. This also applies to heat transfer on the nanoscale,
which may be different from macroscopic heat transfer [60, 61]. It is expected
that interfaces (e.g. the protein–water interface) will be very important for the
heat transfer in small systems [62]. Furthermore, the energy flow in proteins is
also important for understanding how they function, especially in the context
of allostery [63] and possible conformational changes in response to changes in
temperature [61, p. 247]. It is therefore important to be able to model the heat
flow, both inside and to (or from) such structures.

In this thesis the points raised in the two last paragraphs will be addressed.
Specifically, the connection between the kinetic diagram approach of Hill and
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the MNET framework will be elaborated and a temperature difference will be
introduced as a driving force in a kinetic-based MNET description. This is done
in order to extend the MNET framework and assess the applicability of a NET-
based theory to biomolecular processes. Furthermore, the heat transfer that may
occur in proteins during operation will be investigated using molecular dynam-
ics. Specifically, the effect of the protein—water interface will be investigated.
Molecular Dynamics also gives the possibility of determining thermal transport
coefficients (e.g. thermal conductivity) for a molecular machines. Such transport
coefficients are needed in the NET and MNET descriptions. Explicit simulations
on the heat transfer in proteins will also give information on the typical time
scales for energy relaxation in molecular machines. One of the assumptions in
the MNET theory is that equilibration of molecular fluctuations is fast compared
to the mesoscopic time scale. By performing simulations of the heat transfer, the
validity of this assumption can be assessed. As noted above, the Carnot efficiency
can not be used for molecular machines as these machines are not heat engines.
Non-equilibrium thermodynamics offer a systematic framework for defining the
efficiency of free-energy transduction [34, p. 100]. This can be done by consid-
ering the entropy production and the lost work. This will be used in this thesis
to show how non-equilibrium thermodynamics can be used to interpret experi-
mental results.

Since heat effects have been observed in the calcium pump, and since this
protein is believed to participate in non-shivering thermogenesis, it is a conve-
nient and natural example system for the work in this thesis. This protein will
therefore be adapted as recurrent model system. For completeness, a short de-
scription of this protein is given in the following section. A more extensive and
complete review was given by Møller et al. [64].

1.2 The calcium pump — the model machine

The calcium pump of sarcoplasmic reticulum (SERCA or Ca2+-ATPase) is a
110 kDa transmembrane protein which actively transports Ca2+ in connection
with muscle contraction. During muscle contraction, Ca2+ is released from the
lumen of sarcoplasmic reticulum (SR) vesicles to the cytosol by calcium channels.
The increased cytosolic concentration of Ca2+ induces a conformational change
of the proteins troponin and tropomyosin which allows actin and myosin to form
cross-bridges. By forming such cross-bridges, the myosin filament may climb the
actin filament, resulting in muscle contraction. By moving Ca2+ from the cytosol
and back into the lumen of SR, the calcium pump enables the muscles to relax: A
new conformational change enables troponin and tropomyosin to bind to actin,
occupying the binding sites, and cross-bridges between actin and myosin can no
longer form [65, pp. 956–962]. The structure of a small segment of the actin fila-
ment with troponin, tropomyosin, bound Ca2+ and myosin is shown in Fig. 1.1.
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Troponin
Tropomyosin

Ca2+

Myosin
Actin myofilament

Figure 1.1: Illustration of a small segment of an actin filament with myosin.
Actin is shown in blue, troponin in green, tropomyosin in pink and calcium in
light orange. Myosin in colored in dark orange and in red. In muscle cells, several
myosin molecules join together to form a thick filament. When Ca2+ binds to
troponin, the myosin heads may bind to the actin myofilament and climb it,
which results in muscle contraction. When Ca2+ is removed, a conformational
change in troponin binds tropomyosin to actin, preventing myosin heads to bind
to actin. The structure of the actin filament is based on a structure obtained from
insect flight muscle (PDB ID: 2W49) [66]. The myosin head is based a structure
from chicken (PDB ID: 2MYS) [67], while the tail of myosin is illustrated using a
structure based on tropomyosin.
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The Ca2+-ATPase was discovered in the 1960s [68, 69] and it has been estab-
lished that this ion pumping protein belongs to the P-type ATPase family [70–72].
The P-type ATPase family include membrane proteins such as the Ca2+-ATPase,
the Na+/K+-ATPase, the plant and fungal H+-ATPases, the gastric H+/K+-
ATPase and the heavy metal transporting ATPases [64, 70]. These proteins share
structural features and the name, P-type ATPase, originates from a characteris-
tic trait of this family: during operation, they use ATP as an energy source for
the pumping and form a phosphorylated intermediate [70, 71]. The sarcoplas-
mic reticulum Ca2+-ATPase was the first of the P-type ATPases for which a 3D
structure was determined [73], and the structure of one of its conformations is
shown in Fig. 1.2. The pump is encoded by three genes in humans (ATP2A1,

A domain

P domain

N domain

Aspartic acid 
(Asp 351)

Membrane
domain

Lumen

Cytosol Ca2+

Figure 1.2: Structure of the Ca2+-ATPase (SERCA1a) in the E1 conformation
with bound calcium ions (PDB ID: 1T5T) [74]. The calcium ions are coloured
dark orange, the actuator (A) domain is coloured pink, the nucleotide binding (N)
domain is coloured green and the phosphorylation (P) domain is coloured light
orange. The aspartic acid residue (Asp 351) which is phosphorylated during the
operation of the pump is coloured dark blue and the transmembrane part which
consist of 10 α-helices are coloured light blue.

ATP2A2 and ATP2A3) where each gene encodes several isoforms of the protein,
SERCA1a-b, SERCA2a-c and SERCA3a-f respectively [51]. Different muscles ex-
press different forms, for instance is SERCA1a expressed in fast twitch skeletal
muscle while SERCA2a is expressed in heart tissue [51]. Experiments have shown
that isoforms of type SERCA1, SERCA2 and SERCA3 may produce heat during
ATP hydrolysis, however, SERCA1 is the only form found to be able to modulate
the amount heat produced [75]. Today, several structures/conformations of the
protein in the SERCA1 form have been determined.5 This has enabled a very

5As of May 2012, the Protein Data Bank lists 45 crystal structures (and one theoretical structure).
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detailed picture of the operation of the pump to be formed [64].
The P-type ATPases undergo conformational changes during operation and

this was originally assumed to involve two different conformations, E1 and E2,
with different affinity for the nucleotide and transported ions [70]. Today, it is
known that many of the P-type ATPases can exist in several different confor-
mations during operation [64, 70]. However, the E1/E2-picture is still useful for
analysis of the pump operation. Generally, the operation of the P-type ATPases
is assumed to correspond to a Post-Albers cycle [70,76] and for the Ca2+-ATPase,
E1 has a high affinity for Ca2+ and E2 a high affinity for protons [64,76]. A min-
imal description of the pump cycle then begins with the binding of Ca2+ from
the cytosol to the E1 state and phosphorylation by ATP, resulting in an occluded
state. Following the phosphorylation is a conformational change to an occluded
E2 state, with subsequent deocclusion and release of the Ca2+ to the lumen. The
protein is then dephosphorylated and returns to the E1 state. Concomitant with
the binding/release of Ca2+ is release/binding of 2–3 H+ [64].

1.3 Aim and outline of the thesis

Based on the observations in the previous sections, this thesis aims to clarify the
following points:

• The connection between mesoscopic non-equilibrium thermodynamics and
kinetic models.

• How a heat flux and the corresponding temperature gradient (or difference)
can be introduced in a mesoscopic non-equilibrium thermodynamic model.

• The applicability of mesoscopic non-equilibrium thermodynamics to biomolec-
ular machines.

• The thermal properties and energy transfer properties of biomolecular ma-
chines.

The combined effort will be used as a basis for commenting the possibility of
the Ca2+-ATPase participating in non-shivering thermogenesis. The main re-
sults of this thesis are contained in the papers included on pages 59–119. Paper I
and II address mainly the questions raised in the first two points above with some
comments on the applicability. Paper III and IV address the last point. The ap-
plicability of mesoscopic non-equilibrium thermodynamic methods to molecular
machines is investigated in Paper VI. This paper is a study of the thermodynamic
efficiency of the Ca2+-ATPase as a function of lipid bilayer length, using experi-
mental data. Parallel with this study, molecular dynamics simulations were car-
ried out to further investigate the interactions between the protein and the lipid
molecules in a bilayer; this is the topic of Paper V.

Some of the results from Paper I and II are summarized in chapter 2, which
serves as an introduction to non-equilibrium thermodynamic theory applied to
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transport across biological membranes. This chapter also discusses kinetic meth-
ods and the relations between the different approaches to describe the transport
across biological membranes. The applicability of the different methods is also
commented. This part of the thesis is intended as an independent publication.
The results are further summarized, with a larger emphasis on Papers III–VI, in
chapter 3. Based on this a conclusion is given in chapter 4 with suggestions for
further work in chapter 5.
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Chapter 2

Theoretical background

Describing transport across complex biological
interfaces

This chapter gives an overview of some different non-equilibrium thermody-
namic approaches to describe the operation of molecular machines, in particular
molecular pumps. This chapter is invited for publication in a special issue of
the European Physical Journal on the topic of the dynamics of complex interfaces.
The working title for this issue is Complex fluid-fluid interfaces — Are the current
methods sufficient for characterizing their highly nonlinear dynamics? For that reason,
this chapter is written to be self-contained and as a consequence, some of the
text overlaps with the background information already given in section 1.1 of the
previous chapter, and the discussion of the results which follows in section 3.1 of
the next chapter. In addition, the intended abstract for this contribution is left out
of this text, and information regarding the structure of this chapter is postponed
to the end of section 2.1.

2.1 Introduction

On the molecular level, biological membranes appear very complex with a myr-
iad of different proteins embedded in a lipid bilayer. The lipid bilayer itself
consist of lipids molecules of several different species, in fact, more than 1000
different lipid species may exist in an eukaryotic cell [77], and the number of
embedded proteins corresponds to a lipid-protein mass ratio in the range 1:4 to
4:1 [65, p. 320]. The proteins provide a variety of functions and they may serve
as channels or pumps that transport polar molecules essential for cell operation
across the biological membranes. Since a biological membrane act as a barrier to
the flow of most polar molecules, the channels and pumps perform a very impor-

11
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tant task by moving the molecules across, and they accomplish it with high se-
lectivity. The channels represent passive or facilitated transport while the pumps
transport molecules actively, i.e. they use energy in order to move molecules
against a chemical potential gradient [65, p. 346]. Over several decades, research
has focused on the structure-function relationship of these transporter proteins.
Proteins are characterized with impressive structural details, and experimental
techniques allow us to measure their performance. For instance, for the calcium
transporting ATPase of sarcoplasmic reticulum (SERCA) it has been possible to
identify several enzyme conformations by studying crystals stabilized by chem-
ical analogues to ATP and phosphoryl groups. This has led to a very detailed
picture of the operation of this pump [64] which operates on the millisecond
scale. Computational techniques (i.e. molecular dynamics) are so far unable to
capture such long time scales,1 which can be called macroscopic. Most molecu-
lar simulations have therefore focused on molecular fluctuations of equilibrium
structures on the pico to nanosecond scale. Such simulations highlight the impor-
tance of the molecular fluctuations and the resulting conformational changes for
the function of proteins [80, 81]. It is, evidently, the fluctuations (or internal mo-
tions) of the protein that eventually will bring about a change on the macroscale.
The understanding of these events will be crucial for the understanding of the
function. It is therefore a long range aim to be able to compute and model pro-
tein functions on the macroscale from the properties on the scale of fluctuations,
the so-called mesoscale. This calls for computational as well as theoretical efforts,
so it becomes possible to integrate from the level of molecular fluctuations to the
level of coherent molecular movements that characterize a function.

The purpose of this work is to help contribute to the theoretical progress, by
giving an overview of existing theoretical methods for the macroscale and their
link to recent developments for the mesoscopic level. The main focus will be
the description of active transport across biological membranes since this phe-
nomenon exemplifies non-linear dynamics at a complex interface. We aim to
show how central descriptions are related, and discuss limitations and possibili-
ties which may be useful for a further development.

Throughout the work we shall use the calcium pump of sarcoplasmic reticu-
lum, the Ca2+-ATPase, as an example to illustrate the various methods. This is
a 110 kDa transmembrane protein which actively transports Ca2+ after muscle
contraction. The Ca2+-ATPase has two binding sites for Ca2+ and uses adeno-
sine triphosphate (ATP) in order to transport the ions. This protein is well stud-
ied, particularly in terms of high-resolution X-ray structures for different enzyme
states [64,70]. In addition, the protein may contribute to non-shivering thermoge-
nesis and heat effects have been measured during operation of the pump [49,75].

1As of 2012, the millisecond domain appears to be within reach for certain all-atom molecular dy-
namics simulations. Using a special purpose computer designed for high-speed molecular dynamics
simulations, Jensen et al. [78] recently reported simulations lasting 100–200 µs for systems containing
an ion channel embedded in a phospholipid membrane solvated in water (the system contained more
than 105 particles). See also the bulletin in Chemical & Engineering News [79].
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The possibility of heat effects is often overlooked in theoretical and computa-
tional simulation studies of the operation of the pump. We shall see that this
effect can be used to distinguish between the different theoretical descriptions.

The system we consider is illustrated in Fig. 2.1. We consider the calcium
pump embedded in a phospholipid membrane that separates the inside of a
sarcoplasmic reticulum vesicle from the outside. For our purpose, the membrane
separates two homogeneous bulk phases and the pump transports ions between
these. We assume further that we can neglect the membrane potential for this
particular pump even though it is known to be electrogenic [82–84].

Figure 2.1: Illustration of the Ca2+-ATPase example system. The system consist
of the Ca2+-ATPase protein embedded in a vesicle (phospholipid membrane)
where the Ca2+-ATPase is drawn in dark color (blue) and the bilayer in light
color (gray). The left figure shows the vesicle where, for clarity, the size of the
Ca2+-ATPase has been exaggerated and only one protein is shown. On the right
an enlarged version is shown, where the arrow illustrate the positive direction
of transport (in this case for the flux of calcium ions, JCa). The positive direction
is from the external phase (cytosol/out) to the internal phase (lumen/in). The
chemical potential of Ca2+ on the two sides, µin

Ca and µout
Ca , may differ. In the

figure, the temperatures of the two sides are indicated with Tin and Tout, and
these may also differ.

Following a short overview of the methods considered in this work (sec-
tion 2.2), descriptions of kinetic, non-equilibrium thermodynamic and meso-
scopic non-equilibrium thermodynamic methods are given in sections 2.3, 2.4
and 2.5, respectively, before a conclusion is given in section 2.6.
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2.2 Kinetic and thermodynamic methods

Generally speaking, there are two categories of theoretical methods that describe
active transport of proteins; kinetic or thermodynamic methods.

Kinetic methods are rooted in classical reaction kinetics as formulated by
Eyring and co-workers [85, 86], and was early applied to membrane transport
(see for instance Zwolinski et al. [87]). The Post Albers-scheme is central for
enzyme kinetics (and especially the P-type ATPases) [76], applying the law of
mass action for each mechanistic step. At a more complex level, Hill’s cycle
method also uses the law of mass action for single steps, but considers them
as parts in sets of cycles which are superimposed on each other [52, 53]. Near
equilibrium, it can be shown that Hill’s cycle method reduces to the classical
non-equilibrium thermodynamic description. The connection between the ki-
netic methods and non-equilibrium thermodynamics was also pointed out by
Eyring et al. [88]. In addition to kinetic methods, network methods are used to
build hierarchical structures of kinetic processes.

Thermodynamic methods derive from non-equilibrium thermodynamics, no-
tably the work of Kedem and Katchalsky from the late 1950s/early 1960s, see
Kedem and Katchalsky [28–30] and Katchalsky and Curran [31] and references
therein. Caplan and Essig [32] give the state of the art on this development in
biological systems today (see also the overview by Lebon et al. [34, chap. 4]).

A main difference between kinetic and non-equilibrium thermodynamic meth-
ods lies in their way to deal with active transport; i.e. the transport of ions or
species against their chemical potential gradient, brought about by chemical re-
actions. Kinetic methods or network models describe species transport across the
membrane by including binding and debinding as steps in the set of chemical re-
actions. In the non-equilibrium thermodynamic theory of Caplan and Essig [32],
active transport of an ion is described as coupling of a vectorial process (the trans-
port) to a scalar one (the reaction). According to Curie’s principle such coupling
cannot occur in an isotropic system, however for membrane systems, coupling
between the driving forces is direct and allowed due to the anisotropy introduced
by the membrane [89]. Moszynski et al. [90] showed that such coupling between
a one-dimensional flux and the reaction is possible when the reaction only takes
place at one side of the membrane, while others noted that a reaction taking place
in the membrane itself may posses marked asymmetry [30, 89]. Based on the
developments in non-equilibrium thermodynamics for surfaces, Kjelstrup and
Bedeaux [91, chap. 7.6] showed that the scalar component of the vectorial ion
flux can couple to the scalar chemical reaction rate at the membrane surface, due
to symmetry breaking at the membrane. This allows a local description of the
coupling of the two phenomena.

Another difference between kinetic and non-equilibrium thermodynamic meth-
ods is their way to deal with the temperature as a variable. The temperature en-
ters chemical reaction kinetics mainly through the rate constant and the so-called
Arrhenius behavior. The rate constant is assumed to depend on the temperature,
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T, via the factor exp(−Ea/RT), where Ea is the activation energy of the chemical
reaction and R the gas constant [85, p. 1]. In non-equilibrium thermodynam-
ics, the temperature obtains an additional role, as a temperature difference can
provide an extra driving force for transport. This fact will next lead to further
questions on the possible coupling of driving forces.

The main advantage of the kinetic methods has been their ability to de-
scribe the truly non-linear character of the processes involved. Classical non-
equilibrium thermodynamics deals with linear processes and its use has been
considered as limited, valid only close to global equilibrium.

In the following we shall comment briefly on the macroscale methods men-
tioned above, explaining the above statements with examples. We proceed to
report on the status of the development of a mesoscale method based on non-
equilibrium thermodynamics. The mesoscale method can be integrated out to
give a description for macroscale performance, a description which gives non-
linear relations between the fluxes and the driving forces, thereby expanding the
range of validity of the thermodynamic theories. This method gives a direct
description of coupling, including coupling to thermal driving forces, and has
been shown to be compatible with Hill’s diagram method. We expect that such
generalizations may be helpful for future developments.

2.3 Kinetic methods

In chemical reaction kinetics, the transition from an initial to a final configuration
can be modeled as a continuous transformation across an activation energy bar-
rier [85, p. 10]. The situation is illustrated in Fig. 2.2. Applied to the description
of enzymes, the initial and final configurations are typically different states of
the same enzyme. The full description of the operation is obtained as a sequen-
tial set of such reactions, and when the initial state of the first reaction and the
final state of the last reaction coincides, the result is a kinetic cycle description.
The operation of a whole class of protein pumps, the P-type ATPases to which
the Ca2+-ATPase belongs, has been described using a kinetic cycle based on the
Post-Albers model.

2.3.1 Post-Albers schemes

The Post-Albers model was originally developed for the Na+/K+-ATPase by
Albers [92] and Post et al. [93] and describe the operation of the pump in terms
of two key conformations, E1 and E2 (“enzyme-1” and “enzyme-2”) [70]. As the
Ca2+-ATPase and the Na+/K+-ATPase belong to the same family of proteins,
the P-type ATPases, they share certain features2 and the Post-Albers model has

2The P-type ATPases use ATP as an energy source to drive vectorial transport, they form a phos-
phorylated intermediate and the operation can be described in terms of the interconversion between
(at least) two different conformations (E1/E2) [65, p. 348]
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Figure 2.2: Illustration of the potential energy (Φ) of an elementary reaction as a
function of the reaction coordinate (γ). Arbitrary units are used for the potential
energy and reaction coordinate. The initial configuration (“Reactant”) can be
found at the plateau to left (low value of the reaction coordinate) while the final
configuration (“Product”) to the right (high value of the reaction coordinate).
The activated complex is located at the maximum of the energy. The activation
energies for the forward reaction (Ea) and for the backward reaction (E∗a ) are
indicated in the figure.

been applied to the Ca2+-ATPase as well. In this scheme, the E1 conformation
is supposed to have the binding sites exposed to the cytoplasmic side with high
affinity for Ca2+, while in the E2 conformation the bindings sites are exposed to
the other side of the membrane with a low affinity for Ca2+ [72]. The transport
of Ca2+ by the pump is then essentially described as a series of steps, connected
in a cycle, and the pump inter converts between the E1 and E2 conformations
in different states, using ATP as an energy source. A recent scheme for the
operation of the Ca2+-ATPase, which was proposed by Møller et al. [64] based
on the experimentally isolated enzyme states, is reproduced in Fig. 2.3.

The steps of the cycle occur in a consecutive manner and this sequencing of
the steps implies a fixed stoichiometry between the exchange of ions and ATP
hydrolysis. In this manner one deals with the relation between the ion transport
and the chemical reaction: a fixed number of ions bind to the protein at a specific
step, then the ATP hydrolysis occur in a following step, before the ions detach at a
later step in the cycle. This means that the translocation step(s) are directly linked
to the chemical reaction; Heinz [94, p. 78] called this the “conveyor” principle. In
this context, the word coupling is taken to mean such a relation between the ion
transport and the chemical reaction. This word has a more particular meaning in
non-equilibrium thermodynamics, in the context of coupling between different
fluxes and forces. Since the steps appear in a fixed sequence, the rate limiting
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Ca2E1:ATP

[Ca2]E2P:ATPHnE2P:ATP[Hn]E2P:ATP

3. ADP/ATP exchange

ATP

ADP

1. Exchange of ions

2 Ca2+ n H+

6. Dephosphorylation

HnE2:ATP [Ca2]E1~P:ADP
2. Phosphorylation

4. Exchange of ions

2 Ca2+ n H+

5. Occlusion

Figure 2.3: Kinetic (E1/E2) scheme for the operation of the Ca2+-ATPase,
adapted from Møller et al. [64]. Occluded states are indicated with brackets,
the high-energy phosphate bond is indicated with a tilde. This scheme consist
of the following steps: 1. Ions are exchanged (two Ca2+ from the cytosol with
n (2–3) H+ from the binding sites of the protein). 2. ATP is phosphorylated,
this forms a high-energy intermediate with occluded Ca2+. 3. Exchange of ADP
with ATP and formation of a lower-energy phosphorylated intermediate (Ca2+

still occluded). 4. Deocclusion and exchange of ions (two Ca2+ from the binding
sites of the protein with n (2–3) H+ from the lumen). 5. Occlusion of H+. 6.
Dephosphorylation and completion of the cycle.

step(s) determine(s) the overall rate.
The lack of freedom due to the fixed sequencing of steps can be modified by

introducing more complex models, for instance by allowing additional connec-
tions between the states in the cycle. This effectively introduces more cycles in
the description. The analysis of such diagrams can conveniently be discussed in
terms of the constitutive cycles, using the formalism developed by Hill. This will
be discussed in the following section.

2.3.2 Hill’s method

Hill [52,53] considered the steady-state kinetic description of enzyme cycles, such
as those based on the Post-Albers model, and developed a formalism for analyz-
ing them. In this formalism, the description of the enzyme can be understood as
a superposition of one or more cycles, where each cycle is, as in the Post-Albers
scheme, composed of a set of consecutive reactions between different states.

By superposing different cycles, the resulting total description becomes more
flexible, as both coupled and uncoupled reactions can be described. For instance,
consider the scheme presented in Fig. 2.3 for the Ca2+-ATPase. In this case there
is a strict coupling between the transport of ions and the chemical reaction: two
Ca2+ are transported per ATP hydrolyzed. Experiments have shown however,
that this stoichiometry is not always attained. For some conditions, the pump
may “slip”, i.e. it transports fewer than two Ca2+ per ATP hydrolyzed [95]. Such
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slippage can be taken into account by introducing additional cycles in the di-
agram, corresponding to hydrolysis of ATP without transport of ions. In the
model given Fig. 2.3, slippage can be introduced by allowing direct transforma-
tion between the states Ca2E1:ATP and [Ca2]E2P:ATP. The resulting diagram is
then a superposition of three cycles, as shown in Fig. 2.4. The slippage or lack of
ideal performance of the pump is then determined by the relative probabilities
of completing the different cycles. This allows for varying stoichiometries and
greater flexibility in the interpretation of experimental data.

Figure 2.4: Kinetic (E1/E2) scheme for the operation of the Ca2+-ATPase with
slip. This model is based on the model given in Fig. 2.3, where the information on
the different steps are given. In order to introduce slip, without adding additional
states to the description, a new step has been added, between states Ca2E1:ATP
and [Ca2]E2P:ATP, shown as a dashed arrow. This results in three cycles as
shown with the connected paths at the bottom of the figure. The first cycle,
a, corresponds to the diagram previously given in Fig. 2.3 and the exchange of
two Ca2+ on the expense of one ATP. The second cycle, b, corresponds to the
ATP reaction alone, while the third cycle, c, corresponds to the exchange of ions,
without the use of ATP. The positive direction for the cycles is indicated with the
curved arrow.

The dynamics of chemical reactions can be modeled in terms of master equa-
tions [96, pp. 64–66], giving differential equations for the probabilities or concen-
trations of different species or states. In the description of Hill, such equations
are assumed for each of the reactions in the enzyme cycle. This results in a set of
linear first-order differential equations, relating the rate constants and probabil-
ities of attaining the different states [53, p. 40]. This is effectively an application
of the law of mass action to the forward and backward reaction rates for each
reaction in the cycle. The solution of this set of equations, which can be ob-
tained using Cramer’s rule, can often be tedious and King and Altmann [97] and
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Hill [98] showed independently that an equivalent description can be obtained
with a simpler graphical method. Hill showed further that this method can be
used to obtain a description in terms of so-called cycle fluxes. For instance,
with the modification of the model for the Ca2+-ATPase as discussed above, two
additional cycles have been introduced as shown in Fig. 2.4. According to the
framework of Hill, each of these cycles can then be described with its associated
cycle flux. For a cycle, j, the cycle flux, Jj, can be obtained from one-way cycle
fluxes as [53, p. 52],

Jj = Jj+ − Jj− , (2.1)

where Jj+ and Jj− are the one-way cycle fluxes in the positive and negative direc-
tions respectively. Both these one-way cycle fluxes are positive quantities. Hill
showed further that the cycle fluxes can be written in terms of thermodynamic
forces according to,

Jj = Jj−(Jj+/Jj− − 1) = Jj−(exp(Xj/kT)− 1), (2.2)

where exp(Xj/kT) = Jj+/Jj− and Xj is the thermodynamic force operating in
cycle j. The thermodynamic force operating in a cycle is given by the change in
chemical potential on traversing the cycle in the positive direction. For instance,
in Fig. 2.4, the thermodynamic force for cycle b is minus the Gibbs energy of ATP-
hydrolysis, while the thermodynamic force for cycle c is given by the chemical
potential difference of exchanging ions. Since cycle a is a superposition of cycles b
and c, the thermodynamic force is given by the sum of forces in these two cycles.

These considerations show that the cycle fluxes are non-linear functions of
the thermodynamic forces. The thermodynamic fluxes can be obtained as linear
combinations of the cycle fluxes, which means that the thermodynamic fluxes
are also non-linear functions of the thermodynamic forces. Thus, a non-linear
dependence on the driving forces appear quite naturally in the kinetic cycle de-
scription. For the specific model given in Fig. 2.4 the flux of calcium ions, JCa,
and the reaction rate, r, can be obtained as [1],

JCa

2
= Ja−
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exp
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RT

) [
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RT
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− 1
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,

(2.3)

where, ∆rG is the Gibbs energy of the ATP hydrolysis and ∆µCa/2H is the change
in Gibbs energy on exchanging the ions. Once the one-way cycle fluxes are



20 Theoretical background

known, these equations can be used to describe the reaction rate and the flux
of calcium ions as functions of the concentrations of the different species.

Hill showed also [99] that the cycle description is closely connected to non-
equilibrium thermodynamics. The entropy production, σ, of a system described
by kinetic cycles can be obtained as a sum of cycle fluxes and cycle forces [53,
p. 25],

Tσ = JaXa + JbXb + . . . ≥ 0. (2.4)

By considering the near-equilibrium case, when |Xj|/kT � 1, Hill linearized the
cycle fluxes (exp(Xj/kT)− 1 ≈ Xj/kT) and obtained flux expressions identical
to the non-equilibrium thermodynamic description. In addition, Hill showed
that the one-way cycle fluxes are connected to the phenomenological Onsager
coefficients [99], a fact that can be very useful if one wants to determine these
coefficients [1].

The description obtained using the formalism of Hill for enzyme kinetics re-
sults in a non-linear description and it includes the non-equilibrium thermody-
namic description as a special case, close to equilibrium. In that sense, Hill’s
framework is both a kinetic and a thermodynamic description. However, all
these considerations are for the isothermal case. A non-isothermal case can be
addressed by a non-equilibrium thermodynamic description, which will be dis-
cussed in the following section.

2.4 Non-equilibrium thermodynamic methods

A chemical reaction is generally a non-linear function of the driving force for the
reaction. This is inherent in the law of mass action for the forward and backward
rates of an elementary reaction. One of the basic assumptions of non-equilibrium
thermodynamics is the linear relations between the fluxes and forces. Although
this assumption is acceptable for many transport phenomena under many condi-
tions, it is not satisfactory for chemical reactions [35, p. 198]. Prigogine et al. [100]
found experimentally that the linear assumption is valid for chemical reactions
close to equilibrium. For the general case however, they proposed an exponential
relation between the reaction rate and the driving force. The bilinear form of the
entropy production has been shown to be valid beyond the linear regime, how-
ever [101]. Nevertheless, the applicability of non-equilibrium thermodynamics
to describe transport across a biological interface by means of active transport
appears limited: The chemical reaction driving the active transport can only be
described accurately close to equilibrium. Still, as noted by Lebon et al. [34, p.
91] non-equilibrium thermodynamics gives interesting results, especially when
applied to coupled reactions or processes.

The issue of non-linearity can be addressed by introducing so-called internal
or mesoscopic coordinates (see e.g. de Groot and Mazur [35, pp. 226–232]) and
analyzing the reaction on the mesoscopic scale. The discussion of this method
is postponed to section 2.5 where mesoscopic non-equilibrium thermodynamic
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methods are discussed. We will first consider the application of classical non-
equilibrium thermodynamics.

2.4.1 Practical flux-force relations

Kedem, Katchalsky and Curran (see Katchalsky and Curran [31]) discussed the
possibility of describing active transport across a membrane using irreversible
thermodynamics. In this early applications of the theory, they did not explicitly
consider an ion pump, but assumed that active transport involved a metaboli-
cally dependent chemical reaction, taking place within the membrane. Based on
this, they gave linear flux-force relations where the reaction and the other fluxes
were coupled by a vectorial coefficient [31, p. 209]. In this development, the cou-
pling coefficient is a vectorial quantity in order to couple the scalar reaction to
the vectorial transport. They also noted that their equations “presupposes an
anisotropic structure of biological membranes” in order for this coupling to sat-
isfy the Curie principle. By considering a specific example system,3 they were
also able to show that the membrane could be treated as a “black box” in which
the chemical reaction takes place [31, p. 211].

Katchalsky and Curran [31, p. 215] also discussed coupling between active
transport and volume flow. They considered a system of two membranes in
series, separating three compartments, with active transport taking place in one
of the membranes. Based on the description of passive transport of a solvent and
solute across a membrane by Kedem and Katchalsky [28], they showed that the
volume flow was proportional to the rate of active transport. The coupling was
not further discussed.

2.4.2 Extending the range of application of linear laws

Caplan and Essig considered also the application of non-equilibrium thermody-
namics to describe active transport, and applied it directly to ion pumps. The
description of Caplan and Essig [32, pp. 135–138] is in its most simple form
equivalent to the “black box” model of Kedem, Katchalsky and Curran. Caplan
and Essig considered also more complex systems, by including a passive barrier
for the transport and also an ion channel in parallel with the pump [32, pp. 139–
143]. They noted that this may affect the stoichiometry and degree of coupling
and gave expressions for the efficiency of active transport. In order to extend
the applicability of the linear laws, Caplan and Essig introduced the concept
of so-called proper pathways [102]. In the vicinity of a steady state far from

3The system considered consisted of three compartments. Compartment I and II were assumed
to be “semi-infinite” and separated from an inner compartment by two membranes, labeled α and β.
In the inner compartment, a reaction was assumed to take place, in which a substance was broken
down enzymatically into a salt. Membrane α was assumed to be permeable to cations only, while
membrane β to anions only.
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global equilibrium, there may exist certain paths, where the linear flux-force re-
lations still holds. The apparent linear range was used by Waldeck et al. [103]
to study the Ca2+-ATPase in states exhibiting saturation. By working near such
states, one can greatly enlarge the range where the linear flux-force relations ap-
ply [94, p. 140]. This shows that classical non-equilibrium theory can be applied,
far from equilibrium, for certain conditions.

2.4.3 Network models

Oster et al. [104] developed network thermodynamics in an effort to find con-
stitutive relations of complicated transport systems in a systematic manner. The
method gave the possibility to describe transient states, meaning that accumula-
tion of mass was allowed at the network nodes, in agreement with early models
for active transport, with chemical reactions giving source contributions inside
the membrane. Network models have since then become popular in systems
biology [105].

2.4.4 Coupling of scalars, not vectors and scalars

As noted previously, Kedem, Katchalsky and Curran coupled the scalar reaction
rate to the vectorial flux by means of a vectorial coupling coefficient. At the
surface, however, the system is no longer isotropic in the direction normal to
the surface. The normal component of any vectorial flux is then scalar under
rotations and reflections in the plane of the surface and this component may
then couple to scalars such as the reaction rate, without invoking or violating
the Curie principle [56, pp. 108–109]. Thus, the coupling need not involve the
coupling of a vector and a scalar, but can rather deal with two scalar quantities:
the reaction rate and the normal component of the flux.

For our example pump, the Ca2+-ATPase, the flux-force relations that follows
from non-equilibrium thermodynamics are,

JCa = −D0
dr

∆rG
RT
− D0

dd
∆µCa/2H

RT
,

r = −D0
rr

∆rG
RT
− D0

rd
∆µCa/2H

RT
,

(2.5)

where D0
ij denotes the Onsager coefficients, which are symmetric, D0

dr = D0
rd.

These equations show the scalar coupling between the fluxes and forces. The
driving forces are the same in this description as in the kinetic model obtained
in Hill’s framework, see Eq. (2.3). Since the normal component of a flux may
couple to other scalars at the surface, a possible heat effect can be introduced in a
straightforward way. This involves the coupling of a new scalar at the interface,
the normal component of the measurable heat flux, J′q, and a new force, given by
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the temperature difference [57],
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RTin − D0
qq

(
1− Tout

Tin

)
,
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where the temperatures on the inside and outside of the membrane, Tin and Tout

respectively, have been introduced. Onsager relations does also apply to these
coefficients, D0

ij = D0
ji. The introduction of the heat flux and the corresponding

temperature difference allows for the discussion of biological phenomena related
to these quantities, for instance thermogenesis [106]. We will comment on this
possibility when considering the mesoscopic non-equilibrium thermodynamic
description in the next section. Such a discussion is nevertheless missing in the
context of the kinetic models, since they do not include this effect. Although
these equations show that different fluxes and forces couple at the surface, the
description is still linear. A non-linear non-equilibrium thermodynamic descrip-
tion will be discussed in the next section, in the context of a mesoscopic model.

2.5 Mesoscopic non-equilibrium thermodynamics

By introducing an internal coordinate, corresponding to the reaction coordinate
in Fig. 2.2, de Groot and Mazur [35, pp. 226-232] showed how non-linear flux-
force relations may arise in the presence of a chemical reaction. The systematic
thermodynamic investigation of systems in terms of such internal coordinates
has resulted in the development of mesoscopic non-equilibrium thermodynam-
ics [36, 107, 108]. In this framework, the system is studied on the mesoscopic
level in terms of probability densities as functions of the internal coordinates.
The internal coordinates represents non-equilibrated degrees of freedom, such as
diffusion along a reaction coordinate, which gives a description on a level below
the macroscopic one. By integrating over internal coordinates, a macroscopic de-
scription can be obtained. In some recent work, it has been shown that by first
going to the mesoscopic level, non-linear flux-force relations can be obtained on
the macroscopic level [37–39, 55, 57, 109, 110]. In this section, the application of
mesoscopic non-equilibrium thermodynamics to active transport across biologi-
cal membranes will be discussed.

2.5.1 Diffusion in an energy landscape. Internal coordinates.

In order to introduce the mesoscopic framework, we consider a simple reaction,
transforming molecules of species A to species B: A 
 B. We assume that the
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state of the reaction can be described by a single reaction coordinate, 0 ≤ γ ≤ 1,
where the initial and final configurations corresponds to γ = 0 and γ = 1,
respectively. The potential energy of the system is described by a function Φ(γ)
similarly to the potential energy illustrated in Fig. 2.2. Time-dependence can be
introduced by allowing the different quantities to explicitly depend on time. For
the purpose of this example, we suppress the time-dependence in the following.
The entropy production on the mesoscopic scale is then [36],

σ(γ) = − 1
T

J(γ)
∂µ(γ)

∂γ
(2.7)

where J(γ) is the diffusion flux in the internal space and −1/T× ∂µ(γ)/∂γ rep-
resents a mesoscopic force. The chemical potential is determined by the potential
energy and the probability, P(γ), of being in a state given by γ,

µ(γ) = RT ln P(γ) + Φ(γ). (2.8)

For the end points, µ(0) = µA and µ(1) = µB, where µA and µB are the chem-
ical potentials of the two species. The macroscopic entropy production can be
obtained as an integral over the mesoscopic coordinate [111]. In this picture, the
reaction is described as a flux or diffusion in the potential energy landscape given
by Φ(γ), which is similar to the reaction picture of Kramers [112].

On the mesoscopic scale, the flux-force relation is assumed to be linear,

J(γ) = − L(γ)
T

∂µ(γ)

∂γ
= −D exp(−Φ(γ)/RT)

∂

∂γ
exp(µ(γ)/RT), (2.9)

where L(γ) is a mesoscopic coupling coefficient and D = RL(γ)/P(γ) is a diffu-
sion coefficient, which is assumed to be independent of γ [111]. If the activation
energy barrier is high, the system will be in a quasi-stationary state where the
flux is independent of γ. The flux can then be integrated to [111],

J = J0 [exp(−∆rG/RT)− 1] , (2.10)

where J0 = D exp(µB)/
∫ 1

0 exp(Φ/RT)dγ and ∆rG = µB − µA. This is a non-
linear flux-force relation for the rate of the reaction, which is similar in form to
the equations obtained in the framework of Hill.

Kjelstrup et al. [113] studied the operation of the Ca2+-ATPase under isother-
mal conditions and treated the ATP-hydrolysis as an activated process, simi-
lar to the description given above. This resulted non-linear flux-force relations
for the operation of the pump on the macroscopic scale. In this study, only
the ATP-hydrolysis was treated as activated. By also treating the transport of
ions as an activated process, Bedeaux and Kjelstrup [57] were able to advance
the mesoscopic description of the Ca2+-ATPase further. The operation of the
pump is in then described by two internal variables: the reaction coordinate for
the ATP-hydrolysis, γr, and a similar coordinate for the transport of ions, γd.
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Figure 2.5: Illustration of the activation enthalpy barrier for the mesoscopic
non-equilibrium thermodynamic description of the Ca2+-ATPase where both the
ATP-hydrolysis and the exchange of ions are treated as activated processes. The
two-dimensional activation enthalpy barrier, Φ(γr, γd), is given in terms of two
mesoscopic variables: the reaction coordinate for the ATP-hydrolysis (0 ≤ γr ≤ 1)
and a similar internal coordinate for the transport of ions (0 ≤ γd ≤ 1). The fig-
ure is adapted from Bedeaux and Kjelstrup [57].

This gives a two-dimensional energy landscape (or activation enthalpy barrier),
Φ(γr, γd), as illustrated in Fig. 2.5. The operation of the pump can then be visu-
alized as a diffusion process in this energy landscape, moving from initial state
(γr = 0, γd = 0) to the final state (γr = 1, γd = 1). The protein is not restricted
to follow certain paths between the initial and final states, but can move along
many different paths and pass through many different states. The protein is then
free to sample the whole (γr, γd)-space and is not restricted, at least in principle,
to being in specific states. In practice, certain states will be more stable that other
states, and the mean time spent in such states will be longer.4 The probability
of following a certain path will depend on the height of the activation barrier. A
probable path connecting the initial and final state may for instance resemble the
crossing of a mountain pass.

We will in the following section elaborate more on the two-dimensional model
of Bedeaux and Kjelstrup [57] and discuss some of the assumptions and results
of this model.

4This is demonstrated by the fact that it is possible to isolate certain key states and subsequently
obtain structures by X-ray spectroscopy.
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2.5.2 Non-linear flux-force relations

The simple example of a reaction given in the previous section show how a
non-linear flux-force relation may arise from a mesoscopic analysis. Integra-
tion of the linear flux-force relation on the mesoscopic scale is the origin of the
non-linear relation on the macroscopic scale. In the aforementioned model of
Bedeaux and Kjelstrup [57], the operation of the pump was analyzed using a
reaction coordinate for ATP-hydrolysis and a coordinate for the ion exchange
as internal variables. These two coordinates specify the state of the system. By
assuming local equilibrium in (γr, γd)-space, linear flux-force relations based on
non-equilibrium thermodynamics [91] were written on the mesoscopic scale. The
assumption of local equilibrium in (γr, γd)-space was justified by noting that the
process in this space is slow compared to molecular fluctuations (millisecond
vs. picosecond time scale). Molecular dynamics simulations of the Ca2+-ATPase
solvated in water show that vibrational energy relaxation may happen on a 10–
100 ps time scale [4]. This allows states to form and be equilibrated before the
process proceeds. In order to advance the description, and to be able to obtain
practical flux-force relations for the macroscopic scale, two additional assump-
tions were made: 1. The binding of reactants and debinding of products was
assumed to be rapid compared to the slowest step in the overall process. 2. The
temperature of the protein was assumed to be identical to the temperature on
the inside of the vesicle. The first assumption allows the Gibbs energy of the
reaction to be calculated using chemical potentials in the external phase, rather
than the chemical potentials of the adsorbed species. This assumption can be
justified from experimental data [114, 115]. The second assumption allows the
temperature of the protein to be, effectively, removed from the description. This
greatly simplifies the description, as only the temperature of the inside and out-
side of the vesicle are needed. This assumption is more uncertain and should
be tested by experiments or computational simulation studies. By making use
of these two assumptions, Bedeaux and Kjelstrup [57] were able to integrate the
linear mesoscopic flux-force relations up to the macroscopic scale. This resulted
in the following non-linear flux-force relations,

r = −Drr

[
1− exp

(
−∆rG(Tin)

RTin

)]
+ Drd

[
1− exp

(
∆µCa/2H(Tin)

RTin

)]

− Drq

RTout

(
1− Tout

Tin

)
,

(2.11)

JCa = −Ddr

[
1− exp

(
−∆rG(Tin)

RTin

)]
+ Ddd

[
1− exp

(
∆µCa/2H(Tin)

RTin

)]

−
Ddq

RTout

(
1− Tout

Tin

)
,

(2.12)
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J′q = −Dqr

[
1− exp

(
−∆rG(Tin)

RTin

)]
+ Dqd

[
1− exp

(
∆µCa/2H(Tin)

RTin

)]

+ Dqq

(
1− Tout

Tin

)
.

(2.13)

These equations describe the operation of the pump, similarly to the classical
non-equilibrium case, by coupling the flux of Ca2+, the reaction rate and the heat
flux to the different driving forces. The important point is that these equations
are able capture the non-linear dynamics and can therefore be expected to have
a greater range of applicability — both the ATP-hydrolysis and the exchange of
ions appear as activated processes. In addition the equations also include a heat
flux, and the shows the possibility of heat transport, even in the absence of a
temperature gradient. This description involves 9 coefficients, and Onsager rela-
tions does not apply directly to them. Onsager relations apply on the mesoscopic
scale, but the integration up to the mesoscopic scale leaves the coefficients asym-
metric. They are however related due to the symmetry at the mesoscopic scale.
Going to the near-equilibrium case, by linearizing the equations, reproduces the
classical non-equilibrium thermodynamic results given in Eq. (2.6), with Onsager
symmetry.

These nine coefficients describe different phenomena. The main coefficients
Drr, Ddd, Dqq describe the direct coupling between the fluxes and the driving
forces, for instance the heat flux due to a temperature gradient. The two coef-
ficients Ddr and Drd describe the active transport, i.e. how the reaction and the
transport of ions couple. These coefficients also describe the reverse operation of
the pump, i.e. synthesis of ATP using the energy stored in the chemical poten-
tial gradient of the ions. The remaining four coefficients can be used to discuss
non-shivering thermogenesis in the context of thermodynamics. The coefficients
Dqr and Dqd describe how a heat flux can arise, from ATP-hydrolysis and trans-
port of Ca2+, even in the absence of a temperature gradient. Such a heat flux
under isothermal conditions will be reversible. The coefficients Drq and Ddq de-
scribe how a temperature gradient can drive ATP-hydrolysis and transport of
Ca2+. These four coefficients can then be used to model heat production under
isothermal conditions and the onset of the reaction and Ca2+ transport due to
a temperature gradient. However, all these coefficients needs to be determined,
either experimentally or by computer simulations.

Kjelstrup et al. [106] used this mesoscopic description to analyze experimen-
tal data showing heat effects during operation of the Ca2+-ATPase. It was found
in this study that isoforms of the protein from white muscle and brown adipose
tissue have a higher ability to release heat than isoforms from other tissues. This
may indicate that the Ca2+-ATPase has an additional function in these tissues,
contributing to non-shivering thermogenesis. Brown adipose tissue is known
to be specialized for non-shivering thermogenesis [49], and experiments on the
heater organ of blue marlin show that the Ca2+-ATPase may play an important
role in such heater organs [116]. It is expected that the mesoscopic theory pre-
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sented above can help the interpretation of such experiments.
Kjelstrup et al. [106] also proposed new experiments to set the theory on a

firmer basis. This is important as the theory needs to be substantiated experi-
mentally.

2.5.3 Equivalence with Hill’s method

The mesoscopic analysis of the simple reaction in section 2.5.1 shows some sim-
ilarity to the analysis of Hill. This is also evident when comparing the results
in Eqs. (2.2) and (2.10). The equations obtained by Bedeaux and Kjelstrup are
also similar, considering an isothermal case, to the equations obtained by using
the framework of Hill (see Eq. (2.3) and Eqs. (2.11) and (2.12)). We have previ-
ously also noted that the description due to Hill reduces to the non-equilibrium
thermodynamic description close to equilibrium. Lervik et al. [1] investigated
the relation between the framework of Hill and the mesoscopic non-equilibrium
thermodynamics description. This was done by analyzing the kinetic cycle given
in Fig. 2.4 using both the methodology of Hill and mesoscopic non-equilibrium
thermodynamics. Each of the steps in the cycle were analyzed using the meso-
scopic approach and expressions for the flux of Ca2+ and the reaction rate were
obtained. This analysis showed the equivalence between the two frameworks. In
addition, the mesoscopic description of each reaction coordinate was further ex-
tended by including a temperature difference as a thermal driving force and the
corresponding heat flux [2]. This gave equations describing the transport equiv-
alent to the description of Bedeaux and Kjelstrup [57]. Such an extension was
not found in the original kinetic framework of Hill. In the kinetic framework,
the temperature enters only as an absolute value which effects the kinetic rate
constants. In the mesoscopic framework, the absolute temperature is also impor-
tant, e.g. the transport coefficients can depend on the temperature. However, the
difference with respect to the kinetic framework is that the temperature obtains
an additional role in the mesoscopic framework: a temperature difference can
provide an extra driving force for transport.

2.6 Conclusions and perspectives

We have considered the application of theoretical methods to describe active
transport across a complex membrane and have focused on two classes of meth-
ods: those based on non-equilibrium thermodynamics and those based on reac-
tion kinetics.

We find that the classical non-equilibrium methods, although they are able
to describe the coupling between different fluxes and forces, may have limited
applicability due to the fact that they are not able to capture the non-linear dy-
namics of chemical reactions. This limitation is removed by going to the meso-
scopic scale and analyzing the system using mesoscopic non-equilibrium thermo-
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dynamics. The kinetic framework of Hill also results in a non-linear description
and is equivalent to the mesoscopic description. The mesoscopic non-equilibrium
thermodynamic description appears more general, as it is relatively straightfor-
ward to include additional fluxes and forces in the description, such as a heat
flux and the corresponding temperature difference. This opens up the possibility
of describing thermogenesis, in addition to an imperfect pumping function in the
case of the Ca2+-ATPase. Studies of other molecular machines may also benefit
similarly. However, in order to fully take advantage of this theory, the coefficients
needs to be determined. This must be done experimentally or by computer sim-
ulations. The mesoscopic level is eventually the nearest next level to explore by
computer simulations of fluctuations in proteins. We expect that the theoretical
considerations we presented here may also be of use in this context.
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Chapter 3

Summary of publications and
results

This chapter gives a summary of the publications and the main results of this
thesis. The result of Paper I and II are given in section 3.1 and discussed in the
context of the theoretical considerations given in chapter 2. Paper III and IV are
discussed in section 3.2 and the last two papers (Paper V and VI) are discussed
in section 3.3.

3.1 Mesoscopic non-equilibrium thermodynamics and
the kinetic description

In Paper I and II a kinetic cycle description for the operation of the Ca2+-ATPase
was considered. By analyzing the kinetic cycle using the methodology of Hill and
mesoscopic non-equilibrium thermodynamics, these two approaches were found
to be in correspondence with each other. This was done for isothermal condi-
tions in Paper I and this equivalence puts the mesoscopic framework on a firmer
basis. In Paper II, the possibility of including a temperature gradient and the
corresponding heat flux was considered. This was accomplished for the meso-
scopic model. Furthermore, the activated non-linear description in the meso-
scopic framework can be viewed as an extension of the linear non-equilibrium
thermodynamic models, see for instance Caplan and Essig [32], with greater ap-
plicability. The connection between the Onsager coefficients and unidirectional
fluxes was also noted. This can be used in a systematic manner to characterize
molecular machines.

The mesoscopic and the kinetic description can be pictured as a diffusion pro-
cess or a (biased) random walk in an energy landscape. The probability density
in the mesoscopic description can be described by a Fokker-Planck equation [36],
while the kinetic description of Hill is in terms of kinetic master equations [53,

31
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p. 40]. A Fokker-Planck equation is a special type of master equation [117, p. 193]
and can be obtained from a corresponding discrete master equation by a Taylor
expansion. From this, it may then be expected that the mesoscopic and kinetic
descriptions are related; the specific connection between them was made in Pa-
per I. The connection between kinetic and mesoscopic methods was also noted
and commented by Qian [118].

The mesoscopic model developed in these papers was also shown to be equiv-
alent to the mesoscopic model by Bedeaux and Kjelstrup [57] which was dis-
cussed in section 2.5. In the model of Bedeaux and Kjelstrup [57], specific cy-
cles are not used as a basis and this model considers a two-dimensional energy
landscape. The energy landscape considered in Paper I and II is made up of sev-
eral one-dimensional reactions. In Paper I, the cycles in the kinetic description
were interpreted as corresponding to specific paths in the two-dimensional en-
ergy landscape of Bedeaux and Kjelstrup. From this, the two-dimensional energy
landscape of Bedeaux and Kjelstrup may seem less restricted than the description
based on cycles. However, the height of the energy barriers may limit the free-
dom to roam the energy landscape, effectively reducing it to certain paths. The
equivalence of the different descriptions on the macroscopic scale may be con-
nected to the fact that the driving forces are equivalent on the macroscopic scale.
The exponential dependence on the forces gives then similar expressions for the
fluxes on the macroscopic scale. This is also demonstrated by the macroscopic
entropy production which is identical in the different descriptions.

It should be noted that the energy landscapes presented are only illustrations,
based on rather limited experimental data. Further investigations are needed to
substantiate these landscapes. Gao and Truhlar [119] reviewed the application
of quantum mechanical methods to enzyme kinetics and highlighted QM/MM
approaches. For the Ca2+-ATPase, the detailed picture of the operation [64] of-
fers a convenient starting point for computational studies. Still, the size of the
Ca2+-ATPase limits the applicability of quantum mechanical methods. Macro-
molecules offers a tremendous challenge to computational quantum chemistry
and, as of today, a complete quantum mechanical treatment is dismissed. Fur-
ther developments, both in software and hardware are needed.

Paper I and II specifically addressed the Ca2+-ATPase. The mesoscopic non-
equilibrium thermodynamic framework is general and could be applied to other
molecular pumps and machines. This framework can be extended to model ad-
ditional phenomena and different molecular machines. The main motivation for
focusing on the Ca2+-ATPase is that this pump may contribute to non-shivering
thermogenesis. By introducing the temperature difference and heat flux in Pa-
per II, it becomes possible to describe non-shivering thermogenesis in a ther-
modynamic context. The possibility of such a description was discussed in sec-
tion 2.5.2 of chapter 2. It was also noted that the mesoscopic non-equilibrium
thermodynamic theory does not give expressions for the coefficients describing
the coupling. Experiments or computer simulations are needed to obtain these
transport coefficients. Kjelstrup et al. [106] suggested experiments that can be
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used to determine the transport coefficients and test the theory. Such experiments
can also elucidate on the role of the Ca2+-ATPase in non-shivering thermogen-
esis, but some of these experiments may be difficult to carry out in practice. In
connection with the energy landscapes, the possibility of computational studies
was mentioned. Computer simulations can be carried out to mimic the experi-
ments, giving an alternative way of obtaining transport coefficients. In silico, there
are few restrictions on the “experimental” conditions and the variables that can
be “measured”. In this thesis, molecular dynamics was used to obtain thermal
transport coefficients for the protein. A method for obtaining such coefficients
was developed and is discussed in the next section.

3.2 Molecular dynamics simulations of nanoscale heat
transfer

The heat transfer in small objects such as proteins were studied by performing
molecular dynamics simulations. This was done in order to be able to calculate
the thermal conductivity of the Ca2+-ATPase and study the heat transfer in the
protein-water interface. This information can also be used to comment on the
possibility of the protein to sustain a temperature gradient, which is of impor-
tance in the connection with non-shivering thermogenesis. In the following, the
background for the calculation procedure presented in Paper III and employed in
Paper IV is discussed, before the results are summarized. The general methodol-
ogy of molecular dynamics simulations (see for instance Allen and Tildesley [120]
and Frenkel and Smit [121]) will not be discussed in this text. For specific
applications to biological systems, the reader is referred to the recent book of
Schlick [122] and the reviews of Norberg and Nilsson [123], Ash et al. [124] and
Adcock and McCammon [125]. The application to lipid-protein systems was
reviewed by Sapay and Tieleman [126] while van Gunsteren et al. [127, 128] dis-
cussed limitations and relations to experimental techniques. Kandt et al. [129]
described the methodology for MD simulations of membrane proteins in detail.

The main goal of the simulations was to calculate the thermal properties of the
Ca2+-ATPase, solvated in water. This system is inhomogeneous and the thermal
conductivity must then be calculated locally. Hence, the possibility of obtaining
the conductivity in different parts of the system was used as the main criterion
when evaluating possible calculation procedures.

The calculation of the thermal conductivity can be investigated by molecular
dynamics simulations using either an equilibrium molecular dynamics (EMD) or
a non-equilibrium molecular dynamics (NEMD) approach [130]. The EMD ap-
proach is based on a Green-Kubo relation and calculates the thermal conductivity
as an autocorrelation function of the (microscopic) heat flux [131, pp. 93–94] or,
alternatively, by using the Helfand-moment method which gives the thermal con-
ductivity in terms of a generalized Einstein relation [132,133]. Yu and Leitner [59]
considered another approach and calculated the intrinsic thermal conductivities
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of two proteins in vacuo (green fluorescent protein and myoglobin) using the
vibrational density of states, obtained by MD simulations. This method needs
to be extended to also include the solvent molecules of the surface in order to
be able to assess the heat transfer in the protein–water interface. The NEMD
approach is a more direct method and typically calculates the thermal proper-
ties from a temperature gradient imposed on the system by adding or removing
energy at the boundaries and in the middle of the system. By calculating the
heat flux caused by the imposed gradient and by making use of Fourier’s law
(assuming liner response), thermal conductivities can be calculated when a sta-
tionary state is reached. [134]. Alternatively, the cause-and-effect picture can be
reversed and a heat flux can be imposed instead of a temperature gradient [135].
Evans [131, pp. 150–151] developed a homogeneous1 NEMD approach where a
fictional field is used to obtain a heat flux. This involves a modification of the
equations of motion and the relation between the heat flux and the fictional field
is linear by construction.

For the thermal conductivity of simple systems, the EMD and NEMD ap-
proaches gives similar results [130]. For more complicated systems, such as an
inhomogeneous one, the Green-Kubo approach does not apply directly [136].
The Green-Kubo approach has been extended to the calculation of the thermal
conductance of a liquid-solid interface by considering the energy flux across the
interface [137, 138] (see also the development of Sagis [139]). When Mahajan
et al. [140] applied both the Green-Kubo and a NEMD approach to calcula-
tion of thermal conductivity of amorphous silica nanoparticles it was found that
the NEMD approach performed better. Termentzidis and Merabia [141] noted
that most of the MD work on calculating the Kaptiza resistance have consid-
ered NEMD approaches, rather than Green-Kubo relations, and traced this to
a specific issue regarding the Green-Kubo approach: the Green-Kubo approach
predicts a finite conductance for the interface between two identical media, while
NEMD predicts an infinite conductance in this situation.

For more complex systems, with interfaces, the NEMD approaches seems to
be more suited, since the typical procedure is to partition the system in smaller
layers (or sub-volumes) normal to the direction of heat flow. The thermal con-
ductivity can then be obtained for each such layer. Based on these considerations,
a NEMD approach were chosen for the calculation of thermal properties.

Mahajan et al. [140] considered a stationary approach for nanoparticles, how-
ever, it is also possible to perform non-stationary simulations. Non-stationary
simulations give the possibility of explicitly assessing the time scale of energy
relaxation. One of the assumptions in the mesoscopic non-equilibrium thermo-
dynamic description (see section 2.5.2) is that the time scale for relaxation of
molecular fluctuations is much faster than the time scale associated with trans-
formations along the internal coordinate. By performing transient simulations,
it is possible to comment on the justification of this assumption. One additional

1Homogeneous is in this context used to describe the fact that by using a fictional field, no tem-
perature or density gradients are created in the system.
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point favoring the non-stationary approach is that this method can be used out
of the box in standard molecular dynamics packages suited for simulation of
biomolecular systems, such as GROMACS [142]. This greatly simplifies the ap-
plication.

Tesch and Schulten [143] considered a non-stationary approach to simulate
cooling in proteins and used this approach to calculate the thermal diffusiv-
ity. The approach presented in Paper III is an extension of this methodology
by considering a heat-transfer model which is able to model the heat transfer
also through the protein-water surface. This approach can then be used to calcu-
late the thermal properties of the protein, the protein-water surface and it gives
information of the characteristic time scale for vibrational energy relaxation.

In Paper III this approach was applied to n-decane nanoparticles. The choice
of using these nanoparticles was motivated by the fact that this system is suf-
ficiently simple and at the same time complex enough to test the methodology.
The particles have a spherical form and the size can be varied, which enables a
systematic investigation of size-dependence. These particles are also immiscible
with water, giving a defined surface. Further, n-decane is a well-known sub-
stance, making comparison with experiments possible. In this study it was found
that the conductance of the surface varies with the size of the nanoparticles: for
smaller particles the thermal conductance were larger. This was explained as a
possible curvature effect. Such an effect may also be important for proteins as
they typically have many clefts and pockets. It was also found that the ther-
mal conductivity of these particles was size-independent with an exception for
the smallest particle. Overall the calculated values agree well with experimen-
tal results. The increase in the surface conductance with decreasing size seems
consistent with experimental results on the thermal conductivity of nanoparticle
suspensions. A reduction of the interfacial conductance would have an impact on
the overall thermal conductivity of a nanoparticle suspension. For gold nanopar-
ticles in water and toluene, it is found that the thermal conductivity increases
with decreasing particle diameter [144].

In Paper IV the methodology was applied to the Ca2+-ATPase (in two con-
formations), green fluorescent protein and myoglobin. The two last proteins
were included for comparisons with previous calculations. It was found that
the thermal conductivities of the proteins were low, 0.1–0.2 W K−1 m−1 com-
pared to water (0.6 W K−1 m−1) and this was used to argue that proteins may
be able to sustain thermal gradients across their structure. The thermal conduc-
tivities of green fluorescent protein and myoglobin were found to compare well
with previous studies. Within the calculated uncertainties, it was not possible
to distinguish between the two different conformations considered for the Ca2+-
ATPase. The thermal conductance of the protein-water surface was found to be
of order 100–250 MW K−1 m−2, comparable to the results found for the n-decane
nanospheres in Paper III (90–250 MW K−1 m−2) and higher than values found
for planar alkane-water interfaces (65 MW K−1 m−2) [62]. These values indicate
the surface is important for the heat transfer in these systems. It was also found



36 Summary of publications and results

that the energy relaxation happens on a time scale of order 10–100 ps. This sup-
ports the assumption of local equilibrium in the internal coordinate space of the
mesoscopic non-equilibrium thermodynamic description.

The thermal conductivity for the Ca2+-ATPase obtained in these simulations
can be used to calculate one of the coefficients in the mesoscopic non-equilibrium
thermodynamic description. This was also one of the motivations for carrying
out the simulations. From Eq. 2.13 for conditions corresponding to the simula-
tions (i.e. ∆rG = 0 and ∆µCa/2H = 0),

J′q = Dqq

(
1− Tout

Tin

)
= −Dqq

(
∆T
Tin

)
, (3.1)

where ∆T = Tin − Tout. By using Fourier’s law in the form, J′q = −k∆T/∆x,
where k is the thermal conductivity of the protein and ∆x is the thickness,

Dqq =
kTin

∆x
. (3.2)

This expression was used previously by Kjelstrup et al. [106] who calculated the
coefficient Dqq assuming a thermal conductivity of 0.2 W K−1 m−1. Since the
thermal conductivity obtained in the simulations does not differ significantly
from this, the calculation is not repeated here. This shows that the molecular dy-
namics simulation of the heat transfer in the Ca2+-ATPase supports the previous
estimates of this coefficient.

In the modeling of the heat transfer, the proteins were assumed spherical with
a radius equal to the radius of gyration. Due to the real geometry of the proteins,
which can be rather complex, different parts may have different heat transfer
properties. The current method can not calculate heat transfer parameters locally.
In principle, spatial coordinates can be introduced, but vibrational fluctuations
may make it difficult to define a temperature locally. Further studies are needed
do address this point. The error associated with assuming spherical proteins
was not addressed quantitatively. The spherical model does fit the temperature
relaxation well, indicating that this assumption may not be so crucial.

This methodology has also been used to calculate thermal properties of the
Ca2+-ATPase embedded in a bilayer and solvated in water. The obtained results
did not differ significantly from the results obtained in Paper IV and are therefore
not published. In connection with the simulation of bilayers, a weakness of the
method was uncovered: for pure bilayers, the thermal conductivity through the
membrane is different from the conductivity simulated with the non-stationary
NEMD procedure. This is due to the low density in the middle of a bilayer,
which effectively reduces the thermal conductivity through the membrane. In
the non-stationary NEMD approach this is not captured since the heat flow is
from the center of the bilayer and outwards. The center is in the non-stationary
NEMD approach essentially an adiabatic surface, with no heat flow through it.
This has resulted in a new study, which is a variation of the boundary-driven
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stationary NEMD approach [145].2 The application of this method to bilayers is
not included here as the results of Paper III and IV are sufficient with respect to
the aims of this thesis.

3.3 Application of mesoscopic non-equilibrium ther-
modynamics and protein-lipid interaction

The interaction between the Ca2+-ATPase and its lipid environment was studied
in Paper V and VI. In Paper VI, a theoretical study of the efficiency of the pump in
various lipid bilayers was carried out. In Paper V, molecular dynamics was used
to investigate the lipid-protein interaction in a specific bilayer. This was done in
order to show the applicability of mesoscopic non-equilibrium thermodynamics
and simulations to interpretation of experimental results.

Membrane proteins and the lipid bilayer they reside in will influence each
other. The lipid bilayer thickness is interpreted as a parameter regulating mem-
brane proteins [146]. For the specific case of the Ca2+-ATPase, experiments have
shown that the activity of the protein depends on the acyl chain length of the
lipid bilayer molecules [147]. This shows that the protein-lipid interaction is im-
portant for the functioning of proteins.

The experimental data of Caffrey and Feigenson [147] was interpreted in Pa-
per VI by using mesoscopic non-equilibrium thermodynamics. Specifically, the
entropy production and the thermodynamic efficiency was calculated as a func-
tion of acyl chain length. It was found that the efficiency was overall low (< 13 %)
and that the efficiency was largest for bilayers with hydrocarbon chain lengths
between 18 and 22 carbon atoms, while the entropy production was found to
be approximately constant in the same range. This range corresponds to the
range where maximum activity is observed. The low efficiencies obtained in-
dicate that the Ca2+-ATPase, for certain conditions, may dissipate a significant
portion of the energy released by the ATP-hydrolysis as heat. It was also found
that Ca2+-ATPase extracted from different tissues have different heat dissipation
and efficiency. This might indicate that the Ca2+-ATPase has different heat trans-
fer characteristics in different tissues. Notably, it was found that brown adipose
tissue has a low thermodynamic efficiency. Experiments have highlighted the
Ca2+-ATPase from brown adipose tissue as more thermogenic compared to other
tissues [47]. Brown adipose tissue is known to be specialized for non-shivering
thermogenesis [49] and for the heater organ in blue marlin, it is found that the
Ca2+-ATPase may play an important role [116]. These considerations, together
with the low efficiencies calculated in Paper VI, support the notion that the Ca2+-
ATPase might contribute to non-shivering thermogenesis for certain conditions.

Läuger [54, p. 243–244] considered the efficiency of the Ca2+-ATPase for con-

2This paper is not included in this thesis since the simulations were performed by F. Römer. The
author (AL) contributed only to the development and implementation of the methodology.
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ditions corresponding to relaxed muscle, by comparing the change in Gibbs en-
ergy for the ATP-hydrolysis to the change in Gibbs energy on moving two Ca2+

from the cytosol to the lumen of sarcoplasmic reticulum. The values given by
Läuger corresponds to an efficiency of approximately 93 % which is consider-
ably higher than the efficiencies calculated in Paper VI. Berman [95] discussed the
possibility of slipping, i.e. a stoichiometry of fewer than two Ca2+ per ATP, and
noted that this is dependent on the experimental conditions. Läuger [54, p. 243]
also give values corresponding to an excited muscle. For this case, the efficiency
is approximately 37 % for a stoichiometry of two Ca2+ per ATP. If the pump is
allowed to slip, for instance by transporting only one Ca2+ per ATP, the efficiency
will be lower and comparable to the results obtained in Paper VI. The low effi-
ciency calculated in this paper may be explained by the experimental conditions,
which does not correspond to a relaxed muscle. It is expected that the efficiency
is higher for such conditions where the pump is maintaining an ion gradient and
working under nearly reversible conditions [64]. Smith et al. [148] considered
the efficiency of the Ca2+-ATPase in connection with muscle contraction. They
noted that the efficiency is close to unity for the resting steady state, but also
that the efficiency “is vanishingly small” at the onset of muscle relaxation. Based
on this they concluded that the efficiency is close to 50 % when considering the
entire release-uptake cycle. The results obtained in Paper VI agrees with this.
Further, the expression for the efficiency given in Paper VI represents a more
general approach, as both the flux of Ca2+ and the reaction rate are explicitly
taken into consideration. This efficiency can be used to interpret experimental
data for varying pump stoichiometries.

The effect of the protein-lipid interaction can be modeled in terms of hy-
drophobic mismatch [146]. In this picture, the membrane deforms to match the
hydrophobic length of the protein. Simulations of the Ca2+-ATPase [149] show
that the protein might also make small adjustments to its structure when em-
bedded in a membrane. In this sense, the protein and bilayer adapt to each
other. This was also found in the simulation study in Paper V, which tar-
geted the Ca2+-ATPase embedded in a POPC (1-palmitoyl-2-oleoyl-sn-glycero-
3-phosphocholine) bilayer membrane. The POPC bilayer was chosen for the sim-
ulations since the POPC molecule has acyl chain lengths of 16 and 18 carbon
atoms, which correspond to bilayers where the efficiency is relatively high. Fur-
ther, POPC can readily be modeled in force fields available for the Ca2+-ATPase
and it has been described as a reasonable model for the native sarcoplasmic
reticulum membrane [149]. In this study, it was found that the lipid membrane
deforms (by shortening the aliphatic chains and increasing the chain tilt angle) so
that the thickness decreases closer to the protein. This change in curvature leads
to an apparent reduction in the area occupied by the lipid molecules close to the
protein. It was found that the perturbation in the bilayer decreases exponentially
with a characteristic decay length of 0.8 nm. These results indicate that bilayers
corresponding to larger activity (or in this case: efficiency) might also undergo
significant deformation in their thickness close to the membrane. This suggest
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that membrane deformation and high activity are not mutually exclusive.



40 Summary of publications and results



Chapter 4

Conclusions

In this thesis, the connection between the kinetic framework of Hill and the meso-
scopic non-equilibrium thermodynamic framework was shown. It was shown
that these two frameworks agree. Nevertheless, the mesoscopic framework is
more general as it is possible to include additional effects, such as heat trans-
fer, in this description. The introduction of the heat flux and the corresponding
temperature difference opens up the possibility of describing thermogenesis in a
thermodynamic context.

Although the Ca2+-ATPase was the protagonist for this study, the approach
is general and can be applied to other molecular pumps, such as the Na+/K+-
ATPase. This requires the introduction of the membrane potential. Since non-
equilibrium thermodynamics describe the coupling of different fluxes and forces,
this can be included in a straightforward way. Further, the description can be
generalized to model additional phenomena and different molecular machines.
Mesoscopic non-equilibrium thermodynamics offers a framework for interpret-
ing experimental data, and can be used as a tool to design new experiments.

The thermal properties of biomolecular machines was also studied by molecu-
lar dynamics simulations. A non-stationary NEMD methodology was developed
for studying the heat transfer in nanoscale objects. This methodology gives infor-
mation on the heat transfer in the object itself and on the heat transfer through
the interface to the solvent. This methodology was applied to the Ca2+-ATPase
and the thermal conductivity and the resistance to heat transfer in the protein-
water surface was obtained. These results show that the protein may maintain a
thermal gradient across its structure and that the interface is important for the
heat transfer. The time scale for vibrational energy relaxation was found to be
fast, of order 10–100 ps. This strengthens the assumption of local equilibrium in
the internal variable space of mesoscopic non-equilibrium thermodynamics.

The efficiency of the Ca2+-ATPase was studied by analyzing experimental
data for the operation of the pump. Specifically, the entropy production and
thermodynamic efficiency was calculated using the framework of mesoscopic
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non-equilibrium thermodynamics. For the experimental conditions it was found
that the efficiency was low (< 13 %). This shows that the pump may dissipate
a significant amount of the energy derived from the ATP-hydrolysis for certain
conditions. In this study it was also found that the thermodynamic efficiency
varies between Ca2+-ATPases in different tissues.

Molecular dynamics simulations of the protein embedded in a bilayer of
length for which maximum activity is found shows that there is deformation
of the bilayer in this case. This shows that a deformation of the bilayer and
maximum activity may not be mutually exclusive.

The theoretical and computational efforts in this thesis can be used to support
the notion that the Ca2+-ATPase may contribute to non-shivering thermogenesis
in certain tissues; this is motivated by the low efficiencies noted above and also by
the computational study which shows that the pump can sustain a relatively large
temperature gradient. These points alone does not prove that the Ca2+-ATPase
contributes to non-shivering thermogenesis for physiological conditions. In this
context, further experimental studies are needed. The framework of mesoscopic
non-equilibrium thermodynamics appears as a convenient tool for the modeling
of molecular machines.



Chapter 5

Suggestions for further work

The following subjects are suggested for further work:

• The mesoscopic non-equilibrium thermodynamics framework as a tool for
experiments. This applies both to the design of experiments and for inter-
pretation of results. This should also be used to test some of the predictions
of the theory in connection with the Ca2+-ATPase. For instance the predic-
tion that a temperature difference may drive the ATP-hydrolysis and the
transport of Ca2+. Experiments should also be carried out to further inves-
tigate the contribution of the Ca2+-ATPase to non-shivering thermogenesis.

• Usage of the mesoscopic non-equilibrium thermodynamics framework to
investigate and describe other molecular machines. For instance, a com-
parison of the Ca2+-ATPase and the Na+/K+-ATPase could be carried out.
While experiments show the possibility of heat transfer in the Ca2+-ATPase
this has not been found for the Na+/K+-ATPase. A theoretical (and exper-
imental) comparison of these two pumps could elucidate the reasons for
this.

• Further investigations on the heat transfer in biomolecular objects. For ex-
ample, one could study bilayer systems. In such systems, the non-stationary
NEMD approach does not resolve directionality. This can be solved by ap-
plying a stationary NEMD approach. Further, the possibilities of a more
local description could be investigated. This can be used to address al-
lostery and energy flow within a protein.

• The dependence of the activity of the Ca2+-ATPase and bilayer length in
terms of lipid-protein interactions. This can be studied systematically us-
ing molecular dynamics, for instance by considering different lipid bilayer
membranes of varying acyl chain lengths. Several different conformations
of the protein could also be considered. This can give additional informa-
tion on the lipid-protein interaction.
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Abstract We analyse the operation of the Ca2?-ATPase

ion pump using a kinetic cycle diagram. Using the meth-

odology of Hill, we obtain the cycle fluxes, entropy pro-

duction and efficiency of the pump. We compare these

results with a mesoscopic non-equilibrium description of

the pump and show that the kinetic and mesoscopic pic-

tures are in accordance with each other. This gives further

support to the mesoscopic theory, which is less restricted

and also can include the heat flux as a variable. We also

show how motors can be characterised in terms of unidi-

rectional backward fluxes. We proceed to show how the

mesoscopic approach can be used to identify fast and slow

steps of the model in terms of activation energies, and how

this can be used to simplify the kinetic diagram.

Keywords Ca2?-ATPase � Active transport � Ion pump �
Kinetic model � Mesoscopic model

Introduction

The lipid bilayers of biological membranes are generally

impermeable to ions and most polar molecules (a notable

exception being osmosis of water) and represent a physical

barrier to transport (Berg et al. 2002; Nelson 2003). Inte-

gral membrane proteins may act as pumps and channels

and enable transport of ions and molecules essential for cell

operation across the membrane with high selectivity (Berg

et al. 2002; Nelson 2003; Garrett and Grisham 2010).

Among the transporting integral membrane proteins are

the P-type ATPases, which actively transport cations across

biological membranes. The P-type ATPases constitute

a large family of membrane proteins including the

Ca2?-ATPase, the Na?/K?-ATPase, the plant and fungal

H?-ATPases and the heavy-metal-transporting ATPases

(Møller et al. 2010; Kühlbrandt 2004; Lee and East 2001).

The sarcoplasmic reticulum Ca2?-ATPase (SERCA) was

the first of the P-type ATPases for which a 3D structure

was determined by Toyoshima et al. (2000). The structure

of the Ca2?-ATPase in one of its conformations is shown in

Fig. 1. Since the first 3D structure was reported, several

other conformations1 of Ca2?-ATPase have also been

resolved (Xu et al. 2002; Toyoshima and Nomura 2002;

Sørensen et al. 2004; Olesen et al. 2004, 2007a; Toyoshi-

ma and Mizutani 2004; Toyoshima et al. 2004, 2007, 2011;

Obara et al. 2005; Søhoel et al. 2006; Jensen et al. 2006;

Moncoq et al. 2007; Takahashi et al. 2007; Laursen et al.

2009; Winther et al. 2010), enabling a structural interpre-

tation of the operation of the pump. Combined with the

vast experimental kinetic and mutagenic data available for

the Ca2?-ATPase, this has led to a detailed picture of the

A. Lervik (&) � D. Bedeaux � S. Kjelstrup

Department of Chemistry, Norwegian University of Science

and Technology, Trondheim, Norway

e-mail: anders.lervik@chem.ntnu.no

D. Bedeaux

e-mail: dick.bedeaux@chem.ntnu.no

S. Kjelstrup

e-mail: signe.kjelstrup@chem.ntnu.no

S. Kjelstrup

Process and Energy Laboratory, Delft University of Technology,

Delft, The Netherlands

1 Forty-five structures have been deposited in the Protein Data Bank,

with the identification codes 1FQU, 1IWO, 1KJU, 1SU4, 1T5S,

1T5T, 1VFP, 1WPE, 1WPG, 1XP5, 2AGV, 2BY4, 2C88, 2C8K,
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transport cycle, and positioned the pump as a prototype for

the P-type ATPases (Møller et al. 2010; Kühlbrandt 2004).

Mathematical modelling of the pump pre-dates the

recent determination of the structures by several decades.

The pump was discovered in the 1960s (Hasselbach and

Makinose 1961; Schatzmann 1966), and several models for

the pump cycle have since been proposed, ranging from

simple kinetic models with few states (Kanazawa et al.

1971; Mintz and Guillain 1997) to more elaborate and

complex kinetic models (Froud and Lee 1986; Gould et al.

1986; McWhirter et al. 1987; Haynes and Mandveno 1987;

Alonso et al. 2001). Generally, these models describe the

pump cycle according to a Post–Albers scheme (Apell

2004) in terms of two conformations, E1 and E2, where E1

has high affinity for Ca2? and E2 has high affinity for

protons (Møller et al. 2010; Apell 2004). A minimal

description of the pump cycle begins with the binding of

Ca2? ions from the cytosol to the E1 state and phosphor-

ylation by ATP, resulting in an occluded state. Following

the phosphorylation is a conformational change to an

occluded E2 state, with subsequent luminal opening of the

transmembrane region of the protein and release of the

Ca2? ions to the lumen. The protein is then dephospho-

rylated and returns to the E1 state. Concomitant with the

binding/release of Ca2? is release/binding of two or three

H? ions (Møller et al. 2010).

The models based on the Post–Albers scheme are able to

capture many of the features of the pump. However, they

generally focus on the kinetic properties, disregarding

thermodynamics. A notable exception is the model of

active transport developed by Smith and Crampin (2004)

for the Na?/K?-ATPase and applied to the Ca2?-ATPase

by Tran et al. (2009). This model incorporates thermody-

namics by considering detailed balance at equilibrium,

which results in a thermodynamic constraint for the rate

constants (Tran et al. 2009). However, the ability to model

heat transfer is lacking in all the kinetic models. Several

studies have shown that the calcium pump is able to

transport heat (Kodama et al. 1982; de Meis et al. 1997; de

Meis 2001a, b, 2002, 2003; Barata and de Meis 2002;

Arruda et al. 2003; Kjelstrup et al. 2008) and that the pump

might contribute to non-shivering thermogenesis (de Meis

et al. 2005; Mall et al. 2006; Mahmmoud 2008). In order to

address these points, Bedeaux, Kjelstrup and others

(Kjelstrup et al. 2005a, b; Bedeaux and Kjelstrup 2008;

Kjelstrup et al. 2009) applied the theory of mesoscopic

non-equilibrium thermodynamics and derived equations

that describe the active ion transport and the accompanying

heat transport. This represents a thermodynamic basis for

the theoretical description of the pump. Such a basis has

thus an advantage, and the method should therefore be

further substantiated.

In this paper we show how the kinetic and thermody-

namic description of cycle reactions are connected, and use

this connection to compare the kinetic and thermodynamic

description of the cycle operation of the Ca2?-ATPase.

We also compare the cycle descriptions with the meso-

scopic non-equilibrium thermodynamic (MNET) model of

Bedeaux and Kjelstrup (2008).

We present the kinetic model and analyse it according to

the methodology of Hill (1989) in ‘‘Kinetic model’’ and

obtain the flux of calcium ions and reaction rate. Following

this, we perform the mesoscopic analysis of the same

model in ‘‘Mesoscopic thermodynamic model’’ and obtain

the fluxes in this framework. Subsequently, we compare the

different models with the aforementioned MNET model of

Bedeaux and Kjelstrup, and find that they are all compat-

ible for isothermal conditions.

Kinetic model

We will consider a kinetic model based on the recent six-

state model of Møller et al. (2010) proposed on the basis of

the determined 3D structures of the pump and reproduced

here in Fig. 2.

For the kinetic modelling we introduce the possibility of

slip by considering a transition between two of the states as

shown in Fig. 3. On traversing the cycle in the positive

direction, the following steps occur: From state A to state B,

two Ca2? ions are exchanged with n protons (n = 2-3),

concurrent with a conformational change (E2 to E1). On

moving from state B to C, ATP is hydrolysed, resulting in

A domain

P domain

N domain

Aspartic acid 
(Asp 351)

Membrane
domain

Lumen

Cytosol Ca2+

Fig. 1 Structure of the Ca2?-ATPase in the E1 conformation with

bound calcium ions (entry 1T5T in the Protein Data Bank) (Sørensen

et al. 2004). The calcium ions are coloured dark orange, the actuator

(A) domain is coloured pink, the nucleotide binding (N) domain is

coloured green and the phosphorylation (P) domain is coloured

orange. The aspartic acid residue (Asp351) which is phosphorylated

during the operation of the pump is coloured dark blue. The

transmembrane part of the protein consists of 10 a-helices, coloured

light blue
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an occluded state, and subsequently (C to D), ADP is

exchanged with ATP while the enzyme returns to the E2

conformation. In the next step (D to E), de-occlusion

occurs with exchange of bound Ca2? ions with n protons

(n = 2-3) from the lumen. The bound protons are then

occluded (E to F) before the cycle is completed by

dephosphorylation (F to A). In state D the pump can also

move directly to state B by dephosphorylation. This results

in a kinetic diagram consisting of three cycles, labelled a, b

and c as shown in Fig. 4. Cycle a is equivalent to a non-slip

cycle, and cycle b is the hydrolysis of ATP, represented by

(Alberty and Goldberg 1992; Alberty 2003)

[Ca2]E1~P:ADP
(C)

Phosphate

[Ca2]E2P:ATP
(D)

Ca2+

Ca2E1-ATP
(B)

HnE2P:ATP
(E)

HnE2:ATP
(A)

ATP

[H n]E2-P:ATP
(F)

1. Exchange of ions

2 Ca2+

n H +

2. Phosphorylation

3. ADP/ATP exchange

ATPADP

2 Ca2+

n H +

4. Exchange of ions

5. Occlusion

6. Dephosphorylation

Fig. 2 The transport cycle of

SERCA 1a, in terms of the key

states, adapted from Møller

et al. (2010). In this adoption

the states are also labelled

A,B,…,F as shown. The

calcium ions are coloured dark
orange, the actuator (A) domain

is coloured pink, the nucleotide

binding (N) domain is coloured

green and the phosphorylation

(P) domain is coloured orange.

ATP/ADP is coloured light
blue, while the phosphate group

is coloured green. The 3D

structure of the D-state has not

yet been obtained and is

represented here by the Ca2E1P

phosphoenzyme intermediate,

PDB accession code: 3BA6

(Olesen et al. 2007b), coloured

grey
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ATPþ H2O� ADPþ Pi; ð1Þ

where ATP; ADP and Pi are the sum of species of adenosine

triphosphate, adenosine diphosphate and inorganic phos-

phate, respectively. At 298 K, pH = 7.0, 10 mM MgCl2
Pi = 10 mM and ½ATP�=½ADP� ¼ 103; the reaction Gibbs

energy is -57 kJ mol-1 (Bedeaux and Kjelstrup 2008). The

third cycle, c, is the exchange of ions between the cytosol and

lumen. The pump can attain a concentration difference cor-

responding to a 20-40,000 ratio of the concentrations in the

lumen and cytosol (Møller et al. 2010). At 298 K, these

concentration ratios correspond to a Gibbs energy of

exchanging two calcium ions from the cytosol to the lumen

of approximately 49–53 kJ mol-1. Combining this with the

Gibbs energy of the ATP hydrolysis, the net change in Gibbs

energy is negative and the pump cycles in the forward

direction, moving calcium ions from the cytosol to the lumen

at the expense of ATP hydrolysis. For the case of a positive

net change in Gibbs energy, the pump will cycle in the

negative direction and synthesize ATP molecules, using the

energy stored in the concentration gradient.

Hill (1989), with later extensions (Qian 2005, 2007,

2009), devised a framework for analysing kinetic cycles, and

following this methodology, we introduce the probabilities

Pj of the enzyme being in state j and the (pseudo-)first-order

rate constants kij for the transition from state i! state j.

Transitions involving the binding of a component are also

treated as a first-order process: If the transition m ! n

involves the binding of a component, say S, the rate constant

for the transition can be defined in terms of a second-order

rate constant, kmn
* , and the concentration, cS; of the binding

component: kmn ¼ k�mncS; For example, ATP is bound to the

enzyme in transition between states C and D in the kinetic

diagram (Fig. 3) and kCD ¼ k�CDcATP.

The rate of change of the probabilities can be found

from the kinetic diagram,

dPA

dt
¼ �kABPA þ kBAPBð Þ þ kFAPF � kAFPAð Þ

¼ �JAB þ JFA;

dPB

dt
¼ kABPA � kBAPBð Þ � kBCPB � kCBPCð Þ

� kBDPB � kDBPDð Þ ¼ JAB � JBC � JBD;

..

.

dPF

dt
¼ �kFAPF þ kAFPAð Þ þ kEFPE � kFEPFð Þ

¼ �JFA þ JEF;

ð2Þ

where Jij = kijPi - kjiPj is the net transition flux from i! j;

and the normalization condition is

PA þ PB þ PC þ PD þ PE þ PF ¼ 1: ð3Þ

In the steady state, dPj=dt ¼ 0; and Eqs. 2 and 3 can be

solved (for instance using Cramer’s rule) in terms of the

probabilities Pj, and the transition fluxes can be obtained.

Alternatively, the transition fluxes can also be expressed

in terms of the cycle fluxes in the steady state, Ja, Jb and Jc,

JAB ¼ JDE ¼ JEF ¼ JFA ¼ Ja þ Jc;

JBC ¼ JCD ¼ Ja þ Jb;

JBD ¼ Jc � Jb;

ð4Þ

which shows that there are two independent transition

fluxes in steady state, and that the cycle fluxes cannot be

determined from the transition fluxes alone. However, as

shown by Hill (1989), the cycle fluxes can be obtained by

Fig. 3 Kinetic diagram for the operation of the ATPase. On traversing

the cycle in the positive direction, one ATP molecule is hydrolysed

and two Ca2? ions are moved to the luminal side, concurrent with

transport of n H? ions in the opposite direction. ATP or ADP is bound

to the enzyme in all the states. The states denoted A–F in the diagram

are the states HnE2:ATP; Ca2E1:ATP; ½Ca2�E1P:ADP; ½Ca2�E2P:

ATP; HnE2P:ATP and ½Hn�E2:ATP, respectively, using the notation

of Møller et al. (2010), where square brackets denote an occluded

state. Slip (excess energy dissipation) is introduced by considering the

possibility of direct transition between the states B and D. Between

states B and C we have added binding of water which participates in

the ATP hydrolysis

Fig. 4 The three cycles of the slipping kinetic model of the operation

of the pump. The three cycles are labelled a, b and c, respectively.

The replacement of cycle a by cycles b and c implies that the strict

coupling in a is loosened
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Ja ¼
Paþ �Pa�ð Þ

P
aP ; Jb ¼

Pbþ �Pb�ð Þ
P

bP ;

Jc ¼
Pcþ �Pc�ð Þ

P
cP ;

ð5Þ

where

Paþ ¼ kABkBCkCDkDEkEFkFA;

Pa� ¼ kAFkFEkEDkDCkCBkBA;

Pbþ ¼ kBCkCDkDB;

Pb� ¼ kBDkDCkCB;

Pcþ ¼ kABkBDkDEkEFkFA;

Pc� ¼ kAFkFEkEDkDBkBA;

ð6Þ

and
P

,
P

a,
P

b and
P

c are obtained using the diagram

method (Hill 1989) (we show in ‘‘Appendix’’ how the

terms in
P

can be obtained). Specifically,
X
¼ kFAkEFkDEkCDkBA þ kFAkEFkDEkCBkBD

þ 82 other terms;
X

a
¼ 1;

X

b
¼ kABkEFkFA þ kAFkFEkED

þ kABkFEkED þ kABkEDkFA;
X

c
¼ kCB þ kCD:

ð7Þ

Detailed balance gives

Paþ
Pa�

¼ Keq

cH2OcATP

cADPcPi

ccyt

Ca2þ

clum
Ca2þ

 !2
clum

Hþ

ccyt

Hþ

 !4

¼ exp
Xr

RT

� �

exp
XCa=2H

RT

� �� �2

¼ exp
Xa

RT

� �

;

Pbþ
Pb�

¼ Keq

cH2OcATP

cADPcPi

¼ exp
Xr

RT

� �

¼ exp
Xb

RT

� �

;

Pcþ
Pc�

¼
ccyt

Ca2þ

clum
Ca2þ

 !2
clum

Hþ

ccyt

Hþ

 !4

¼ exp
XCa=2H

RT

� �� �2

¼ exp
Xc

RT

� �

;

ð8Þ

which defines the cycle forces (Xa, Xb and Xc) in terms of

the thermodynamic forces ðXr and XCa=2HÞ,
Xr ¼ lATP þ lH2O � lPi � lADP ¼ �DrG;

XCa=2H ¼ lcyt

Ca2þ � 2lcyt

Hþ

� �
� llum

Ca2þ � 2llum
Hþ

� 	

¼ lcyt

Ca=2H
� llum

Ca=2H ¼ �DlCa=2H;

ð9Þ

where ci is the concentration of species i, DrG is the Gibbs

energy of the ATP hydrolysis, Keq is the corresponding

equilibrium constant and DlCa=2H is the change in Gibbs

energy on moving one calcium ion from the cytosol to the

lumen and two protons in the opposite direction. The

superscripts ‘‘cyt’’ and ‘‘lum’’ refers to the concentrations

in the cytosol and lumen, respectively. Here we assume

that the exchange of calcium with protons is electroneutral

(i.e. two protons are exchanged per calcium ion). As argued

by Bedeaux and Kjelstrup (2008), net charge build-up is

unlikely in absence of redox reactions, and in addition,

there can be leak pathways for protons. Tran et al. (2009)

argued that the formation of a steady-state H? gradient is

unlikely since the sarcoplasmic reticulum vesicle mem-

brane is highly permeable to protons. In our case, the

contribution of the H? ions to the thermodynamic force

would then be negligible. For completeness, this contri-

bution is retained in the following development.

The flux of calcium ions can be found from the cycle

fluxes as

JCa

2
¼ Ja þ Jc ¼

Paþ �Pa�P þ ðPcþ �Pc�Þ
P

cP

¼ Pa�P
Paþ
Pa�
� 1

� �

þPc�
P

cP
Pcþ
Pc�
� 1

� �

;

¼ Ja� exp
Xr

RT

� �

exp
XCa=2H

RT

� �� �2

�1

 !

þ Jc� exp
XCa=2H

RT

� �� �2

�1

 !

; ð10Þ

where Jj� ¼ Pj�Rj=R is the one-way cycle flux in the

negative (backward) direction for cycle j and the power of

2 accounts for transport of two calcium ions per cycle.

Similarly, the reaction rate is

r ¼ Ja þ Jb ¼
Paþ �Pa�P þ ðPbþ �Pb�Þ

P
bP

¼ Pa�P
Paþ
Pa�
� 1

� �

þPb�
P

bP
Pbþ
Pb�
� 1

� �

;

¼ Ja� exp
Xr

RT

� �

exp
XCa=2H

RT

� �� �2

�1

 !

þ Jb� exp
Xr

RT

� �

� 1

� �

: ð11Þ

For small values of the thermodynamic forces, Xrþj
2XCa=2Hj � RT; we expand the exponentials and obtain

the flux of calcium ions as

JCa

2
¼ Ja�

Xr

RT
þ 2

XCa=2H

RT

� �

þ 2Jc�
XCa=2H

RT

¼ Ja�
Xr

RT
þ 2 Ja� þ Jc�ð Þ

XCa=2H

RT
;

JCa ¼ �D0
dr

DrG

RT
� D0

dd

DlCa=2H

RT
;

ð12Þ

where D0
dr ¼ 2Ja� and D0

dd ¼ 4ðJa� þ Jc�Þ. The reaction

rate for the same conditions is
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r ¼ Ja�
Xr

RT
þ 2

XCa=2H

RT

� �

þ Jb�
Xr

RT

¼ 2Ja�
XCa=2H

RT
þ Ja� þ Jb�ð Þ Xr

RT
;

r ¼ �D0
rd

DlCa=2H

RT
� D0

rr

DrG

RT
;

ð13Þ

where D0
rd ¼ 2Ja� and D0

rr ¼ Ja� þ Jb�. These relations

give interpretations of diffusion coefficients (Onsager

coefficients) in terms of backward-directed unidirectional

cycle fluxes (Hill 1982). These should be characteristic for

each motor and could be used to compare functions. Such

fluxes are obtainable from radioisotope studies.

Since the one-way cycle fluxes are positive,

D0
dr ¼ D0

rd� 0; D0
dd=2�D0

rd;

D0
dr� 2D0

rr; D0
rd

� 	2�D0
rrD

0
dd:

ð14Þ

For comparison, Bedeaux and Kjelstrup (Bedeaux and

Kjelstrup 2008; Kjelstrup et al. 2009) gave the following

expression for the flux of calcium ions and reaction rate

near global equilibrium (adapted to an isothermal case):

JCa ¼ �D0
dr

DrG

RT
� D0

dd

DlCa=2H

RT
;

r ¼ �D0
rr

DrG

RT
� D0

rd

DlCa=2H

RT

ð15Þ

and the following relations for the coefficients for a

stoichiometric pump ðwhen JCa=r ¼ 2Þ,
Ddd=2 ¼ Drd; Ddr ¼ 2Drr; ð16Þ

which are reproduced here for a stoichiometric pump

which has Jb- = 0 and Jc- = 0.

The dissipation of energy is given by the cycle fluxes

and forces (Hill 1989)

Tr ¼ JaXa þ JbXb þ JcXc

¼ Ja Xr þ 2XCa=2H

� 	
þ JbXr þ 2JcXCa=2H

¼ Ja þ Jbð ÞXr þ 2 Ja þ Jcð ÞXCa=2H

¼ rXr þ JCaXCa=2H;

r ¼ �r
DrG

T
� JCa

DlCa=2H

T
;

ð17Þ

where r is the entropy production. The efficiency for

pumping, g, can be defined by (Hill 1989; Qian 2009)

g ¼ Wideal �Wlost

Wideal

¼
JCa �XCa=2H

� 	

r � Xr

¼
�2 Ja þ Jcð ÞXCa=2H

Ja þ Jbð ÞXr

;

ð18Þ

where Wideal is the maximum obtainable work and the lost

work, Wlost; can be obtained from the Gouy–Stodola the-

orem, Wlost ¼ Tr: This expression is no ad hoc definition

but has its base in a second-law analysis, exergy analysis

and non-equilibrium thermodynamics. It applies to micro-

scopic systems as long as the assumption of local equi-

librium applies (Kjelstrup and Bedeaux 2008). The

expression is equivalent to that proposed by Qian et al.

(2008) for the thermodynamic efficiency. Possible viscous

dissipation, see e.g. Qian et al. (2008), makes the term Tr
larger by adding one more flux and force to the dissipation

(Kjelstrup et al. 2010).

A negative Jc and a positive Jb flux decrease the effi-

ciency. Using the previously stated values for the Gibbs

energy of the ATP hydrolysis and the exchange of calcium

ions we see that Ja [ 0, Jb [ 0 and Jc \ 0, and this lowers

the efficiency of the pump as expected. In this case, the

stoichiometry is not necessarily equal to 2; however, this is

recovered if Jb = 0 and Jc = 0, which corresponds to a

non-slip (stoichiometric) case. Also, the inequalities in

Eq. 14 reduce to equalities in the non-slip case. At equi-

librium, the reversible pump has g = 1 and r = 0 and the

fluxes are zero.

Mesoscopic thermodynamic model

Having obtained the fluxes and forces for the operation of the

pump using the kinetic description, we now analyse the

pump in the framework of mesoscopic non-equilibrium

thermodynamics. Subsequently, we will compare the

obtained fluxes and forces with previously derived relations

for operation of the pump (Bedeaux and Kjelstrup 2008).

Analysis of the reaction cycle

A reaction cycle can be analysed within the framework

of mesoscopic non-equilibrium thermodynamics. In the

mesoscopic description, the reaction cycle is analysed

on a more detailed scale by introducing the reaction

coordinates, cij, as additional variables (Kjelstrup et al.

2005a). For the kinetic model given in Fig. 3, the coor-

dinates are cij with ij ¼ AB;BC; . . .; FA and ij = BD.

The diffusion, Jij, along the reaction coordinate cij is

given by

Jijðcij; tÞ ¼ �Dij exp
�UijðcijÞ

RT

� �

	 o

ocij

exp
lijðcij; tÞ

RT

� �

; ð19Þ

where Dij is the diffusion coefficient, Uij is the potential

through which the diffusion process takes place, and lij is

the chemical potential,

lijðcij; tÞ ¼ RT ln Pijðcij; tÞ þ UijðcijÞ; ð20Þ

where Pij is the probability of state cij.
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The activation energy for the overall process is large,

of order 80–90 kJ/mol (Peinelt and Apell 2004, 2005).

The fluxes can therefore be treated as quasi-stationary,

Jij(cij, t) = Jij(t). For constant diffusion coefficients, Eq. 19

can be integrated to

JijðtÞ ¼ �
DijR

dcij exp UijðcijÞ=RT
� 	

	 exp
lijð1; tÞ

RT

� �

� exp
lijð0; tÞ

RT

� �� �

: ð21Þ

The boundary conditions for the chemical potentials can

be found from Fig. 3 as

lABð0Þ ¼ lA þ 2lcyt

Ca2þ ; lABð1Þ ¼ lB þ 4lcyt

Hþ
;

lBCð0Þ ¼ lB þ lH2O; lBCð1Þ ¼ lC;
lCDð0Þ ¼ lC þ lATP; lCDð1Þ ¼ lD þ lADP;
lDEð0Þ ¼ lD þ 4llum

Hþ ; lDEð1Þ ¼ lE þ 2llum
Ca2þ ;

lEFð0Þ ¼ lE; lEFð1Þ ¼ lF;
lFAð0Þ ¼ lF; lFAð1Þ ¼ lA þ lPi;
lBDð0Þ ¼ lB þ lPi; lBDð1Þ ¼ lD;

ð22Þ

where the explicit time dependence has been suppressed.

We note that the change in Gibbs energy for each cycle can

be found by summing the Gibbs energy differences, DGij ¼
lijð1Þ � lijð0Þ; for each coordinate cij in the cycle. This

gives

DGa ¼ DGb þ DGc ¼ �Xa;

DGb ¼ DrG ¼ �Xb; DGc ¼ 2DlCa=2H ¼ �Xc;
ð23Þ

where DGk is the change in Gibbs energy for cycle k in the

positive direction.

Using

Pj

Peq
j

¼ exp
lj � leq

j

RT

 !

; ð24Þ

with leq
i ¼ leq

j ; the normalization condition in Eq. 3 can be

rewritten as

X

j¼fA;...;Fg
Peq

j exp
lj � leq

j

RT

 !

¼ 1: ð25Þ

Together with the steady-state relations from Eq. 2, the

different transition fluxes can then be obtained using Cra-

mer’s rule.

For the case of no slip (when cBD and the corresponding

boundary conditions are not included), all the obtained

fluxes are equal and

JAB ¼
D
P0 exp

XCa=2H

RT

� �� �2

exp
Xr

RT

� �

� 1

 !

; ð26Þ

with D = DABDBCDCDDDEDEFDFA and
P0

is a collection

of terms not shown here. The flux of calcium ions and the

reaction rate can be obtained by JCa ¼ 2JAB and r = JAB.

This corresponds to Eqs. 10 and 11 for the case Jb± = 0

and Jc± = 0.

For the case with slip, two of the obtained transition

fluxes are independent in accordance with Eq. 4, and one

obtains (for instance)

JAB ¼
D0
P00 exp

XCa=2H

RT

� �� �2

�1

 !

þ D00
P00 exp

XCa=2H

RT

� �� �2

exp
Xr

RT

� �

� 1

 !

ð27Þ

and

JBC ¼
D�
P00 exp

Xr

RT

� �

� 1

� �

þ D��
P00 exp

XCa=2H

RT

� �� �2

exp
Xr

RT

� �

� 1

 !

; ð28Þ

where the explicit forms of D0; D00; D�; D�� and
P00

are

not shown here. However, one can show that the equality

D00 ¼ D��; is satisfied in this case. The flux of calcium ions

and the reaction rate can be obtained by JCa ¼ 2JAB and

r = JBC.

The transition fluxes obtained in the mesoscopic

framework have the same form as the fluxes obtained in the

kinetic framework. The connection can be made more

explicit by considering the flux in the kinetic description,

Jij = kijPi - kjiPj, which can be written as (using detailed

balance)

Jij ¼ kijP
eq
i

Pi

P
eq
i

� Pj

P
eq
j

 !

¼ kijP
eq
i exp � leq

i

RT

� �

exp
li

RT

� �
� exp

lj

RT

� �h i
: ð29Þ

Equations 21 and 29 relate the kinetic parameters to the

diffusion coefficients and activation energies, for instance,

kEFPeq
E ¼

DEF exp leq
E =RTð Þ

R
dcEF exp UEFðcEFÞ=RTð Þ : ð30Þ

This shows the equivalence of the kinetic and mesoscopic

description of the cycle model.

Before comparing the different models, we note that the

relations between the kinetic coefficients and the activation

energy for the diffusion process can be used to identify the

slow and fast steps of the model. The activation energies

for the direct transition between states B and D, the ATP
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hydrolysis (states B and C) and the exchange of bound

calcium with hydrogen ions in the lumen (states D to E) is

large. This is depicted in Fig. 5. The six-state diagram can

then be reduced to a two-state diagram, in terms of the

states X and Y, as shown in Fig. 6 by assuming equilibrium

between states A, B, E and F and states C and D. The

probabilities of being in the two states X and Y are given by

PX ¼ PA þ PB þ PE þ PF; PY ¼ PC þ PD: ð31Þ

Further, the transitions i! j between the states are

described with kinetic coefficients aij,l where l labels the

path between the states. The kinetic coefficients aij,l can be

obtained in terms of the original coefficients, and one may

show that

Paþ
Pa�

¼ aXY;3aYX;1

aXY;1aYX;3
¼ kABkBCkCDkDEkEFkFA

kAFkFEkEDkDCkCBkBA

;

Pbþ
Pb�

¼ aXY;3aYX;2

aYX;3aXY;2
¼ kCDkDBkBC

kDCkCBkBD

;

Pcþ
Pc�

¼ aXY;2aYX;1

aYX;2aXY;1
¼ kABkBDkDEkEFkFA

kAFkFEkEDkDBkBA

;

ð32Þ

which is identical to the relations given in Eq. 6. Contin-

uing the analysis for the two-state model, we then obtain

the same fluxes and forces as in the six-state model.

Contracted description

The flux of calcium ions and rate of reaction are of the

same form in the two (kinetic and mesoscopic) cycle

models. Bedeaux and Kjelstrup (2008) derived relations for

the operation of the pump using MNET without making

reference to a specific cycle model. These relations also

apply to a non-isothermal case and include the heat flux.

For a isothermal case the flux of calcium ions and the

reaction rate are (Bedeaux and Kjelstrup 2008)

JCa ¼ �Ddr 1� exp �DrG

RT

� �� �

þ Ddd 1� exp
DlCa=2H

RT

� �� �

;

r ¼ �Drr 1� exp �DrG

RT

� �� �

þ Drd 1� exp
DlCa=2H

RT

� �� �

:

ð33Þ

For brevity, the MNET model of Bedeaux and Kjelstrup

will be referred to as the ‘‘BK-MNET’’ model in the

following.

To compare with the corresponding flux of calcium ions

and the reaction rate obtained in the kinetic description, we

rewrite the cycle fluxes as

Ja ¼ �Ĵa� 1� exp
�DrG

RT

� �� �

þ ~Ja� 1� exp
DlCa=2H

RT

� �� �

;

Jb ¼ �Jb� 1� exp
�DrG

RT

� �� �

;

Jc ¼ ~Jc� 1� exp
DlCa=2H

RT

� �� �

;

ð34Þ

F A

E B

D C

Fig. 5 Illustration of an activation energy landscape corresponding to

the six-state kinetic diagram, leading to a possible reduction to a two-

state description. The contour lines representing the energy landscape

are drawn from low values (blue colour) to high values (red colour).

There are high barriers between states B and D, states B and C and

states D and E, but not between states D and C. This leads to

essentially two states, X and Y

Fig. 6 The two-state kinetic diagram for the operation of the

ATPase. The binding of the different species are not shown explicitly.

The three cycles of the diagram are labelled a, b and c, corresponding

to the three cycles in the original diagram. The three paths between

the two states are labelled 1–3 (from left to right)
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where Ĵa�; ~Ja� and ~Jc� are given by

Ĵa� ¼ Ja� exp
�2DlCa=2H

RT

� �

;

~Ja� ¼ Ĵa� 1þ exp
DlCa=2H

RT

� �� �

;

~Jc� ¼ Jc� exp
�2DlCa=2H

RT

� �

	 1þ exp
DlCa=2H

RT

� �� �

:

ð35Þ

The fluxes are then

JCa

2
¼ �Ĵa� 1� exp

�DrG

RT

� �� �

þ ð~Ja� þ ~Jc�Þ 1� exp
DlCa=2H

RT

� �� �

ð36Þ

and

r ¼ �ðĴa� þ Jb�Þ 1� exp
�DrG

RT

� �� �

þ ~Ja� 1� exp
DlCa=2H

RT

� �� �

; ð37Þ

which are of the same form as in the BK-MNET model.

Comparing the cases when DlCa=2H ¼ 0; one finds

Ddr ¼ 2Ja�; Drr ¼ Ja� þ Jb�; 2Drr�Ddr: ð38Þ

For the case when DrG ¼ 0; one finds

Ddd=Drd ¼ 2ðJa� þ Jc�Þ=Ja� � 0; Ddd� 2Drd: ð39Þ

Again we find that good estimates can be obtained for

Dij through the one-way cycle fluxes Jj–, which essentially

are equilibrium exchange rates (Kjelstrup et al. 2009)

The mesoscopic description of the fluxes can also be

written in the same form by redefining coefficients. In all

cases, the resulting flux of calcium ions and the reaction

rate are given as exponential functions of the forces (the

Gibbs energy of the reaction and the ion exchange) as

expected for activated processes.

The BK-MNET model was derived using the reaction

coordinate, cr, for the ATP reaction and a similar coordi-

nate for the transport of calcium ions, cd, as mesoscopic

variables. The state of the enzyme is then given by the

point (cr, cd), and the enzyme can be pictured as diffusing

in (cr, cd)-space under a two-dimensional activation

energy, Uðcr; cdÞ. Coupling is introduced by assuming

linear force–flux relations on the mesoscopic level, and, on

integration over the two mesoscopic coordinates, the rela-

tions given in Eq. 33 follow.

Since the states of the enzyme are given by the points in

(cr, cd)-space, we can identify the states in the kinetic cycle

description as shown in Table 1, in terms of unknown

intermediate points (cdB, cdD, cdE) along the two axes. The

cycles can then be pictured as specific paths joining these

points, as illustrated in Fig. 7. The mesoscopic variables

introduced in the analysis of the cycle correspond to

movement along the paths between the different states, for

instance 0 B cAB B 1 is the coordinate corresponding to

0 B cd B cdB.

The BK-MNET model appears less restricted: the

enzyme can move along many different paths and pass

through many different states [the integration over the

coordinates (cr, cd) can be performed without considering

specific paths]. This view is more dynamical in the sense

that the enzyme is free to sample the whole configurational

space and is not restricted to being in specific states. This

opens the possibility for introduction of temperature dif-

ferences as thermodynamic forces and the corresponding

heat fluxes (Kjelstrup et al. 2005b). The probability of

following a specific trajectory depends on the activation

energy, which is high for the direct transition between

Table 1 The states in the

kinetic cycle description as

points in (cr, cd)-space

State cr cd

A 0 0

B 0 cdB

C 1 cdB

D 1 cdD

E 1 cdE

F 1 1

A

B

C
D

E

F

Fig. 7 Illustration of the activation energy landscape of the Ca2?-

ATPase with the states and a path corresponding to the projection of

cycle a on the (cr, cd)-plane shown. The path between states A and F

is not shown. For cycles b and c, there would also be a path joining

states B and D
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states B and D, meaning that the probability of completing

cycles b and c is lower than completing cycle a. Cycle a

represents a path where the activation energy is lower, so it

will be the dominating cycle of the three.

Conclusions and final remarks

We have analysed the operation of the Ca2?-ATPase ion

pump using a kinetic cycle. Using the methodology of Hill,

we obtained the cycle fluxes and subsequently the entropy

production and the efficiency of the pump. Furthermore,

we analysed the cycle using mesoscopic non-equilibrium

thermodynamics and showed that the mesoscopic and

kinetic approaches result in the same governing equations

for the operation of the pump.

Interpretations of Onsager coefficients in terms of uni-

directional backward fluxes were found. We propose that

these are used in a systematic manner to characterise

pumps and motors.

Within the mesoscopic approach, we showed how the

activation potentials can be used to identify slow and fast

steps of the model. This identification was then used to

simplify the model further. Finally, we compared the

kinetic and mesoscopic models with the mesoscopic non-

equilibrium model of Bedeaux and Kjelstrup and found

that the three descriptions are in accordance with each

other, but that the latter model is less restricted and can

include the temperature differences and the corresponding

heat fluxes as additional variables.
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Appendix: Sum of directional diagrams for the kinetic

cycle

For completeness, we show how to obtain the terms in the

expression for the sum of the directional diagrams for the

complete kinetic cycle, using the methodology of Hill

(1989). The first 14 terms are
X
¼ kBCkCDkDEkEFkFA þ kBAkCDkDEkEFkFA

þ kCBkBAkDEkEFkFA þ kDCkCBkBAkEFkFA

þ kEDkDCkCBkBAkFA þ kFEkEDkDCkCBkBA

þ kDBkCBkBAkEFkFA þ kEDkDBkCBkBAkFA

þ kFEkEDkDBkCBkBA þ kCBkBDkDEkEFkFA

þ kDBkCBkBAkEFkFA þ kEDkDBkCBkBAkFA

þ kFEkEDkDBkCBkBA þ kCBkBDkDEkEFkFA

þ 70 other terms: ð40Þ

We consider the kinetic cycle given in Fig. 3 and the sum

of directional diagrams of state A. By removing the line

connecting states B and D, there are now six ways to

remove a second line to create a partial diagram. This gives

the first six terms.

By removing the line connecting states D and C, there

are four ways to remove a second line to create partial

diagrams not already considered. This gives the four next

terms.

By removing the line connecting states B and C, there

are four ways to remove a second line to create partial

diagrams not already considered. This gives the four next

terms.

By considering the remaining states in the same fashion,

the remaining 5 9 14 = 70 terms can be obtained.
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Abstract We analyse a kinetic cycle of the Ca2+-ATPase
molecular pump operation using mesoscopic non-equilibrium
thermodynamics. The pump is known to generate heat, and
by analysing the operation on the mesoscopic level, we are
able to introduce a temperature difference and the corre-
sponding heat flux in the description. Integration over the
internal coordinates then results in non-linear flux-force re-
lations describing the operation of the pump on the macro-
scopic level. Specifically, we obtain an expression for the
heat flux associated with the active transport and the cou-
pling of heat effects to the transport of ions and the rate of
the ATP-hydrolysis.

1 Introduction

Muscle contraction is trigged by the release of Ca2+ from
the sarcoplasmic reticulum (SR) of muscle cells (Berg et al.
2002). When the cytosolic Ca2+ level increases, a confor-
mational change of tropomyosin enables cross-bridges to
form between myosin heads and actin, and the muscle con-
tracts (Garrett and Grisham 2010). The SR Ca2+-ATPase of
skeletal muscle actively transports Ca2+ from the cytosol
back into the lumen of the SR using ATP as fuel. By low-
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ering the cytosolic Ca2+ level, this pump enables muscles
to relax. As Ca2+ is removed from the cytosol, tropomyosin
revert to a actin-binding conformation and cross-bridges be-
tween actin and myosin can no longer form (McKinley and
O’Loughlin 2012).

While the primary function of the SR Ca2+-ATPase of
skeletal muscle is to enable muscle relaxation, experimen-
tal evidence also suggests that the pump is able to generate
heat and contribute to non-shivering thermogenesis (de Meis
2001; Lowell and Spiegelman 2000). The pump is also able
to modulate the amount of energy released as heat (Arruda
et al. 2003). It has been estimated that the pump may con-
tribute as much as 50-20% of the total heat produced by rest-
ing muscles, depending on muscle type (white or red) (Ar-
ruda et al. 2003). Since the skeletal muscle is the most abun-
dant tissue in the body, small changes in the heat produced
by resting muscles can have large effects for the whole body:
changes in thermogenesis may be linked to disorders such
hyperthyroidism and endocrine dysfunction (Arruda et al.
2003; Riis et al. 2005).

The description of the operation of P-type ATPases such
as the SR Ca2+-ATPase is typically based on a Post-Albers
cycle (Hans-Jürgen Apell 2004; Werner Kuhlbrandt 2004).
While these cycle models are able to capture many of the
features of the pumps, they do not account for the possi-
ble heat effects that may accompany pump operation. By
considering a mesoscopic non-equilibrium thermodynamic
approach, Bedeaux and Kjelstrup (2008) established a de-
scription of the pump operation that includes a temperature
difference as a driving force and the corresponding heat flux,
and the coupling of these to the transport of ions and the rate
of ATP hydrolysis. This description was derived without ref-
erence to a kinetic cycle. We have recently shown (Lervik
et al. 2012), using the Ca2+-ATPase as an example, that the
Hill diagram method (Hill 1989) is equivalent to a meso-
scopic non-equilibrium thermodynamic method for the cy-
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cle description. We also compared these cycle-based descrip-
tions with the description of Bedeaux and Kjelstrup (2008)
and we found that they all were in agreement. However, all
these considerations were carried out at isothermal condi-
tions. We now wish remove this limitation and extend our
cycle-based description of the pump to also include heat ef-
fects. The aim of this paper is therefore to show how heat
effects can be included in the cycle description of an ion
pump, by incorporating a thermal driving force and the cor-
responding heat flux.

While this is possible in a thermodynamic description (Be-
deaux and Kjelstrup 2008), it is not clear how this could be
done in the context of a kinetic model. We show that it is
possible for the mesoscopic description and we establish the
kinetic description on the basis of the mesoscopic one, in-
cluding the temperature difference and heat flux. Doing so,
we hope to achieve a consistent presentation on two levels,
the macroscopic and mesoscopic, thereby strengthening the
mesoscopic framework.

We use the operation of the Ca2+-ATPase as an exam-
ple and we begin by a short recapitulation of our previous
results for the kinetic and mesoscopic model under isother-
mal conditions in section 2. We then proceed to introduce
the temperature difference and the conjugate heat flux in the
mesoscopic framework in section 3. We close by a discus-
sion of our findings and the implications for the modelling
of ion pumps.

2 The isothermal cycle model

We consider the same kinetic model as for the isothermal
analysis (Lervik et al. 2012), reproduced here in Fig. 1. The
kinetic model is based on the recent six-state model of Møller
et al. (2010), proposed on the basis of the determined 3D-
structures of the pump. We label the 6 possible states of
the pump as A,B,. . . ,F and we introduce the possibility of
slip by considering a transition between two of the states
(B and D) as shown in Fig. 1. The model consists of three
cycles, a,b and c, depicted in Fig. 2. Cycle b corresponds to
the hydrolysis of adenosine triphosphate (ATP) to adenosine
diphosphate (ADP) and inorganic phosphate (Pi) according
to,

ATP+H2O 
 ADP+Pi. (1)

Cycle c corresponds to the exchange of calcium ions be-
tween the cytosol and lumen (and vice versa for hydrogen
ions) and cycle a is the superposition of the two cycles b and
c. Cycle a then corresponds to a non-slip cycle where the
ions are exchanged and ATP is hydrolysed with a fixed (2 : 1)
stoichiometry. In addition to transporting Ca2+, the pump
simultaneously counter-transports two to three H+ per two

Ca2+ and is thus electrogenic (Niggli and Sigel 2008; Palm-
gren and Nissen 2011). The sarcoplasmic reticulum mem-
brane is highly permeable to K+ and this is likely to re-
sult in a membrane potential maintained near zero (Garcia
and Miller 1984; Kamp et al. 1998). Furthermore, the mem-
brane is also permeable to other ions, e.g. H+ (Meissner
1981; Kamp et al. 1998). Based on this, we neglect the mem-
brane potential in our description, and assume that there ex-
ist pathways (besides the active pumping) for transport of
ions, making the operation of the pump electroneutral. We
assume that electroneutrality is fulfilled by additional trans-
port of H+: that is, we assume that the net effect of pump
operation is the exchange of two H+ for every Ca2+.

ADP ATP 

Pi 

+

F A

E B

D C

Pi 
2 Ca2+ 

n H+ 

H2O 

n H+ 

2 Ca2+ 

Fig. 1 Kinetic diagram for the operation of the Ca2+-ATPase follow-
ing Hill (1989). On traversing the cycle in the positive direction, one
ATP molecule is hydrolysed and two Ca2+ are moved to the luminal
side concurrent with transport of n H+ in the opposite direction. ATP
or ADP is bound to the enzyme in all the states. The states denoted A–F
in the diagram, are the states HnE2:ATP, Ca2E1:ATP, [Ca2]E1P:ADP,
[Ca2]E2P:ATP, HnE2P:ATP,[Hn]E2:ATP, respectively, using the nota-
tion of Møller et al. (2010) where the square brackets indicates an oc-
cluded state. Slip is introduced by considering the possibility of direct
transition between the states B and D. Between states B and C we have
added binding of water which participates in the ATP-hydrolysis.

In the following we first restate some of our results from
the isothermal analysis. We refer to our previous paper for
details (Lervik et al. 2012).

The probability of the protein being in state i is given
by Pi and the net transition flux, Ji j, between two connected
states is,

Ji j = ki jPi− k jiPj, (2)

where ki j and k ji are the (pseudo-)first-order rate constants
for the forward and backward transitions, respectively. By
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F
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C

a

D
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C
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F

E

A

c

D

B

Fig. 2 The three cycles of the slipping kinetic model of the operation
of the pump. The three cycles are labelled a,b and c respectively.

pseudo-first-order we mean that the rate constants describ-
ing adsorption are concentration dependent. We can then
express the rate constant as a product of the concentration
of the species being adsorbed and a higher order rate con-
stant (Hill 1989). For instance, on moving from state B to
state C, water is adsorbed and the rate constant for this step
is, kBC = k∗BC×cH2O, where k∗BC is the corresponding second
order rate constant and cH2O the concentration of water.

The rate of change of the probabilities can be found from
the kinetic diagram,

dPA

dt
= (−kABPA + kBAPB)+(kFAPF− kAFPA)

=−JAB + JFA,

dPB

dt
= (kABPA− kBAPB)− (kBCPB− kCBPC)

− (kBDPB− kDBPD) = JAB− JBC− JBD,

...
dPF

dt
= (−kFAPF + kAFPA)+(kEFPE− kFEPF)

=−JFA + JEF,

(3)

where ∑i dPi/dt = 0 and the normalization condition is,

PA +PB +PC +PD +PE +PF = 1. (4)

In the steady-state, dPi/dt = 0, equations (3) and (4) can
be solved in terms of the probabilities Pi, and the transition
fluxes can be obtained. The transition fluxes can also be ex-
pressed in terms of the cycle fluxes in the steady-state, Ja, Jb
and Jc,

JAB = JDE = JEF = JFA =
JCa

2
= Ja + Jc,

JBC = JCD = r = Ja + Jb,

JBD = JAB− JBC = Jc− Jb,

(5)

where we also have introduced the flux of Ca2+, JCa, and the
rate of the hydrolysis of ATP, r. As shown by Hill (1989), the

cycle fluxes can be obtained by,

Ja =
(Πa+−Πa−)∑a

∑
= Ja−

(
exp
(

Xa

RT

)
−1
)
,

Jb =
(Πb+−Πb−)∑b

∑
= Jb−

(
exp
(

Xb

RT

)
−1
)
,

Jc =
(Πc+−Πc−)∑c

∑
= Jc−

(
exp
(

Xc

RT

)
−1
)
,

(6)

where,

Πa+ = kABkBCkCDkDEkEFkFA,

Πa− = kAFkFEkEDkDCkCBkBA,

Πb+ = kBCkCDkDB,

Πb− = kBDkDCkCB,

Πc+ = kABkBDkDEkEFkFA,

Πc− = kAFkFEkEDkDBkBA,

(7)

∑, ∑a, ∑b and ∑c are different collections of the kinetic pa-
rameters obtained using the diagram method (Hill 1989),
J j− = Π j−Σ j/Σ and the cycle forces (X j) are defined by,

exp(X j/RT ) =
Π j+

Π j−
. (8)

In the framework of Hill, we can also obtain the entropy
production of the system, σ , as,

σ =
JaXa

T
+

JbXb

T
+

JcXc

T
=−r

∆rG
T
− JCa

∆ µCa/2H

T
, (9)

where ∆rG is the change in Gibbs energy for reaction given
by Eq. (1) and ∆ µCa/2H≡ (µ lum

Ca2+−2µ lum
H+ )−(µcyt

Ca2+−2µcyt
H+)

is the change in Gibbs energy on moving one Ca2+ from
the cytosol (“cyt”) to the lumen (“lum”) and two H+ in the
opposite direction.

Alternatively, we can analyse the cycle by considering a
mesoscopic description of each of the reaction coordinates
(γi j) of the transitions. For the i→ j transition, the net tran-
sition flux is (Lervik et al. 2012),

Ji j =−
Di j∫

dγi j exp(Φi j(γi j)/RT )

×
[

exp
(

µi j(1)
RT

)
− exp

(
µi j(0)

RT

)]
,

(10)

where Di j is the diffusion coefficient and Φi j is the potential
along which the diffusion process takes place. The chemical
potential, µi j(γi j), is given by,

µi j(γi j) = RT lnPi j(γi j)+Φi j(γi j), (11)

where Pi j is the probability of being in the state given by
γi j and Φi j has the form of an activation energy barrier. The
boundary conditions can be found by inspection of the dif-
ferent transitions in the kinetic diagram. For instance, con-
sider the transition between state C and state D. Initially, at
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γCD = 0, the solution consists of the protein in state C and
free ATP: µCD(0) = µC + µATP. At the end point (γCD = 1)
the solution consists of the protein in state D and free ADP:
µCD(1) = µD + µADP. By performing a similar analysis on
all reaction coordinates, the boundary conditions are found,

µAB(0) = µA +2µcyt
Ca2+ , µAB(1) = µB +4µcyt

H+ ,

µBC(0) = µB +µH2O, µBC(1) = µC,
µCD(0) = µC +µATP, µCD(1) = µD +µADP,
µDE(0) = µD +4µ lum

H+ , µDE(1) = µE +2µ lum
Ca2+ ,

µEF(0) = µE, µEF(1) = µF,

µFA(0) = µF, µFA(1) = µA +µPi,
µBD(0) = µB +µPi, µBD(1) = µD.

(12)

Using,

Pj

Peq
j

= exp

(
µ j−µeq

j

RT

)
, (13)

with µeq
i = µeq

j , the normalization condition in Eq. (4) can
be rewritten as,

∑
j={A,...,F}

Peq
j exp

(
µ j−µeq

j

RT

)
= 1. (14)

Together with the steady-state relations from Eq. (3), the dif-
ferent transition fluxes can then be obtained (Lervik et al.
2012),

JAB =
D′

∑′′

(
exp
(

Xc

RT

)
−1
)

+
D′′

∑′′

(
exp
(

Xa

RT

)
−1
)
= Jc + Ja,

JBC =
D∗

∑′′

(
exp
(

Xb

RT

)
−1
)

+
D′′

∑′′

(
exp
(

Xa

RT

)
−1
)
= Jb + Ja,

JBD = JAB− JBC = Jc− Jb,

(15)

where D′, D′′, D∗ and ∑′′ are given by the diffusion coeffi-
cients and the integrals over the potential energy. This solu-
tion is of the same form as the solution of the kinetic model,
and the kinetic and mesoscopic model are in agreement.

In our previous work (Lervik et al. 2012), we showed
that the six-state model can be simplified to a two-state model,
as depicted in fig. 3. Before moving on and introducing a
temperature difference in our model, we briefly give the de-
tails on how we can reduce the six-state model to a simpler
two-state model. We will use the two-state model when we
introduce the temperature difference as this will simplify the
algebra.

This simplification is justified by the energy landscape
on which the diffusion processes takes place. There are high
activation barriers for the direct transition between states

+

X

Y

1 2 3

X

Y

c

X

Y

a

X

Y

b

Fig. 3 The two-state kinetic diagram for the operation of the ATPase.
The binding of the different species are not shown explicitly. The three
cycles of the diagram are labelled a,b and c, corresponding to the three
cycles in the original diagram. The three paths between the two states
are labelled 1–3 (from left to right).

B and D, the ATP-hydrolysis (states B and C) and the ex-
change of bound calcium with hydrogen ions in the lumen
(states D to E) (Peinelt and Apell 2004, 2005). This effec-
tively means that the states A,B,E and F and the states C
and D are in equilibrium with each other and that the six-
state model can be approximated by a two-state model. We
have illustrated a (hypothetical) energy landscape showing
the transitions between the two reduced states, X and Y, in
fig. 4.

The probabilities of being in one of the two reduced
states, X and Y , are given by,

PX = PA +PB +PE +PF, PY = PC +PD, (16)

and we have,

JAB = 0, JEF = 0, JFA = 0, JCD = 0. (17)

This can be used to obtain the kinetic (or diffusion) param-
eters of the two-state diagram in terms of the six-state pa-
rameters. We note that Eq. (16) and Eq. (17) corresponds
to the lumping scheme for slow-fast kinetics of Smith and
Crampin (2004), where we have two subsystems with fast
kinetics.

For the kinetic description, the transitions between the
two states are described by the kinetic coefficients αi j,l where
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1 2 3

X

Y

Fig. 4 Illustration of the energy landscape for the two-state model. The
two states, X and Y, are separated by a ridge, and the three paths (la-
belled 1–3) cross the ridge in three distinct passes. The largest activa-
tion barrier is for path 2.

l labels the path between the states. For our model we obtain,

αXY,1 =
kED

kEFkFAkAB
kFEkAFkBA

(
1+ kBA

kAB
+ kBAkAF

kABkFA
+ kBAkAFkFE

kABkFAkEF

) ,

αXY,2 =
kBD

1+ kBA
kAB

+ kBAkAF
kABkFA

+ kBAkAFkFE
kABkFAkEF

,

αXY,3 =
kBC

1+ kBA
kAB

+ kBAkAF
kABkFA

+ kBAkAFkFE
kABkFAkEF

,

(18)

in the forward direction and,

αYX,1 =
kDE

1+ kDC
kCD

, αYX,2 =
kDB

1+ kDC
kCD

,

αYX,3 =
kCB

1+ kCD
kDC

,

(19)

in the backward direction. For the cycles of the two-state
model we then obtain,

Πa+

Πa−
=

αXY,3αYX,1

αXY,1αYX,3
=

kABkBCkCDkDEkEFkFA

kAFkFEkEDkDCkCBkBA

= exp
(

Xa

RT

)
,

Πb+

Πb−
=

αXY,3αYX,2

αYX,3αXY,2
=

kCDkDBkBC

kDCkCBkBD

= exp
(

Xb

RT

)
,

Πc+

Πc−
=

αXY,2αYX,1

αYX,2αXY,1
=

kABkBDkDEkEFkFA

kAFkFEkEDkDBkBA

= exp
(

Xc

RT

)
,

(20)

and the cycle forces (Xi) are thus identical in the two- and
six-state models. The steady-state solution to the two-state
model gives the transition fluxes,

JXY,1 =−Ĵa−

(
Πa+

Πa−
−1
)
− Ĵc−

(
Πc+

Πc−
−1
)

=−Ĵa− Ĵc,

JXY,2 =−Ĵb−

(
Πb+

Πb−
−1
)
+ Ĵc−

(
Πc+

Πc−
−1
)

=−Ĵb + Ĵc,

JXY,3 = Ĵa−

(
Πa+

Πa−
−1
)
+ Ĵb−

(
Πb+

Πb−
−1
)

= Ĵa + Ĵb,

(21)

where,

Ĵa− =
αXY,1αYX,3

α̂XY + α̂YX
, Ĵb− =

αXY,2αYX,3

α̂XY + α̂YX
,

Ĵc− =
αXY,1αYX,2

α̂XY + α̂YX
,

(22)

and α̂i j =αi j,1+αi j,2+αi j,3. The thermodynamic fluxes can
be found by noting that cycle fluxes a and b contribute to the
reaction rate and cycle fluxes a and c contribute to the flux
of calcium ions,

r = Ĵa + Ĵb = JXY,3,

JCa

2
= Ĵa + Ĵc =−JXY,1.

(23)

We also note at this point that the cycle fluxes in the two- and
six-state models are not equal, J j 6= Ĵ j, due to Eqns. (16)
and (17). However, as we have assumed that the rate con-
stants associated with the fast steps are much larger than the
rate constants for the slow steps, it follows that the cycle
fluxes from the six-state solution simplify, under these con-
ditions, to the

cycle fluxes of the two-state solution, J j = Ĵ j.
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To complete the reduction of the model, we now ap-
ply the same constrains (Eq. (17)) to the mesoscopic model.
This gives the following relations between the boundary con-
ditions,

µAB(0) = µAB(1), µEF(0) = µEF(1),

µFA(0) = µFA(1), µCD(0) = µCD(1),
(24)

which can be used to relate the chemical potentials of states
A,B,E,F and X and states C,D and Y. The transition flux in
the two-state model along the coordinate γXY,i is,

JXY,i =−CXY,i

[
exp
(

µXY,i(1)
RT

)
−exp

(
µXY,i(0)

RT

)]
, (25)

where CXY,i = DXY,i/
∫

dγXY,i exp(ΦXY,i(γXY,i)/RT ).
We choose1 the boundary conditions for the two-state

model as,

µXY,1(0)= µ̂X +2µ lum
Ca2+ , µXY,1(1)= µ̂Y +4µ lum

H+ ,

µXY,2(0)= µ̂X +2µcyt
Ca2+ , µXY,2(1)= µ̂Y +4µcyt

H+

µXY,3(0)= µ̂X +µATP µXY,3(1)= µ̂Y +µADP

+µH2O +2µcyt
Ca2+ , +µPi +4µcyt

H+ ,

(26)

where,

µ̂X ≡ µX−RT lnβ ,
µ̂Y ≡ µY−RT lnη ,

β ≡ 1
Peq

X
(Peq

E +Peq
F +Peq

A exp(−µPi/RT )

+Peq
B exp(−µPi/RT )exp(2µcyt

Ca2+ −4µcyt
H+/RT )),

η ≡ 1
Peq

Y
(Peq

D +Peq
C exp(µADP−µATP/RT )),

(27)

and,

CXY,1 =CDE,

CXY,2 =CBD exp(−4µcyt
H+/RT ),

CXY,3 =CBC exp(−4µcyt
H+/RT )×

exp(−µATP/RT )exp(−µPi/RT ).

(28)

1 Here, we have the possibility of choosing different boundary con-
ditions. For instance, we could include the factor exp(−4µcyt

H+/RT ) in
the boundary conditions for path two, rather than in the coefficient
CXY,2. The solution given in Eq. (29) is however independent of this
choice.

The solution of the two-state model in the mesoscopic ap-
proach gives the transition fluxes,

JXY,1 =−
D̂′′

∑∗

[
exp
(

Xa

RT

)
−1
]

− D̂′

∑∗

[
exp
(

Xc

RT

)
−1
]
=−Ĵa− Ĵc,

JXY,2 =−
D̂∗

∑∗

[
exp
(

Xb

RT

)
−1
]

+
D̂′

∑∗

[
exp
(

Xc

RT

)
−1
]
=−Ĵb + Ĵc,

JXY,3 =
D̂′′

∑∗

[
exp
(

Xa

RT

)
−1
]

+
D̂∗

∑∗

[
exp
(

Xb

RT

)
−1
]
= Ĵa + Ĵb,

(29)

which are of the same form as obtained from the kinetic two-
state solution. Again, we do not give the explicit expressions
for the coefficients D̂′, D̂′′, D̂∗ and ∑∗. In general, these coef-
ficients are different from the coefficients in Eq. (15). How-
ever, if we assume that the activation barriers for diffusion
along coordinates γBC, γBD and γDE are much higher than for
the other coordinates, then we find,

D′

∑′′
=

D̂′

∑∗
,

D′′

∑′′
=

D̂′′

∑∗
,

D∗

∑′′
=

D̂∗

∑∗
, (30)

which means that the six-state model reduces to the two-
state model for these conditions. We also note that, JXY,1 +
JXY,2 +JXY,3 = 0, both for the kinetic and mesoscopic solu-
tion, as expected since, dPX/dt +dPY/dt = 0, and there are
still two independent transition fluxes.

3 Non-isothermal mesoscopic cycle description

We now consider a non-isothermal system. We introduce the
temperature of the cytosol (T cyt) and the temperature of the
lumen (T lum) in the expressions and we do not assume that
these temperatures are equal. However, we assume that the
temperature of the protein is determined by the temperature
of the lumen or vice versa (Bedeaux and Kjelstrup 2008).
We begin by considering the mesoscopic description of each
(independent) reaction coordinate. The entropy production,
σi j, is,

σi j =
∫ 1

0
dγi jσi j(γi j)

=
∫ 1

0
dγi jJq,i j(γi j)

(
1

T lum −
1

T cyt

)

−
∫ 1

0
dγi jJi j(γi j)

∂
∂γi j

ψi j(γi j),

(31)
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where Jq,i j is the total heat flux as defined by Bedeaux and
Kjelstrup (2008), and the Planck potential is ψi j = µi j/Ti j.
This gives the linear flux-force relations,

Ji j(γi j) =−L(i j)
dd (γi j)

∂
∂γi j

ψi j(γi j)

+L(i j)
dq (γi j)

(
1

T lum −
1

T cyt

)
,

Jq,i j(γi j) =−L(i j)
qd (γi j)

∂
∂γi j

ψi j(γi j)

+L(i j)
qq (γi j)

(
1

T lum −
1

T cyt

)
,

(32)

where L(i j)
ab = L(i j)

ba are the linear Onsager coefficients. Next,
we use that the conductivities are in good approximation
proportional to the probability,

L(i j)
ab (γi j) = D(i j)

ab
Pi j(γi j)

R
, (33)

where the probability is given in terms of the dimensionless
Planck potential, ψ̂i j = ψ/R, and potential energy, Φ̂i j =

Φi j/RTi j,

Pi j(γi j) = exp(ψ̂i j(γi j))exp(−Φ̂i j(γi j)). (34)

We then obtain the flux-force relations,

Ji j(γi j)exp(Φ̂i j(γi j)) =−D(i j)
dd

∂
∂γi j

exp(ψ̂i j(γi j))

+
D(i j)

dq

R
exp(ψ̂i j(γi j))

(
1

T lum −
1

T cyt

)
,

Jq,i j(γi j)exp(Φ̂i j(γi j)) =−D(i j)
qd

∂
∂γi j

exp(ψ̂i j(γi j))

+
D(i j)

qq

R
exp(ψ̂i j(γi j))

(
1

T lum −
1

T cyt

)
.

(35)

For a typical reaction, γi j passes through a maximum at the
transition state, γ‡

i j. We assume that the potential energy at

this point is large, Φ̂(γ‡
i j) � 1, so that the corresponding

flux is slow and the reaction becomes quasi-stationary. The
fluxes are then independent2 of γi j and upon integration we

2 In the entropy production, the thermal driving force is independent
of γi j while the corresponding heat flux is not independent. The con-
tribution to the entropy production from this flux-force pair is due to
the integrated heat flux multiplied by the driving force. Since only the
integrated heat flux matters here, we can, without loss of generality,
choose the heat flux independent of γi j . For instance, if the heat flux
does not change sign for γi j ∈ (0,1), then, by the mean value theorem
for integration, we represent the integral of the heat flux by Jq,i j(γ∗i j)

for some γ∗i j ∈ (0,1).

obtain,

Ji j =−B(i j)
dd [exp(ψ̂i j(1))− exp(ψ̂i j(0))]

+B(i j)
dq

(
1

T lum −
1

T cyt

)
,

Jq,i j =−B(i j)
qd [exp(ψ̂i j(1))− exp(ψ̂i j(0))]

+B(i j)
qq

(
1

T lum −
1

T cyt

)
,

(36)

where,

B(i j)
dd = D(i j)

dd

[∫ 1

0
dγi j exp(Φ̂i j(γi j))

]−1

,

B(i j)
dq =

D(i j)
dq

R

∫ 1
0 dγi j exp(ψ̂i j(γi j))∫ 1
0 dγi j exp(Φ̂i j(γi j))

,

B(i j)
qd = D(i j)

qd

[∫ 1

0
dγi j exp(Φ̂i j(γi j))

]−1

,

B(i j)
qq =

D(i j)
qq

R

∫ 1
0 dγi j exp(ψ̂i j(γi j))∫ 1
0 dγi j exp(Φ̂i j(γi j))

.

(37)

We note that the B(i j)
ab coefficients are not symmetric,

B(i j)
dq

B(i j)
qd

=
1
R

∫ 1

0
dγi j exp(ψ̂i j(γi j)), (38)

and that the entropy production integrates to,

σi j = Jq,i j

(
1

T lum −
1

T cyt

)
− Ji j∆ψi j, (39)

where ∆ψi j = ψi j(1)−ψi j(0). For the stationary solution of
the six-state model we have the relations between the tran-
sition and cycle fluxes given in Eq. (5) and the total entropy
production, considering all transitions, is then,

σ = σAB +σBC + . . .

= (Jq,AB + Jq,BC + . . .)

(
1

T lum −
1

T cyt

)

− (JAB∆ψAB + JBC∆ψBC + . . .)

= Jq

(
1

T lum −
1

T cyt

)

− (JAB∆ψAB + JBC∆ψBC + . . .),

(40)

where we define a combined total heat flux, Jq, as the sum
of contributions from all coordinates,

Jq ≡ Jq,AB + Jq,BC + . . . . (41)

For isothermal conditions, the entropy production given in
Eq. (40) is identical to the entropy production given in Eq. (9).

For a non-isothermal case, we need to modify the bound-
ary conditions to include the temperature of the cytosol and
lumen. We assume that the temperature of the different species
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are given by the temperature of the corresponding solution.
This gives the following boundary conditions,

ψAB(0) =
µA

T lum +
2µcyt

Ca2+
T cyt , ψAB(1) =

µB
T lum +

4µcyt
H+

T cyt ,

ψBC(0) =
µB

T lum +
µH2O
T cyt , ψBC(1) =

µC
T lum ,

ψCD(0) =
µC

T lum + µATP
T cyt , ψCD(1) =

µD
T lum

ψDE(0) =
µD

T lum +
4µ lum

H+

T lum , ψDE(1) =
µE

T lum +
2µ lum

Ca2+

T lum ,

ψEF(0) =
µE

T lum , ψEF(1) =
µF

T lum ,

ψFA(0) =
µF

T lum , ψFA(1) =
µA

T lum + µPi
T cyt ,

ψBD(0) =
µB

T lum + µPi
T cyt , ψBD(1) =

µD
T lum .

(42)

and we define, for convenience, the cycle forces,

∆ψb ≡ ∆ψBC +∆ψCD−∆ψBD

=
µPi +µADP−µATP−µH2O

T cyt ≡ ∆rG
T cyt ,

∆ψc ≡ ∆ψAB +∆ψBD +∆ψDE +∆ψEF +∆ψFA

=
2(µ lum

Ca2+ −2µ lum
H+ )

T lum −
2(µcyt

Ca2+ −2µcyt
H+)

T cyt

≡ 2∆
(µCa/2H

T

)
,

∆ψa ≡ ∆ψb +∆ψc =
∆rG
T cyt +2∆

(µCa/2H

T

)

(43)

Using the relations between the transition fluxes and the re-
action rate and the Ca2+-flux from Eq. (5), the entropy pro-
duction becomes in this case,

σ = Jq

(
1

T lum −
1

T cyt

)

− (JAB∆ψAB + JBC∆ψBC + . . .)

= Jq

(
1

T lum −
1

T cyt

)
− JAB∆ψc− JBC∆ψb

= Jq

(
1

T lum −
1

T cyt

)
− JCa∆

(µCa/2H

T

)
− r

∆rG
T cyt

= Jq

(
1

T lum −
1

T cyt

)
− r

∆rG
T cyt

− JCa

[
µ lum

Ca/2H

T lum −
µcyt

Ca/2H

T cyt

]
,

(44)

which is identical to the entropy production previously given
for non-isothermal conditions by Bedeaux and Kjelstrup (2008).
We see that ∆ψ j plays a similar role in the non-isothermal
case as Hill’s cycle forces in the isothermal case, and we
introduce X̂ j ≡−∆ψ j/R as a more general cycle force.

To reduce the six-state model to a simpler two-state model,
we again assume that the activation barriers are high along
the γBC-, γBD- and γDE-coordinates in comparison with the
other coordinates. The other states are then effectively in
equilibrium, and we get the following relations between the

Planck potentials,

ψAB(0) = ψAB(1), ψEF(0) = ψEF(1),

ψFA(0) = ψFA(1), ψCD(0) = ψCD(1),
(45)

which are similar to the relations in Eq. (24). The coeffi-
cients of the two-state model and the boundary conditions
are given by equations similar to Eqns. (26)–(28) with Planck
potentials in place of chemical potentials and the B(i j)

dq -coefficients
in place of the Ci j-coefficients. Upon solution of the model,
we obtain the transition fluxes as,

JXY,1 =
D̃′

Γ
(1− exp(X̂c))+

D̃′′

Γ
(1− exp(X̂a))

+
D1

Γ

(
1

T lum −
1

T cyt

)
,

JXY,2 =−
D̃′

Γ
(1− exp(X̂c))+

D̃∗

Γ
(1− exp(X̂b))

+
D2

Γ

(
1

T lum −
1

T cyt

)
,

JXY,3 =−
D̃′′

Γ
(1− exp(X̂a))−

D̃∗

Γ
(1− exp(X̂b))

+
D3

Γ

(
1

T lum −
1

T cyt

)
,

(46)

where D̃′, D̃′′, D̃∗, D1, D2, D3 and Γ are given in terms of the
B(i j)

ab -coefficients. We do not give the explicit forms, but one
can show that, D1 +D2 +D3 = 0. Since the transition fluxes
are not independent, JXY,1 + JXY,2 + JXY,3 = 0, we cannot
determine the cycle fluxes from this solution. At this point
that we have not been able to define cycle fluxes uniquely
for the non-isothermal case. Specifically, we have not found
a consistent way of dividing the heat flux into contributions
associated with the different cycle fluxes. For our purpose,
this indeterminancy is not essential, as we are after expres-
sions for the transition fluxes which are sufficient for the
description.

The total heat flux is given by the sum of heat fluxes
associated with each coordinate,

Jq =−
D∗q
Γ

(1− exp(X̂b))−
D′q
Γ

(1− exp(X̂c))

−
D′′q
Γ

(1− exp(X̂a))+
D4

Γ

(
1

T lum −
1

T cyt

)
,

(47)

where D∗q, D′q, D′′q and D4 are coefficients describing the
transport. For comparison with the flux-force relations given
by Bedeaux and Kjelstrup (2008), we rewrite the reaction
rate (r = JXY,3), the flux of calcium ions (JCa = −2JXY,1)
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and the total heat flux as,

r =−Drr

[
1− exp

(
− ∆rG

RT cyt

)]

+Drd

[
1− exp

(
∆

µCa/2H

RT

)]

+Drq

(
1

T lum −
1

T cyt

)
,

(48)

JCa =−Ddr

[
1− exp

(
− ∆rG

RT cyt

)]

+Ddd

[
1− exp

(
∆

µCa/2H

RT

)]

+Ddq

(
1

T lum −
1

T cyt

)
,

(49)

Jq =−Dqr

[
1− exp

(
− ∆rG

RT cyt

)]

+Dqd

[
1− exp

(
∆

µCa/2H

RT

)]

+Dqq

(
1

T lum −
1

T cyt

)
.

(50)

We give the coefficients in Eqns. (48)-(50) in terms of the
coefficients in Eqns. (46) and (47) in the appendix. The en-
tropy production for the two-state model is,

σ = Jq

(
1

T lum −
1

T cyt

)

− (JXY,1∆ψXY,1 + JXY,2∆ψXY,2 + JXY,3∆ψXY,3)

= Jq

(
1

T lum −
1

T cyt

)
− r

∆rG
T cyt

− JCa

[
µ lum

Ca/2H

T lum −
µcyt

Ca/2H

T cyt

]
,

(51)

which is identical to Eq. (44), as expected since the reduc-
tion to the two-state model does not modify the cycle forces.

The entropy production we have obtained and the flux-
force relations given in Eqns. (48)-(50) agree with the re-
lations previously given by Bedeaux and Kjelstrup (2008).
By analysing the reaction cycle on the mesoscopic scale and
integrating over the internal variables we have obtained non-
linear flux-force relations that can be used to describe active
transport and, specifically, the associated heat effects. The
heat flux we have used in our analysis is not measurable as
it depends on the choice of reference state for enthalpies.The
measurable heat flux can be introduced by following the ap-
proach of Bedeaux and Kjelstrup (2008). This gives a set of
equations that can be used to interpret experimental results,
and also suggest new experiments (Kjelstrup et al. 2009).

We will now briefly discuss the possibility of introduc-
ing a temperature gradient and the corresponding heat flux
in the description based on Hill. The results we have ob-
tained from the mesoscopic analysis indicates how this can

be done. For instance, we could add a ad hoc linear coupling
between the transition fluxes and the temperature difference.
This results in an equation for the transition flux, similar to
Eq. (36), with the first term replaced by the appropriate prob-
abilities and kinetic coefficients. However, this would not
give a equation for the heat flux. In order to obtain the heat
flux, we would have to resort to non-equilibrium thermody-
namic and the phenomenological description where the heat
flux is given in terms of all the driving forces.

4 Conclusions and Final Remarks

We have considered the mesoscopic entropy production of
each reaction coordinate in a kinetic model for the descrip-
tion of the Ca2+-pump. On the mesoscopic level, we were
able to introduce a temperature difference and the corre-
sponding heat flux in the description. Integration over the
internal coordinates then gave the macroscopic transition
fluxes, the reaction rate of the ATP-hydrolysis, the flux of
Ca2+, the total heat flux and the entropy production. Fur-
thermore, the resulting macroscopic flux-force relations are
non-linear as expected for activated processes. This can be
viewed as an extension of the linear non-equilibrium ther-
modynamic descriptions of ion pumps (see for instance Ca-
plan and Essig (1999)).

We have shown how it is possible to find a mesoscopic
non-equilibrium thermodynamic description of active trans-
port which obeys the following criteria:

(a) it is (completely) equivalent to Hill’s cycle analysis for
isothermal conditions,

(b) it is able to describe the total heat flux that accompanies
active transport,

(c) it can be integrated to describe the macroscopic perfor-
mance.

In other words, we can take full advantage of both meth-
ods (Hill and the mesoscopic approach) in the interpretation
of experiments in terms of unidirectional fluxes and overall
driving forces. The mesoscopic approach represents a new
tool for the modelling of active transport and interpretation
of experiments. This opens up the possibility for simpli-
fied modelling of phenomena in biology that cannot be ad-
dressed by network analysis or kinetic theories. Specifically,
the obtained expression for the fluxes (see Eqns. (48)-(50))
can be used to model non-shivering thermogenesis. The co-
efficients Dqr and Dqd describe how a heat flux can arise,
from ATP-hydrolysis and transport of Ca2+, even in the ab-
sence of a temperature gradient. The coefficients Drq and
Ddq describe how a temperature gradient can drive ATP-
hydrolysis and transport of Ca2+. These four coefficients
can then be used to model heat production under isothermal
conditions and the onset of the reaction and Ca2+ transport
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due to a temperature gradient. A systematic way to treat all
interacting phenomena has been obtained.

Acknowledgements A.L. would like to thank The Faculty of Natural
Sciences and Technology, Norwegian University of Science and Tech-
nology, for a PhD scholarship.

A Appendix: Coefficients for flux-force equations

The coefficients for the flux-force relations in Eqns. (48)-(50) are given
by,

Drr =
1
Γ

(
D̃′′

ε2 + D̃∗
)
, Drd =

D̃′′

Γ ε2 (1+ ε), Drq =
D3

Γ
,

Ddd =
2(D̃′+ D̃′′)

Γ ε2 (1+ ε), Ddr =
2D̃′′

Γ ε2 , Ddq =
−2D1

Γ
,

Dqq =
D4

Γ
, Dqr =

1
Γ

(
D′′q
ε2 +D∗q

)
, Dqd =

D′q +D′′q
Γ ε2 (1+ ε),

(52)

where ε ≡ exp
[
∆
( µCa/2H

RT

)]
. These coefficients are not symmetric.
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Paper III.

Heat transfer in soft nanoscale interfaces: the influence
of interface curvature

Anders Lervik, Fernando Bresme and Signe Kjelstrup

Soft Matter, 5, 2407–2414 (2009)

Corrections:

1. The variable τ has been replaced by ν in the text:

(a) Page 2408: first line after equation (2) should read: “. . . , τ = Cp/(AG)”

(b) Page 2409, line 5 after equation (5) should read: “. . . the relaxation
time, τ.”

(c) Page 2410, first line after equation (11) should read: “. . . approximation
for t > 0.2τ”

2. After equation (3), “Cp” is defined as the isobaric specific heat capacity per
unit mass; this should read: “cp”.
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We investigate, using transient non-equilibrium molecular-dynamics simulations, heat-transfer

through nanometer-scale interfaces consisting of n-decane (2–12 nm diameter) droplets in water. Using

computer simulation results of the temperature relaxation of the nanodroplet as a function of time we

have computed the thermal conductivity and the interfacial conductance of the droplet and the droplet/

water interface respectively. We find that the thermal conductivity of the n-decane droplets is insensitive

to droplet size, whereas the interfacial conductance shows a strong dependence on the droplet radius.

We rationalize this behavior in terms of a modification of the n-decane/water surface-tension with

droplet curvature. This enhancement in interfacial conductance would contribute, in the case of

a suspension, to an increase in the thermal conductivity with decreasing particle radius. This notion is

consistent with recent experimental studies of nanofluids. We also investigate the accuracy of different

diffusion equations to model the temperature relaxation in non stationary non equilibrium processes.

We show that the modeling of heat transfer across a nanodroplet/fluid interface requires the

consideration of the thermal conductivity of the nanodroplet as well as the temperature discontinuity

across the interface. The relevance of this result in diffusion models that neglect thermal conductivity

effects in the modeling of the temperature relaxation is discussed.

1 Introduction

Nanoscale interfaces offer tremendous opportunities to design

high-performance materials. A paradigm of a nanoscale interface

is a nanoparticle suspension, where the solvent/nanoparticle

interface has a typical size of the order of 102–103 nm2. There is

currently a vigorous research activity on nanoparticle-interface-

related problems. Due to their small dimensions the nano-

particles’ properties depart significantly from those observed in

macroscopic materials. This feature can be exploited to make

two- and three-dimensional materials with enhanced mechanical,

optical and magnetic properties.1 It is therefore of great interest

to understand the stability and general behavior of nanopartices

in different environments and dimensions, 2D monolayers and

3D suspensions. The behavior of 3D suspensions can be under-

stood in many cases in terms of well-accepted theories. On the

other hand our knowledge of the interactions organizing 2D

assemblies, particularly at fluid interfaces, is still incomplete.2

Nanoparticles can strongly modify the properties of suspen-

sions. This notion is being exploited to design high-performance

materials, nanofluids, with uses in thermal-management prob-

lems. This is motivating a number of studies aimed at under-

standing thermal transport in systems involving nanoscale

interfaces. Recent reviews3 have addressed this problem in

systems where heat is transported by thermal vibrations or

phonons. This situation is relevant to many nanomaterials con-

sisting of metallic or semiconductor crystallites coated with

organic layers in direct contact with a solution. The interface

between the material, e.g., nanoparticle, and the solution,

becomes increasingly important on the nanoscale. Hence, it is

expected that for very small particles, few nm diameter, the

thermal transport will be strongly dependent on the properties of

the nanoscale interfaces, and therefore, it will be different from

heat transfer in macroscopic systems, where interfaces become

less relevant as compared with bulk effects.4,5 Understanding the

mechanisms that control the heat transport in these situations,

provides a route to modify the interface properties with a view to

improve the properties of materials. This information can be

important to design efficient materials for thermoelectric energy

conversion, as well as medical applications concerned with drug

delivery and cancer therapy treatments based on local heating of

nanoparticles.6

Kapitza7 noted that the interface between a solid and a liquid

has a thermal resistance, which can be understood considering

the acoustic mismatch of the two materials. This is a general

property that appears when two different phases are put in

contact and therefore an interface is created. A practical

implication of such resistance is the existence of a temperature

‘‘jump’’ across the interface. The magnitude of this temperature

jump is an intrinsic property of the two phases in contact, and it

is well known in the area of non-equilibrium thermodynamics

(NET) of heterogeneous systems.8 NET defines surface resis-

tivities in terms of surface variables. For instance, it is assumed

that the transfer coefficients for evaporation of water depend on

the surface temperature, but are independent of the temperature
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of adjacent bulk phases. This notion provides a route to define

resistivities in terms of single interfacial properties, e.g., the

surface tension.

The thermal transport of nanomaterials involving planar

interfaces9,10 in solution, has been quantified experimentally and

through computer simulations. These investigations report

interfacial conductances (the inverse of the thermal resistance) of

the order of 10–102 MW m�2 K�1. This represents an enormous

variation in conductances. These differences among materials

may be partially interpreted in terms of the vibrational coupling

between the material in question and the solvent. Other studies

have focused on small interfaces, with complex shapes as in

biomolecules,11–14 or spherical (nanoparticles) and cylindrical

(nanotubes) shapes.15–22 Similar interfacial conductances, 102

MW m�2 K�1 are reported for these cases, with the exception of

the small values reported for nanotube suspensions,23 12 MW

m�2 K�1, and AuPd nanoparticles dispersed in toluene, 5 MW

m�2 K�1. The origin of this later observation is not well under-

stood. Moreover, some experiments have reported a dependence

of the thermal conductivity of nanoparticle suspensions with

particle radius. The thermal conductivity apparently increases

with decreasing particle radius.24,25 Several ideas have been put

forward to rationalize this observation, including, the modifica-

tion of the properties of the nanoparticle/solvent interface, and

collective structural (clustering) and dynamical (particle diffu-

sion) effects.24

In our view, this radius dependence (if proved to be present)

may indicate a physical effect that goes beyond a pure depen-

dence on chemical composition. Size effects have been reported

in case of water, one of the main solvents used in nanofluid

research. It is known that the properties of interfacial water are

sensitive to the solute size and interface curvature, which results

in a measurable dependence of the solvation free-energy with

solute diameter. Moreover, under non-equilibrium conditions,

e.g., in the presence of temperature gradients such as those

considered in experiments and simulations, water may adopt

a preferred orientation, an effect that may lead to strong elec-

trostatic fields when considering nanoscale dimensions.26 These

observations show that new effects may appear in nanoscale

systems. We believe that an understanding of the factors

controlling the dependence of the interfacial conductance with

interface curvature, could provide an explanation for the

observed enhancement of the thermal conductivity in nanofluids.

Investigating the dependence of the thermal conductance of an

interface with interface curvature is far from trivial, since many

effects, chemical composition, surface heterogeneity, etc., may

influence the analysis. In this paper we have investigated this

dependence by performing transient non-equilibrium molecular-

dynamics simulations. We have considered n-decane nano-

droplets with diameters 2–12 nm, immersed in water. This soft

interface provides a good control of the droplet radius and

sphericity, as well as uniform interface-composition and inter-

facial smoothness. Overall, our results show a strong dependence

of the interfacial conductance with interface curvature.

2 The transient non equilibrium molecular dynamics method

The computation of the interfacial conductance requires the

explicit simulation of the interface. The conductance can be

extracted from a non-equilibrium molecular-dynamics (NEMD)

simulation, whereby a temperature gradient is imposed through

the interface. Several methods have been proposed to perform

such simulations.27–30 These methods require long simulation

times to attain the stationary state, and they have been used to

compute the interfacial conductance10 of water/organic inter-

faces, and the interfacial resistivity8,31 of liquid/vapor interfaces.

As we will discuss later, the conductance and resistivity computed

in different studies are closely connected to each other, although

no such connection has been made in the literature before.

In addition to stationary NEMD method, non stationary

NEMD or transient NEMD methods have been proposed. The

transient NEMD method considers an explicit interface that

separates the material of interest and the surrounding fluid. The

material and the fluid are initially at different temperatures. The

method requires the analysis of the temperature relaxation with

time.11,12 A fitting of the time dependent temperature to a diffusion

equation, provides a route to estimate the interfacial conduc-

tance23 and potentially the thermal conductivity.32 Most studies

have modeled the temperature relaxation as a first order process,

but other approaches are possible. In the following we discuss the

three main approaches we have investigated in this work.

2.1 Model A: Lumped model

In this model the temperature of the material is assumed to be

uniform during the relaxation process. This is equivalent to

assume that the thermal conductivity of the material is infinite.

This may provide a good approximation to model situations

where the thermal conductivity of the material and the

surrounding fluid are very different. An example could be a solid/

water interface, where the solid can attain thermal conductivities

of the order of 103 W K�1 m�1 as compared with 10�1 W K�1 m�1

for water. This model also predicts temperature discontinuities at

the material/fluid interface.

The temperature relaxation is modeled through the following

equation,33

Cp

dT

dt
¼ �AG

�
TðtÞ � Tf

�
¼ �AJq (1)

where Cp and A represent the isobaric heat capacity (in J/K) and

surface area of the material, G the thermal conductance of the

surface and Jq the heat flux normal to the surface.

The solution to this equation is given by:

TðtÞ � Tf

Ti � Tf

¼ exp

�
�t

s

�
(2)

where the relaxation constant is defined by, t ¼ Cp/(AG), being

Ti is the initial temperature of the material and Tf the final

temperature, equal to the temperature of the surrounding fluid.

Fig. 1 shows the solution of this equation as a function of time

for a representative example. A fitting of the temperature relax-

ation to eqn (2) provides an estimate of the interfacial conduc-

tance, G. The Lumped model is probably the most popular

approach in the analysis of simulation results, but this model

does not include information of the thermal conductivity of the

material. The thermal conductivity can be incorporated in the

diffusion equation for heat conduction using an alternative

diffusion equation, which we discuss in the following section.
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2.2 Model B

This model includes the thermal conductivity of the material in

the solution of the diffusion equation, and assumes that the

temperature change across the interface is continuous. We shall

use this model as an extreme case, that justifies the use of more

sophisticated, models (Model C, see below). The equation

describing this process is given by:33

rcp

vT

vt
¼ �ðV,qÞ ¼ kV2T (3)

where r is the density of the material and Cp is the isobaric

specific heat capacity per unit mass (in J kg�1 K�1). This model

assumes 1) that Fourier’s law is valid, and 2) that the material is

homogeneous regarding its thermal conductivity k. For a spheri-

cal droplet like the one investigated in this work, the heat flux at

a particular location depends on the distance to the center of the

particle, therefore eqn (3) can be simplified to,34

rcp

k

vðrTðr; tÞÞ
vt

¼ v2ðrTðr; tÞÞ
vr2

(4)

where r < R is the radial distance to the center of mass of the

droplet and T(r, t) is the temperature at radius r and time t > 0.

The solution to this equation can be obtained by imposing the

initial condition, T(r, t¼ 0)¼ Ti and the boundary condition, T(r

¼ R, t) ¼ Tf(t), where Tf(t) is the temperature of the surrounding

fluid, which is independent of the distance to the interface. The

general solution to this equation can be found in ref. 33 and 34.

Here, we are interested in the solution corresponding to

a constant temperature of the surrounding fluid. This situation is

valid when the heat capacity of the fluid is significantly higher

than that of the material, so that the temperature of the solvent

can be considered constant through the relaxation process. It

turns out that the solution of the diffusion equation for this

situation can be simplified if one removes the spatial dependence

of the temperature inside the particle, by averaging such

temperature over the whole droplet volume. Using this approach

the solution to the equation becomes,34

�
Tðr; tÞ

�
V
�Tf

Ti � Tf

¼ TðtÞ � Tf

Ti � Tf

¼ 6

p2

XN
n¼1

1

n2
exp

�
�n2p2t

s

�
(5)

where hT(r,t)iV represent the average temperature of the droplet.

Fig. 1 shows an example of the general solution (see ref. 33 and

34). In this case the thermal conductivity of the droplet can be

obtained by fitting the temperature relaxation to eqn (5), which

provides a route to estimate the relaxation time, t. The thermal

conductivity is then given by:

k ¼ rcpR2

s
¼ 3Cp

4pRs
(6)

The model discussed above, assumes that the temperature

changes continuously across the interface between the material

and the surrounding fluid. As mentioned in the introduction the

acoustic mismatch of the materials will result in a temperature

jump at the interface. Hence, model B is expected to be inaccu-

rate when this mismatch is significant. This drawback can

nonetheless be solved by introducing another model that incor-

porates both, the thermal conductivity of the material and the

temperature jump.

2.3 Model C

In this model we include the thermal conductivity of the material

and also we take into account the temperature discontinuity at

the interface, therefore modelling the acoustic mismatch. The

diffusion equation describing this situation is given by,

�k
vT

vr

����
r¼R

¼ G
	

Tðr ¼ T ; tÞ � Tf



(7)

where again the temperature of the surrounding fluid is assumed

to be constant. Considering the initial condition, T(r, t¼ 0)¼ Ti,

the solution to this equation is given by,33

Tðr; tÞ � Tf

Ti � Tf

¼ 4
XN
n¼1

sinðlnÞ � lncosðlnÞ
2ln � sinð2lnÞ

exp

�
�l2

nt

s

�
R

lnr
sin

�
lnr

R

�

(8)

where

1� lncotðlnÞ ¼
GR

k
¼ Bi (9)

where Bi is the Biot number.‡ A typical solution of model C is

given in Fig. 1. In this paper the Biot number measures the ratio

of the thermal resistance in the material and the thermal resis-

tance of the interface.33 Hence, for Bi�1 one recovers model A,

Fig. 1 Temperature relaxation of a spherical particle of radius R¼ 3 nm,

initially at temperature Ti, as a function of distance to the center of the

particle and for three different times. (a) model A (Lumped model)

(eqn(2)) (b) model B, where the thermal conductivity of the material is

considered and the temperature is assumed to be continuous across the

boundary and (c) model C, where the thermal conductivity is considered

and the temperature is assumed to be discontinuous across the boundary.

The data correspond to the following conditions: k ¼ 0.15 W K�1 m�1, G

¼ 100 MW m�2 K�1), Cp ¼ 200 J mol�1 K and r ¼ 730 kg m�3.

‡ The Biot number is usually defined using the convective heat transfer
number instead of the conductance, but the equations are
mathematically equivalent. Therefore the term ‘‘Biot number’’ is used
in the remainder of the paper.
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whereas for Bi [1 one recovers model B. This means that the

simple first order approximation (model A) would be valid only

when the thermal resistance of the interface dominates.

Considering again the average temperature of the material

instead of the spatial dependent expression, one can arrive to

a more compact solution for the temperature relaxation with

time,�
Tðr; tÞ

�
V
�Tf

Ti � Tf

¼ TðtÞ � Ti

Ti � Tf

¼ 6
XN
n¼1

1

l3
n

	
sinðlnÞ � lncosðlnÞ


2

ln � sinðlnÞcosðlnÞ
exp

�
�l2

nt

s

�
(10)

The solution can further be simplified by retaining only the

first term in eqn (10),33

TðtÞ � Ti

Ti � Tf

¼ 6
1

l3
1

	
sinðl1Þ � l1cosðl1Þ


2

l1 � sinðl1Þcosðl1Þ
exp

�
�l2

1t

s

�
(11)

which represents a good approximation for t > 0.2t. This

equation is more convenient for the analysis of the simulation

results and it is the one we have employed in this work. A fitting of

the temperature relaxation to this equation provides a route to

compute both the thermal conductance of the interface and the

thermal conductivity of, in our case, the alkane nanodroplet.

As a general comment we can conclude that models A and C

should be applicable to interfaces, since they include the possi-

bility of a discontinuity of the temperature across the boundary

(see Fig. 1). The performance of these three models is discussed in

the results section.

2.4 Non equilibrium simulations

The alkane molecules, n-decane, were modeled using the

TraPPE force field,35 which considers a united atom represen-

tation of the CH3 and the CH2 groups. Water was modeled

using the SPC/E model.36 The Coulombic interactions were

truncated at 1.5 nm using a switching function at 1.3 nm. The

van der Waals interactions were cut-off at 1.7 nm. We have

recently considered this set up to investigate the properties of

the oil/water interface. We showed that this interface undergoes

very weak short-ranged fluctuations at ambient temperature.37,38

All the simulations were performed using the GROMACS

simulation package.39

The general procedure used in the transient non equilibrium

simulations was as follows. The n-decane nanodroplets were

immersed in the center of a water spherical shell, which was

surrounded by vacuum. The relaxation simulations were per-

formed without periodic boundary conditions, and both the

linear and angular momentum were removed to avoid violation

of energy equipartition.40 Due to the low vapor pressure of water

we did not observe any significant water evaporation during the

simulations. The water shell around the decane of the nano-

droplet was always thick enough, about 2.5 m, to ensure there

was bulk water away from the interfacial region (see Fig. 2). We

checked that the properties investigated in this work, thermal

conductivity and interfacial conductance were insensitive within

statistical error to the thickness of the water shell. We considered

alkane nanodroplet of diameters, 2 to 12 nm, in order to assess

the effect of the droplet size on the interfacial conductance.

Before analyzing the relaxation process we equilibrated the

whole system at constant temperature, 300 K. After the initial

equilibration two Berendsen thermostats41 were applied, one to

the alkane droplet and the other to the water shell, typically for

10 ps, in order to allow the temperatures of the alkanes and water

to fluctuate around their corresponding target values, Ti¼ 400 K

and Tf¼ 300 K. After this equilibration period, the thermostat of

the alkane nanodroplet was removed and the system was allowed

to relax. The temperature of water was maintained constant

during the relaxation process using a Berendsen thermostat. We

found that the results were insensitive within statistical error to

the values employed for the temperature coupling constant,

which was set to 0.1 ps. The temperature relaxation process was

followed for 200 ps in most cases, using 2 fs as time step. The

temperature for the alkane droplet was computed every time step

during the relaxation process through the equipartition principle

expression. The variation of the temperature with time was

recorded and analyzed using the diffusion models discussed

above (section 2). All the results reported in this work were

obtained from an analysis of three independent runs.

The analysis of the temperature relaxation using the models A,

B and C, was performed through a least squares fit for model A

and the Levenberg–Marquadt algorithm for models B and C.42

For model B the first 10 terms in the sum were considered. For

model C we used eqn (11), where only the first term in the series is

retained. We made initial tests using eqn (10), retaining the first

five terms in the series, but we found this approach is too

sensitive to the fitting parameters and the fluctuations in the

temperature relaxation, rendering estimates for the thermal

conductance that are not physical. We found that eqn (11)

provides a robust approach to fit the simulation data if all the

data t > 0 are included in the fitting. We used this approach in

subsequent analyses.

The computation of the thermal conductance using the models

discussed above requires to know the heat capacity of the system.

The heat capacity of each nanodroplet was estimated from

constant temperature runs of the alkane–water system. We note

Fig. 2 Radial density profiles of the n-decane nanodroplets in water at

300 K. The full line represents the fit of the decane density profile to eqn

(14). The decane nanodroplet contains 500 molecules and the water shell

17171.
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that because there are not periodic boundary conditions in our

simulations, the nanodroplet is allowed to change its volume,

resembling a constant pressure situation. The heat capacity was

estimated from direct numerical differentiation of the internal

energy using systems with temperatures around the temperature

of interest. The computation of the diffusivity and the conduc-

tivity also requires the radius of the alkane nanodroplet. This was

estimated from the radial density profile of the alkane molecules,

which was fitted to the expression:

r(r) ¼ ½(ra + rb) + ½(ra � rb)f(r � R) (12)

where ra and rb are the densities of n-decane in the droplet and in

the water phase. We found that the density in the latter case was

always zero. The function, f(r � R), can be represented through,

f(r � R) ¼ tanh(w(r � R)) (13)

or

f(r � R) ¼ erf(w(r � R)) (14)

where w is a measurement of the thickness of the interface and R

is the radius of the droplet. Fitting of the profiles to either eqn

(13) or eqn (14) provides the same estimates for R within

statistical uncertainty. Fig. 2, shows a representative density

profile for a decane nanodroplet in water at 300 K. We note that

the density of the droplet, as expected for a curved surface, is

slightly higher than the experimental coexistence density of n-

decane for a planar interface.

3 Results and discussion

Before we start the discussion of the temperature relaxation

results, it is convenient to use the Biot (Bi) number to assess the

applicability of the models described above to investigate

nanoscale interfaces. For a nanometer size sphere of radius, R z
1 nm, a thermal conductance of the order of G z 102 MW m�2

K�1, and a thermal conductivity of the order of k z 0.1 W m�1

K�1, which is typical of many hydrocarbon liquid compounds,

would give Bi z 1. This simple calculation indicates that in the

case of nanomaterials and liquids with small thermal conduc-

tances, the heat transfer resistance in the material and the

interface are of the same order. Hence, both have to be included

in order to interpret the temperature relaxation process. From

this perspective we expect that model C should be the most

accurate describing the temperature relaxation of the nanoscale

interfaces investigated in this work.

Fig. 3 shows a representative temperature relaxation of one n-

decane nanodroplet in water, along with the corresponding fit to

the three different models discussed in the preceding section.

Numerical results are compiled in Table 1. We find that model C

as implemented in eqn (11) provides a better representation of

the temperature relaxation over the whole time interval. This is

particularly clear at short relaxation times, (0–20 ps, see inset in

Fig. 3), where models A and B deviate from the simulation

results. Comparing models A and B, the latter seems to be the less

accurate to fit our simulation results. The nature of the

approximations enclosed in the different models is reflected in the

transport coefficients estimated from the fittings. As a matter of

fact model C tends to predict thermal conductances that are

larger by a factor of two, than those obtained with model A. The

discrepancies between models C and B are more dramatic. We

find that the thermal conductivity and diffusivity of the n-decane

nanodroplets, predicted by model C ranges from 0.07–0.16 W

m�1 K�1 and 5–15 �A2 ps�1 respectively (see Table 1), which are of

the order of the experimental results for n-decane 8.0 �A2 ps�1 at

300 K.43 On the other hand model B predicts thermal conduc-

tivities, 0.03–0.05 W m�1 K�1 and diffusivities, 2–5 �A2 ps�1 (see

Table 1) that are too low by one order of magnitude, showing

that this is clearly an inadequate model to investigate heat

transfer in nanoscale interfaces.

Fig. 4 shows the dependence of the thermal conductance, G,

with the n-decane droplet diameter. The interface resistance to

heat flow as measured by G exhibits a strong dependence with

droplet radius. The interfacial conductance is reduced by a factor

of two upon an increase in interface area of 4pR2 z 1.3� nm2 to

z 4.5� 102 nm2, hence the nanodroplet/water interface becomes

a worse conductor as the droplet radius, R, increases. Both,

models A and C are consistent in predicting this general trend.

We note that a decrease in interfacial conductance would

contribute to a decrease in the overall thermal conductivity of

a nanofluid (nanoparticle suspension). This observation is

compatible with recent observations of particle suspensions,

which have reported an increase in the thermal conductivity with

a decrease in particle diameter.24

Unlike model A, model C incorporates the thermal conduc-

tivity of the nanodroplet as a variable. This provides the

opportunity to assess a possible dependence of our results with

this quantity. As shown in Fig. 5 and Table 1, the thermal

conductivity shows small changes with droplet size, except for

the smallest droplet investigated in our work. The thermal

conductivities for the droplets (1/R < 0.8 nm�1; cf. Fig. 5) can be

compared with literature data for n-decane. We find that the

Fig. 3 Temperature relaxation of an n-decane nanodroplet in water. The

initial temperature is 400 K and the temperature of the surrounding fluid

is 300 K. The radius of the n-decane droplet containing 998 molecules is

4.1 nm. The inset shows in detail the temperature relaxation in the

interval 0–20 ps. The fitting of the simulation data to the three different

models A, B and C and the corresponding regression coefficient are also

shown.
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thermal conductivity of the TraPPE model investigated here

agrees with simulation data of similar united atom models, which

lie in the interval 0.1–0.137 W m�1 K�1,45 and also show an

excellent agreement with experimental data of n-decane, 0.132 W

m�1 K�1 at 300 K.44,43

The interfacial conductances reported above, 100–250 MW

m�2 K�1 are significantly larger than the ones reported by other

authors for the ‘‘planar’’ n-octane/water interface, 65 MW m�2

K�1.10 We note that these data were obtained using a non-equi-

librium stationary approach, different to the transient

non-equilibrium method employed by us. A planar interface

represents the limit of a droplet of infinite radius in our investi-

gation. An extrapolation of our data for model C to that limit

shows an excellent agreement with the data published for the

n-octane/water system, indicating that the origin of the differ-

ences between both results is the curvature of the interface. This

result also shows that model A, which is widely used in computer

simulation studies and experiments, tends to underestimate the

interfacial conductance. A linear extrapolation of the data for

model A gives a conductance of the order of 20 MW m�2 K�1,

similar to values reported for nanotube/octane interfaces

(nanotube radius 0.35 nm), which were obtained using a first

order relaxation (model A) approach.

From our results for the interfacial conductance, nanodroplet

radius and thermal conductivities, we have estimated the Biot

number (cf. eqn (9)) for the different systems investigated in this

work. We find that all the values are in the range, 1 < Bi < 6,

showing that the nanoscale systems investigated here do not fulfil

the conditions Bi�1 or Bi [1, which are necessary for models

A or B to apply.

Our results point to a purely interfacial effect as the one

responsible for the reduction of the interfacial conductance with

droplet diameter, or in other words, interface curvature. In the

following we try to rationalize this idea in terms of the surface

tension of the interface. It is known that the surface tension of

a spherical fluid interface decreases with droplet radius. To first

order, the change in surface tension can be described in terms of

Tolman’s equation,46

Table 1 Thermal diffusivity (D), conductivity (k) and conductance (G) of the decane nanodroplets as a function of droplet diameter. Ti¼ 400 K, and Tf

¼ 300 K

Radius/nm Ndec Nwat Model D/�A2 ps�1 k/W m�1 K�1 G/MW//K m2

1.11 � 0.01 25 8666 A — — 100 � 30
B 2.0 � 0.4 0.028 � 0.006 —
C 5 � 2 0.07 � 0.02 250 � 30

1.54 � 0.01 60 8342 A — — 110 � 30
B 2.7 � 0.4 0.033 � 0.004 —
C 12 � 5 0.16 � 0.05 170 � 40

2.54 � 0.02 248 19397 A — — 75 � 2
B 3.8 � 0.2 0.044 � 0.002 —
C 12 � 2 0.14 � 0.02 150 � 20

3.24 � 0.03 500 17171 A — — 70 � 4
B 3.8 � 0.4 0.041 � 0.004 —
C 15 � 6 0.16 � 0.07 90 � 20

4.10 � 0.04 998 30538 A — — 54 � 4
B 4.4 � 0.4 0.048 � 0.004 —
C 11.8 � 0.9 0.13 � 0.01 100 � 20

6.23 � 0.07 3352 81001 A — — 41 � 2
B 5.1 � 0.1 0.052 � 0.001 —
C 12 � 2 0.12 � 0.02 90 � 9

Fig. 4 Dependence of the thermal conductance with the nanodroplet

size for models A (circles) and C (squares). The diamond represents an

estimate of the thermal conductance of the octane/water planar interface

using an stationary non-equilibrium molecular-dynamics approach.10

Fig. 5 Dependence of the thermal conductivity with the nanodroplet

size for model C (symbols). The dotted line represents the experimental

thermal conductivity of n-decane at 300 K.44
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gðRÞ ¼ gN

�
1� 2d

R

�
(15)

where gN is the surface tension of the planar interface and d is the

Tolman length, which for simple liquids is positive and increases

as the temperature approaches the critical point.47 The reduction

of the surface tension of spherical interfaces with interface area,

has been investigated in liquid/vapor48 and also nanoparticle/

liquid interfaces.49 The latter study showed that the surface

tensions follow approximately the linear dependence predicted

by Tolman’s equation. The reduction of the surface tension of

liquid/vapour interfaces of simple liquids, such as argon, can be

significant, z 50% for a liquid droplet of radius z 1.2 nm.48

Similarly, in our case the surface tension of the n-decane nano-

droplet should decrease with radius, making the interface softer

for smaller particles.

This reduction in surface tension may explain the increase in

interfacial conductance, because the conductance decreases with

an increase in surface tension.8 To prove this, it is convenient to

introduce first the interfacial resistivity, rqq. The derivation of

this quantity relies on the notion that the interface can be see as

a separate thermodynamics system. The interfacial resistivity can

be defined, in absence of net mass flux, in terms of the heat flux,

Jq,

Jq ¼ �
1

T1T2rqq

DT (16)

where DT is the temperature jump across the interface between

the two materials ‘‘1’’ and ‘‘2’’. Eqn (16) is the Fourier’s law for

the interface, and it is very similar to the equation defining the

interfacial conductance used here and in most publications

dealing with heat transfer across interfaces,

Jq ¼ �GDT (17)

Hence, the conductance is given by G ¼ 1/(T1T2rqq). Using

stationary non-equilibrium molecular dynamics simulations, it

has been shown that the interfacial resistivity, rqq, increases with

the surface tension,8,31 which results in a decrease of the thermal

conductance, G. This decrease would be consistent with our

results. These studies have focused on planar liquid/vapor

interfaces, for which the estimated conductance (considering

typical values of resisitivities for Lennard-Jones and octane

interfaces) is of the order of 1 MW K�1 m�2, much smaller than

the conductances observed in planar alkane/water interfaces, 65

MW m�2 K�1.10 This large difference in conductance is somewhat

expected considering the difference in the acoustic mismatch of

liquid/vapor and liquid/liquid interfaces.

4 Conclusions

We have investigated the dependence of the interfacial conduc-

tance of an alkane nanodroplet/water interface as a function of

nanodroplet diameter (2–12 nm), using transient non-equilibrum

molecular-dynamics simulations. We find a strong dependence in

the interfacial conductance with nanodroplet diameter, i.e.,

interface curvature, showing that the interface becomes less

resistant to heat transfer as the droplet becomes smaller. We

explain the reduction in conductivity with increasing droplet size

as a surface tension effect. The surface tension of the nano-

droplets increases with the diameter. Increasing the surface

tension results in a stiffer interface which has a lower conduc-

tance. Our result is consistent with stationary non-equilibrium

simulations of planar liquid/vapor interfaces, which showed

a clear dependence of the interfacial conductance with surface

tension.8

This observation can be important to understand thermal

conductivity experiments in nanofluids. A reduction of the

interfacial conductance would have an impact on the overall

thermal conductivity of a nanoparticle suspension. According to

our results the thermal conductivity should increase with

a decrease in droplet size or increase of the interface curvature.

This notion seems consistent with experimental observations of

oxide nanoparticles in water (radius 6–20 nm), which have

reported a significant increase in the thermal conductivity with

decreasing particle diameter. It has been suggested that the

increase in the thermal conductivity could be connected to

a modification of the layering structure of the liquid around

nanoparticles.24,21 We note that in our soft interfaces the density

profile of water near the interface changes marginally with

droplet diameter (for radii larger than z1 nm). Despite this we

still observe a significant reduction in interfacial conductivity.

This shows that a modification of the interfacial conductance

does not require a major change in the fluid interfacial structure.

We have assessed the accuracy of different diffusion equations

to model the temperature relaxation of our transient non equi-

librium simulations. We conclude that a model that incorporates

the thermal conductivity of the material and the temperature

discontinuity at the interface is the most adequate to model the

heat transfer in the nanoscale soft interfaces investigated here.

We have shown that for nanoscale interfaces the ratio of the heat

transfer resistance in the material and the interface are of the

same order, making necessary including the temperature

discontinuity and the thermal conductivity in the model.

Approaches widely used in the literature, which model the

temperature relaxation as a first order process do not include

information on the thermal conductivity. We find that these

models provide a less accurate representation of the temperature

relaxation and result in an underestimation of the interfacial

conductances.

Acknowledgements

We would like to acknowledge the Imperial College High

Performance Computing Service for providing computational

resources. The authors wish to thank The Centre of Advanced

Study Oslo for financial support.

References

1 G. A. Ozin, and A. Arsenault, Nanochemistry: A Chemical Approach
to Nanomaterials, 2005, RSC Publishing, Cambridge, UK.

2 F. Bresme and M. Oettel, J. Phys.: Condens. Matter, 2007, 19, 413101.
3 D. G. Cahill, W. K. Ford, K. E. Goodson, G. D. Mahan,

A. Majumdar, H. J. Maris, R. Merlin and S. R. Phillpot, J. Appl.
Phys., 2003, 93, 793.

4 G. Chen, Nanoscale Energy Transport and Conversion: A Parallel
Treatment of Electrons, Molecules, Phonons, and Photons, 2005,
Oxford University Press, Oxford, UK.

This journal is ª The Royal Society of Chemistry 2009 Soft Matter, 2009, 5, 2407–2414 | 2413



5 S. Volz, editor, Microscale and Nanoscale Heat Transfer, 2007,
Springer, Berlin, Germany.

6 P. K. Jain, I. H. El-Sayed and M. A. El-Sayed, Nano Today, 2007,
2, 18.

7 P. L. Kapitza, J. Phys. (Moscow), 1941, 4, 181.
8 S. Kjelstrup and D. Bedeaux, Non-Equilibrium Thermodynamics of

Heterogeneous Systems, 2008, Series on Statistical Mechanics, vol.
16, World Scientific, Singapore.

9 Z. Ge, D. G. Cahill and P. V. Braun, Phys. Rev. Lett., 2006, 96,
186101.

10 H. A. Patel, S. Garde and P. Keblinski, Nano. Lett., 2005, 5, 2225.
11 M. Tesch and K. Schulten, Chem. Phys. Lett., 1990, 169, 97.
12 K. Blumhagen, I. Muegge and E. W. Knapp, Intl. J. Quantum Chem.,

1996, 59, 271.
13 X. Yu and D. M. Leitner, J. Chem. Phys., 2005, 122, 054902.
14 D. M. Leitner, Annu. Rev. Phys. Chem., 2008, 59, 233.
15 Y. C. Chiew and E. D. Glandt, Chem. Eng. Sci., 1987, 42, 2677.
16 J. A. Eastman, S. U. S. Choi, S. Li, W. Yu and L. J. Thompson, Appl.

Phys. Lett., 2001, 78, 718.
17 S. U. S. Choi, Z. G. Zhang, W. Yu, F. E. Lockwood and E. A. Grulke,

Appl. Phys. Lett., 2001, 79, 2252.
18 Z. Ge, D. G. Cahill and P. V. Braun, J. Phys. Chem. B, 2004, 108,

18870.
19 J. C. Deak, Y. Pang, T. D. Sechler, Z. Wang and D. D. Dlott, Science,

2004, 306, 473.
20 S. T. Huxtable, D. G. Cahill, S. Shenogin and P. Keblinski, Chem.

Phys. Lett., 2005, 407, 129.
21 H. Xie, M. Fujii and X. Zhang, Int. J. Heat Mass Transfer., 2005, 48,

2926.
22 S. A. Putnam, D. G. Cahill, P. V. BraunZ.Ge and R. S. Shimmin, J.

Appl. Phys., 2006, 99, 084308.
23 S. T. Huxtable, D. G. Cahill, S. Shenogin, L. Xue, R. Ozisik,

P. Barone, M. Usrey, M. S. Strano, G. Siddons, M. Shim and
P. Keblinski, Nat. Mater., 2003, 21, 731.

24 P. Keblinski, S. R. Phillpott, S. U. S. Choi and J. A. Eastman, Int. J.
Heat Mass Transfer, 2002, 45, 855.

25 H. E. Patel, S. K. Das, T. Sundararajan, A. S. Nair, B. George and
T. Pradeepa, Appl. Phys. Lett., 2003, 83, 2931.

26 F. Bresme, A. Lervik, D. Bedeaux and S. Kjesltrup, Phys. Rev. Lett.,
2008, 101, 020602.

27 T. Ikeshoji and B. Hafskjold, Mol. Phys., 1994, 81, 251.
28 F. Bresme, B. Hafskjold and I. Wold, J. Phys. Chem., 1996, 100, 1879.
29 F. J. Muller-Plathe, J. Chem. Phys., 1997, 106, 6082.
30 F. Bresme, J. Chem. Phys., 2001, 115, 7564.
31 J. M. Simon, S. Kjelstrup, D. Bedeaux and B. Hafskjold, J. Phys.

Chem. B, 2004, 108, 7186.
32 R. J. Hulse, R. L. Rowley and W. V. Wilding, Int. J. Thermophys.,

2005, 26, 1.
33 F. P. Incropera, D. P. DeWitt, T. L. Bergman, and A. S. Lavine,

Fundamentals of Heat and Mass Transfer, 6th edn, 2006, John Wiley
& Sons, Hoboken, USA.

34 H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids, 2nd edn,
1959, Oxford University Press, Oxford, UK.

35 M. G. Martin and J. I. Siepmann, J. Phys. Chem. B., 1998, 102, 2569.
36 H. J. C. Berendsen, J. R. Grigera and T. P. Straatsma, J. Phys. Chem.,

1987, 91, 6269.
37 F. Bresme, E. Chac�on, P. Tarazona and K. Tay, Phys. Rev. Lett.,

2008, 101, 056102.
38 F. Bresme, E. Chac�on and P. Tarazona, Phys. Chem. Chem. Phys.,

2008, 10, 4704.
39 D. van der Spoel, E. Lindahl, B. Hess, G. Groenhof, A. E. Mark and

H. J. Berendsen, J. Comput. Chem., 2005, 26, 1701.
40 S. C. Harvey, R. K.-Z. Tan and T. E. Cheatham III, J. Comput.

Chem., 1998, 19, 726.
41 H. J. C. Berendsen, J. P. M. Postma, W. F. van Gunsteren, A. DiNola

and J. R. Haak, J. Chem. Phys., 1984, 81, 3684.
42 W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery,

2007, Numerical Recipes: The Art of Scientific Computing, 3rd edn,
Cambridge University Press, Cambridge, UK.

43 H. Watanabe and D. J. Seong, Int. J. Thermophys., 2002, 23, 337.
44 M. J. Assael, E. Charitidou, C. A. Nieto de Castro and

W. A. Wakeham, Int. J. Thermophys., 1987, 8, 663.
45 D. K. Dysthe, A. H. Fuchs and B. Rousseau, J. Chem. Phys., 2000,

112, 7518.
46 R. C. Tolman, J. Chem. Phys., 1949, 17, 333.
47 A. E. van Giessen and E. M. Blokhuis, J. Chem. Phys., 2002, 116,

302.
48 S. M. Thompson, K. E. Gubbins, J. P. R. B. Walton,

R. A. R. Chantry and J. S. Rowlinson, J. Chem. Phys., 1984, 81, 530.
49 F. Bresme and N. Quirke, J. Chem. Phys., 1999, 110, 3536.

2414 | Soft Matter, 2009, 5, 2407–2414 This journal is ª The Royal Society of Chemistry 2009



Paper IV.

Heat transfer in protein–water interfaces

Anders Lervik, Fernando Bresme, Signe Kjelstrup, Dick Bedeaux and J. Miguel
Rubí

Physical Chemistry Chemical Physics, 12, 1610–1617 (2010)

95



96 Collection of publications



Heat transfer in protein–water interfaces

Anders Lervik,
ab

Fernando Bresme,*
ac

Signe Kjelstrup,
bc

Dick Bedeaux
bc

and

J. Miguel Rubi
cd

Received 8th September 2009, Accepted 3rd December 2009

First published as an Advance Article on the web 11th January 2010

DOI: 10.1039/b918607g

We investigate using transient non-equilibrum molecular dynamics simulation the temperature

relaxation process of three structurally different proteins in water, namely; myoglobin, green

fluorescence protein (GFP) and two conformations of the Ca2+-ATPase protein. By modeling the

temperature relaxation process using the solution of the heat diffusion equation we compute the

thermal conductivity and thermal diffusivity of the proteins, as well as the thermal conductance of

the protein–water interface. Our results indicate that the temperature relaxation of the protein can

be described using a macroscopic approach. The protein–water interface has a thermal

conductance of the order of 100–270 MW K�1 m�2, characteristic of water–hydrophilic interfaces.

The thermal conductivity of the proteins is of the order of 0.1–0.2 W K�1 m�1 as compared

with E0.6 W K�1 m�1 for water, suggesting that these proteins can develop temperature

gradients within the biomolecular structures that are larger than those of aqueous solutions. We

find that the thermal diffusivity of the transmembrane protein, Ca2+-ATPase is about three times

larger than that of myoglobin or GFP. Our simulation shows that the Kapitza length of these

structurally different proteins is of the order of 1 nm, showing that the protein–water interface

should play a major role in defining the thermal relaxation of biomolecules.

Introduction

Biological molecules have developed mechanisms and struc-

tures that enable the efficient and rapid dissipation of excess

energy through the biomolecule structure itself and through

the biomolecule–solution interface. Finding the microscopic

mechanism controlling energy transport in biomolecules

represents a considerable challenge, which could provide a

basis to understand complex biological processes. It is accepted

that the timescale associated with the energy relaxation

throughout the molecule can influence the kinetics of biomolecule

reactions.1 Similarly the pathways followed by the energy

during the relaxation process can provide important clues to

understand allostery.2 In order to rationalize these processes,

some questions must be addressed, e.g., how perturbations

occurring at a specific spot in the biomolecule, namely, binding

of small molecules at receptor sites, may impart a conforma-

tional change at a distant spot, lying several nanometres

away.3 This question is very relevant to understanding

how biomolecular motors, such as Ca2+-ATPase, work.

Ca2+-ATPase requires the hydrolysis of ATP to enable

Ca2+ transport. In this instance, the spot where the hydrolysis

takes place and the binding site for the Ca2+ ions, are

separated by about 4 nm.4 It is expected that the energy

transfer between these sites may involve the concerted

motion of hundreds to thousands of atoms. Studies on

different proteins suggest that there might be a set of residues

that configure the energy pathway. This energy pathway

would be an inherent property of the protein’s tertiary

structure, and could provide the microscopic basis for signal

transduction.5

Chemical and photochemical reactions occurring at specific

spots in biomolecules can result in large increases in temperature

in very small volumes. Transient photon experiments, where

photon absorption is converted to vibrational energy, show

that the temperature rise resulting from this process can be

very significant, between 500 and 1000 K.6,7 Recent work on

the Ca2+-ATPase embedded in the sarcoplasmic reticulum has

suggested that this enzyme can—under working conditions—

release significant amounts of heat. Using micro-thermometers

it was found that thermal gradients of the order of 105 K m�1

can develop between regions separated by tens of micrometres.8

These temperature gradients could lead to interesting coupling

effects, such as water polarization, which has been predicted

very recently.9

The quantification of thermal transport in biomolecules in

terms of a few bio-material properties, e.g. the thermal diffusivity,

has been discussed recently.10 Experimental and theoretical

studies have provided important insights on the vibrational

energy relaxation and energy pathways in proteins. Using

picosecond anti-Stokes resonance Raman spectroscopy it has

been possible to monitor the cooling dynamics of myoglobin.11 It

is expected that in addition to the energy relaxation occurring

inside the protein, vibrational energy can also flow through the

protein–solvent interface. Experiments of peptide chains in an
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organic solvent indicate that a significant amount of dissipation

can occur through the molecule–solvent interface.7 The time

scale associated with such processes has also been estimated,

being of the order of tens of picoseconds in myoglobin.12 This

time scale is not far from the one associated to the relaxation

through the biomolecular structure, indicating that a vibrational

coupling between biomolecular and solvent degrees of freedom

may take place.13

Computer simulation techniques are being used to investigate

the transport properties as well as vibrational energy pathways

of proteins.6,7,10,12,14–28 These studies have reported vibra-

tional energy relaxation times between one to several tens of

picoseconds. The first simulation study of vibrational energy

relaxation of heme proteins was reported in ref. 6. These

simulations relied on the injection of vibrational energy by

an amount equivalent to the energy associated to photon

absorption. Subsequent methodologies have exploited the

scaling of the energy diffusion coefficient with the vibrational

mode frequency of a protein,10 or have modelled the heat

transfer process as a boundary thermal transport problem.14–16

These simulation methods offer the possibility of estimating

transport coefficients, particularly the thermal diffusivity and

the thermal conductivity. In this way it has been shown that

the thermal conductivity of several proteins, myoglobin,

ribonuclease T1, and green fluorescent protein GFP, is

smaller than that of water, about 200–300 mW K�1 m�1.10,16,23

This value is similar to the thermal conductivity of

hydrocarbon liquids29 and hydrocarbon nanodroplets.30

In addition to quantifying transport coefficients, computer

simulations provide a unique approach to interpret the

vibrational relaxation process in terms of intermolecular inter-

actions. As a matter of fact, it has been shown that the

electrostatic interaction of the isopropionate side chains of

myoglobin with the surrounding solvent, provides a mechanism

for kinetic energy dissipation.19,20

Previous experimental and simulation studies indicate

that the solvent surrounding a protein can enhance the

dissipation of vibrational energy associated with high

temperature regions inside the protein. It is expected that the

thermal conductance of the protein–water interface may

play an important role in determining the efficiency of this

relaxation process. We have recently shown30 that the inter-

face curvature strongly affects the magnitude of the interfacial

thermal conductance. This effect is particularly important at

the nanometre scale characteristic of nanoparticles, and is

hence expected to be relevant also in biological nanoparticles

(proteins).

In this article we have used transient non-equilibrium

molecular dynamics to compute the thermal conductance of

the protein–water interface for three structurally different

proteins, namely: myoglobin, the green fluorescence protein

and two conformations of the Ca2+-ATPase. The latter is an

example of an important family of molecular motors. Using

the non-equilibrium thermodynamics theory, non-linear

flux-force relations for conversion of chemical to osmotic

and thermal energy have been derived recently.31–33 It has

been possible to obtain an expression for the measurable heat

flux out of the ATPase and the vesicle it was embedded in. In

order to do this it was assumed that the temperature of the

ATPase was the same as that of the vesicle interior. This

assumption remains unsupported. Hence, in order to further

establish the validity of these assumptions it is necessary to

investigate the thermal properties of proteins, and study their

dissipation of energy.

The paper is structured as follows. Firstly we discuss the

methodology employed in this work; the transient non-

equilibrium molecular dynamics simulations and the equations

employed to analyze the temperature relaxation in the proteins.

The discussion of our results including the heat capacity of the

proteins as well as the thermal conductivity and thermal

conductance follows. We finish the paper with the main

conclusions obtained in this work.

Methodology

Transient non-equilibrium molecular dynamics

The interfacial conductance can be computed using stationary

non-equilibrium molecular dynamics (NEMD) simulations,

whereby a temperature gradient is imposed in a direction

perpendicular to the interface plane.34–38 This methodology

has been used to compute the interfacial conductance, or the

inverse of this quantity—the interfacial resistivity—of alkane–

water and alkane–vapor interfaces.37,38 In addition to stationary

methods, non stationary NEMD or transient NEMD has been

employed to investigate biomolecules.14,16 This method

explicitly models the protein–water interface by immersing

the protein in a solvent. The protein and the solvent are

set initially at different temperatures, and the temperature

relaxation is monitored over time. The temperature relaxation

curve is fitted to a solution of the heat diffusion equation,

which can be used to estimate the interface thermal conduc-

tance as well as the thermal conductivity and diffusivity. Many

computational studies assume a first order process in which the

temperature relaxation is modeled as a simple exponential

decay. We have considered recently an analysis that goes

beyond a pure first order process, and that incorporates as a

variable the thermal conductivity and the temperature

discontinuity arising at the protein–water interface, due to

the acoustic mismatch of the protein and the solvent.30 This is

the approach we use in this work. For completeness it is

discussed below.

The temperature relaxation can be modeled using the heat

diffusion equation (in spherical coordinates),

1

r2
@

@r
kr2

@Tðr; tÞ
@r

� �
¼ rcp

@Tðr; tÞ
@t

ð1Þ

along with the boundary condition equation,

�k @T
@r

����
r¼R
¼ GðTðr ¼ R; tÞ � Tf Þ; ð2Þ

where k and G are the thermal conductivity and thermal

conductance, respectively, cp is the isobaric heat capacity, R

is the radius of gyration of the protein, T(r, t) is the local

temperature at position r and time t inside the protein, and Tf

is the temperature of the surrounding fluid, which it is assumed

to be constant. We note that the boundary condition given in

eqn (2) is equivalent to a convective boundary condition.
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Using the initial condition, T(r, t = 0) = Ti, the solution of

eqn (2) is39

Tðr;tÞ�Tf

Ti�Tf

¼ 4
X1
n¼1

sinðlnÞ�ln cosðlnÞ
2ln� sinð2lnÞ

exp �l
2
nt

t

� �
R

lnr
sin

lnr
R

� �
;

ð3Þ

where t = R2/DT, DT is the thermal diffusivity, DT = k/(rcp)
The coefficients, ln, fulfil the following relation,

1�ln cotðlnÞ¼
GR

k
¼Bi; ð4Þ

where Bi is the Biot number. The Biot number measures the

ratio of the thermal resistance of the protein to the thermal

resistance of the interface. A first order process normally

corresponds to Bi { 1. Considering a thermal conductance

of G E 102 MW K�1 m�2, typical of hydrocarbon–water

interfaces,30,37 a protein radius of gyration of E2 nm and a

protein thermal conductivity of the order of 0.2 W K�1 m�1,23

we get Bi E 1. As we will see below, the thermal conductance

of the protein–water interface is similar to that of the

alkane–water interface. Hence, our estimate of Bi E 1 indicates

that the thermal resistance of the protein and the protein–

water interface are of the same order, and both the thermal

conductivity and the thermal conductance should be included

in the diffusion equation to model the temperature relaxation

process.

The solution of eqn (3) can be simplified by taking the

average temperature over the whole volume, V, of the protein.

This results in

hTðr; tÞiV � Tf

Ti � Tf
¼ TðtÞ � Ti

Ti � Tf

¼ 6
X1
n¼1

1

l3n

ðsinðlnÞ � ln cosðlnÞÞ2

ln � sinðlnÞ cosðlnÞ
exp

�l2nt
t

� �
;

ð5Þ

which can be further simplified by retaining only the first term

in the series,39 which represents a good approximation for

t > 0.2 t,

TðtÞ � Tf

Ti � Tf
¼ 6

1

l31

ðsinðl1Þ � l1 cosðl1ÞÞ2

l1 � sinðl1Þ cosðl1Þ
exp

�l21t
t

� �
; ð6Þ

with

1� l1 cotðl1Þ ¼
GR

k
¼ Bi: ð7Þ

Eqn (6) is more convenient for the analysis of the simulation

results and is the one we have employed in this work. From the

fitting of the simulation results to eqn (6) we can obtain both

the l1 parameter appearing in eqn (7) and t. The fitting is

performed as follows. We rewrite eqn (6) as:

ln
TðtÞ � Tf

Ti � Tf
¼ A� t=B ð8Þ

where A includes the sin and cos terms and B = t/l21. The
fitting of the temperature relaxation data to eqn (8) provides

estimates for A and B. l1 is obtained from A and t from B. The

thermal conductivity follows from

k ¼ rcpR2

t
¼ 3Cp

4pRt
ð9Þ

where R is the radius of gyration of the protein, r is the protein

density, which we define as r = m/V, where m is the protein

mass and V = 4pR3/3, Cp = mcp (in J K�1). Eqn (9) follows

from DT = R2/t = k/(rcp). Once k is known, the thermal

conductance (G) can be estimated using eqn (7). In addition to

the analysis of the temperature relaxation, the computation

of the thermal conductivity requires the heat capacity, Cp, and

the radius of gyration of the proteins (cf. eqn (9)). The

computation of the heat capacity is discussed below.

Using the approach outlined above we have estimated the

thermal conductance of small alkane nanodroplets in water.30

Our results for this quantity when extrapolated to a droplet of

infinite radius were consistent with the estimates obtained for

planar alkane–water interfaces using the stationary NEMD

approach.37 This lends support to the consistency of our

method.

We note that the equations discussed above (3–6) are used

to model heat relaxation in macroscopic objects too. We find

that the relaxation in small objects such as proteins can be

described in the same way as in larger macroscopic objects.

One requirement for this to be true is that the velocity

components of the atoms must follow a normal distribution,

so that we can define a proper microscopic temperature.

Deviations from normality if present are expected to appear

more clearly in very small objects. Hence, to test this point we

have chosen the smallest protein investigated in this work,

myoglobin. Fig. 1 shows the normalized probability velocity

distribution as well as the quantile–quantile (Q–Q) plot

where we compare the velocity distribution generated in the

simulation with a theoretical normal distribution. For this

analysis we considered the velocities of the protein carbon

atoms. The linearity of the Q–Q plot indicates that our

simulation data are normally distributed. Application of the

Shapiro–Wilk method (using 4000 samples)40,41 did not show

evidence of deviations from normality.

Computer simulations of the proteins

We have investigated three protein structures, myoglobin

(1MBS entry in the Protein Data Bank),42 green fluorescence

protein (1QXT),43 and two different states of the Ca2+-

ATPase (1SU44 and 1KJU44). The Ca2+-ATPase enzymes

are P-type ion pumps that feature in active transport of

Ca2+ across the cellular membrane. The catalytic cycle in-

volves several conformations. 1SU4 is a conformation where

Ca2+ is present (E1 state), whereas 1KJU is a conformation

corresponding to the Ca2+-free (E2) state. It has been recently

found that ATPases release heat when they are transporting

Ca2+,8 hence knowledge of the thermal transport properties is

needed to characterize the heat transfer in these enzymes.

Snapshots of the proteins are given in Fig. 2. It can be seen

that Ca2+-ATPases undergo dramatic conformational

changes during the enzymatic cycle.
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The protein interactions were modeled using the GROMOS96

43a2 force field.45 The structure of the proteins was firstly

minimized in vacuo using the steepest descent method. In order

to perform the transient non-equilibrium simulations, the

proteins were subsequently immersed in the center of a

spherical water droplet with a diameter 9–10 nm (see Fig. 3).

This droplet was large enough to solvate the different proteins

without affecting their conformation. Water was modeled

using the simple point charge-extended model (SPC/E).46 All

bonds in the proteins and water were kept rigid using the

LINCS algorithm.47 The van der Waals interactions were cut

off at 1.7 nm. The Coulombic interactions were truncated

at 1.5 nm using a switching function at 1.3 nm. The non-

equilibrium simulations of the protein–water system were

performed without periodic boundary conditions, and both

the linear and angular momenta were removed.48 To avoid the

drift of the protein towards the droplet interface, we reset the

center of mass motion of the protein and solvent separately.

We note that the rotational motion of the protein and solvent

are not coupled in the simulation timescale investigated in this

work. Considering the protein as a sphere moving in a

newtonian fluid we can estimate the relaxation time associated

to the rotation, t = 4pZR3/(kBT). Using the viscosity of

water, E10�3 Pa s, the protein radius of gyration, E1 nm

and T=300 K results in relaxation times of the order of 25 ns.

This is of the same order of magnitude as experimental

estimates, 45 ns for myoglobin,49 and much larger than the

simulation times, 0.1 ns, employed to investigate the

temperature relaxation process. Depending on the protein size

the simulations involved 104 (for 1MBS and 1QXT) to 105

(for 1SU4 and 1KJU) solvent molecules, and a time step of 2 fs.

Due to the low vapor pressure of water at 300 K, we did not

observe any significant water evaporation during the simula-

tions. Using this set up the root mean square deviation of the

proteins in the water sphere with respect to the crystallo-

graphic structures was found to be of the order of 0.3 nm.

The transient non-equilibrium simulations were performed

as follows. Firstly we equilibrated the whole system at

constant temperature, 300 K. After this initial equilibration

two Berendsen thermostats50 were applied, one to the protein

and the second one to the water droplet. These thermostats

were applied for about 10 ps to allow the temperatures of the

proteins and water to fluctuate around the corresponding

target values Ti and Tf, respectively. After the equilibration

period, the thermostat on the protein was removed and the

Fig. 1 (Left) Normalized probability distribution of velocities for

myoglobin. (Right) Quantile–quantile plot to test the normality

of the velocity distribution function; simulations (y-axis), normal

distribution (x-axis).

Fig. 2 Snapshots of the proteins investigated in this work. Myoglobin

(top-left), GFP (top-right), 1SU4 (bottom-left) and 1KJU (bottom-

right).

Fig. 3 Simulation set up employed in the transient non-equilibrium

simulations, showing the protein Ca2+-ATPase immersed in the water

droplet.
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system was allowed to relax. The temperature of the water bath

was maintained constant during the relaxation process using a

temperature coupling constant of 0.1 ps. We performed several

tests to assess the effect of the temperature coupling constant on

the protein relaxation process. We found that the results were

insensitive within statistical uncertainty to the value set for the

coupling constant. We performed an additional test using a

Nosé-Hoover (NH) thermostat to assess the influence of the

thermostat. We found that both the Berendsen and NH

reproduced the same relaxation behavior for the temperature.

The relaxation process was investigated for about 100 ps. The

equipartition principle expression was employed to compute the

temperature of the protein as a function of time. The temperature

was then fitted to eqn (6) using the Levenberg–Marquadt

algorithm.51 The results reported below were obtained from an

analysis performed over three independent runs.

The computation of the thermal conductance requires

previous knowledge of the effective radius of the proteins

(radius of gyration) and the heat capacity (see eqn (9)). We

found that the radius of gyration of the protein fluctuates

around a well defined average during the 100 ps duration of

the relaxation process (see Fig. 4).

The heat capacity of the proteins was estimated using

constant temperature runs of the protein immersed in water

using in this case periodic boundary conditions. The heat

capacity was calculated from direct numerical differentiation

of the internal energy of the protein using temperatures

around the temperature of interest, T = 300 K. Typically

we used 5 temperatures, 310, 305, 300, 295 and 290 K, to

calculate the derivative of the internal energy. Each simulation

was 1.2 ns long. All simulations were performed using the

GROMACS simulation package.52

Results

Heat capacity of proteins

The heat capacity plays an important role in determining

the energetics associated to protein folding processes. This

property has been analyzed by Gomez et al.53 using a wide

range of proteins in different conformations. In that work it

was established that the heat capacity of globular proteins in

solution is dominated, about 80% of the total, by intra-

molecular contributions, including stretching, bending and

internal rotations, with intermolecular degrees of freedom

contributing only E3%. For proteins in solution it was

concluded that there is a hydration contribution to the heat

capacity which amounts to about 15% of the heat capacity of

the proteins in their native states. Table 1 compares our results

with experimental data available in the literature, which were

obtained using calorimetric techniques. We have also included

simulation data from Yu and Leitner,23 who used a computa-

tional approach to estimate the heat capacities of myoglobin

and GFP. Our results for the heat capacity of myoglobin are in

good agreement with the experimental results of this protein in

solution. The estimates from Yu and Leitner are slightly below

the experimental result. We note that these simulations were

performed in anhydrous conditions.

Our results show a significant increase in the heat capacity

in moving from myoglobin to GFP and to the Ca2+-ATPases,

both containing a larger number of carbon atoms, E103 and

E5 � 103, respectively, as compared with myoglobin

E8 � 102. The heat capacity is an extensive property for

macroscopic systems, but for small systems consisting of

a few atoms the heat capacity is non extensive.55 Hence our

computations of the heat capacity of single proteins can

provide a test to assess the extensivity of this property in

proteins of varying molecular weight. A representation of the

experimental heat capacity of the protein as a function of

the number of carbon atoms offers an approach to test the

consistency of the simulated heat capacities reported above

(see Fig. 5). We note that more involved approaches are

possible. Gomez et al.53 considered the molecular weight and

the accessible surface of the proteins, in order to fit heat

capacities of proteins in the non-native state. Fig. 5 clearly

shows that the experimental results follow a linear dependence

with the number of carbon atoms, as would be expected from

the extensive character of the heat capacity. Our simulation

results conform to this linear behavior and in general are in

good agreement with the experimental measurements. To the

best of our knowledge there are no experimental results of the

heat capacity of Ca2+-ATPases. We find that the heat capacity

of these proteins is of the order of 180 kJ mol�1 K�1. This

result agrees well with the heat capacity obtained from the

extrapolation of the experimental results for smaller proteins

(cf. Fig. 5). Within the statistical accuracy of our computations

the heat capacities of the two Ca2+ATPase conformations,

1SU4 and 1KJU, are the same, indicating the heat capacity is

not sensitive to the structural detail of the proteins, and

Fig. 4 Variation of the radius of gyration with time for three proteins

investigated in this work. The simulation results correspond to a

transient non-equilibrium simulation, where the initial temperature

was set to 350 K. The radius of gyration for two of the proteins has

been shifted upwards to facilitate the comparison of the results.

Table 1 Heat capacity of the proteins investigated in this work in
kJ mol�1 K�1. Simulations T = 300 K, experiments 298 K

Protein This work Experiments54 Simulations23

Myoglobin 27 � 9 24.2 17
GFP 47 � 10 — 24
Ca2+ATP-ase (1SU4) 180 � 35 — —
Ca2+ATP-ase (1KJU) 180 � 30 — —
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suggesting that the number of degrees of freedom for both

conformations is very similar.

Thermal conductance and thermal conductivity of proteins

Fig. 6 shows a representative temperature relaxation curve

for one of the proteins investigated in this work (Ca2+-

ATPase-1SU4). All the relaxation processes investigated here

involved a time span of about 100 ps. We find that the time

scale for temperature relaxation is tens of picoseconds.

Assuming, as a first approximation, an exponential decay of

the temperature with time, exp(�t/t) we can estimate a

characteristic relaxation time, t, for the cooling process. This

is of the order of 10–20 ps for the proteins investigated in this

work. We have fitted the simulated temperature relaxation

data to eqn (6) to quantify the thermal diffusivity, thermal

conductivity and the thermal conductance of the protein–

water interface.

Fig. 7 shows the temperature relaxation results along with

the corresponding fitting using eqn (6). Our model (eqn (6)),

which takes into account the different thermal conductivities

of the solvent and the protein, provides a good representation

of the temperature relaxation. This is particularly clear for the

larger proteins (ATPase) where the temperature fluctuations

are significantly reduced as compared to the smaller proteins

(cf. Fig. 7).

Table 2 contains numerical data of the heat transport

properties of the proteins for (Ti, Ts) = (350, 250) K. To test

the sensitivity of our results to the simulation conditions we

performed simulations with different initial and solvent

temperatures, (400, 300) K and (350, 250) K. We obtained

the same results within the statistical accuracy of our method.

Hence we report in Table 2 the results for (350, 250) K.

The thermal diffusivities obtained in this work are of the

order expected for biological tissue56 and they are also in the

range of the thermal diffusivities of small alkane droplets in

water 5–12 Å2 ps�1. Our results for the smaller proteins,

myoglobin and GFP, E5 Å2 ps�1 are similar to the thermal

diffusivity of Rhodospseudomonas viridis, 7 Å2 ps�1, obtained

by different authors14 using a transient non-equilibrium

approach similar to ours. Yu and Leitner23 have employed

more recently a different approach, based on the scaling of the

Fig. 5 Heat capacity of native proteins in solution as a function of the

number of carbon atoms in the protein. Experiments 298 K, simula-

tions 300 K. The experimental values (full circles) are taken from

ref. 53. The labels denote different proteins; bovine pancreatic trypsin

inhibitor (BPTI), ubiquitin (UB), rybonuclease T1 (RT1), lysozyme

(LYS), staphylococcal nuclease (SN), myoglobin (MY), bovine

chymotrypsinogen A (BCA), green fluorescence protein (GFP) and

Ca2+-ATP-ases. The squares represent the simulation results obtained

in this work and the line is a linear fitting to the experimental data.

Fig. 6 Temperature relaxation of Ca2+-ATPase (1SU4) as a function

of time. The dashed line represents the fitting of the temperature

relaxation to eqn (6).

Fig. 7 Temperature relaxation of the four proteins investigated in

this work: myoglobin (top-left), GFP (top-right), ATPase-1SU4

(bottom-left) and ATPase-1KJU (bottom-right). Ti and Tf represent

the initial and solvent temperatures, 350 and 250 K, respectively. The

dashed line represents the fitting of the temperature relaxation to

eqn (6).

Table 2 Heat transport properties; thermal diffusivity (D) in Å2 ps�1,
thermal conductivity (k) in W K�1 m�1, thermal conductance (G) in
MW K�1 m�2), radius of gyration (R) in nm, density (r) in kg m�3,
and the Kapitza length (lK) in nm, of the proteins investigated in
this work. All results correspond to temperature relaxations from
Ti = 350 K to Tf = 250 K

Protein D k G R lK

Myoglobin 4 � 1 0.13 � 0.02 100 � 5 1.529 � 0.003 1.3
GFP 3 � 1 0.12 � 0.01 270 � 20 1.667 � 0.002 0.4
ATPase-1SU4 17 � 2 0.22 � 0.02 260 � 70 3.821 � 0.004 0.9
ATPase-1KJU 16 � 2 0.23 � 0.03 210 � 40 3.69 � 0.01 1
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energy diffusion coefficient with the vibrational mode frequency

of the protein, to estimate the thermal diffusivity of myoglobin

and GFP. These authors equilibrated the proteins in water

before computing the transport properties in vacuo. Our

results lie below the ones reported by these authors, 21.1

and 18.7 Å2 ps�1 for GFP and myoglobin, respectively,

although they are comparable in magnitude.

The thermal conductivities of the different proteins

are comparable. We obtain values of the order of

0.15–0.2 W K�1 m�1. These values are similar to the ones

obtained in small hydrocarbon droplets,30 and again they are

comparable to the thermal conductivity reported by Yu and

Leitner, 0.27 W K�1 m�1 using a different simulation

approach. Our results show that all the proteins investi-

gated in this work are worse heat conductors than water

(k E 0.6 W K�1 m�1) and consequently they should develop

larger temperature gradients as compared with bulk water.

The analysis of the temperature relaxation using the

solution of the heat diffusion equation, (cf. eqn (6)) provides

a route to estimate the thermal conductance of the protein–

water interface. We note that the protein surface is hetero-

geneous in chemical composition, and irregular in shape,

consisting of regions of different curvature. Because the

complex surface topography of the proteins, consisting of

curved and roughly planar areas, our results for the thermal

conductance have to be interpreted as illustrative of the

average or effective thermal conductance of the protein–water

interface. Our thermal conductances of the protein–water

interfaces 100–250 MW K�1 m�2, are similar to the ones

reported by us for hydrocarbon nanodroplets immersed in

water, which are higher than the thermal conductances of

planar alkane–water interfaces, 65 MW K�1 m�2.37 In

particular, our estimate of the thermal conductance of GFP

is in excellent agreement with recent results reported for this

protein using a different simulation approach, (i.e. stationary

non-equilibrium simulations), and a different protein force-

field (i.e. full atom model).28 These thermal conductances

are of the order of the ones observed in water–hydrophilic

interfaces,57 indicating a strong thermal coupling between

water and the protein surface. We have recently suggested

that the thermal conductances of curved interfaces can be

higher than those of planar interfaces.30 This is a physical

effect that goes beyond the chemical nature of the surface.

Although it is not possible to disentangle surface topographic

(curvature) and chemical (hydrophilic and hydrophobic

patches) effects easily, we expect that similar curvature effects

may apply to the protein–water interface, and hence, the

corresponding thermal conductance may be higher than that

of the corresponding planar interface.

Finally, using our simulation results we have estimated the

Kaptiza length, which represents the thickness of a layer with

thermal conductivity, k, which has thermal conductance, G,

i.e., the same as the protein–water interface. The typical values

for hydrophobic interfaces are of the order of 10 nm, as

compared with 1 nm for hydrophilic interfaces.57 We find

Kapitza lengths of the order ofE1 nm, i.e., of the order of the

radius of gyration of the proteins (see Table 2), showing that

the interfacial conductance is important for defining the

thermal transport of the biomolecules. This idea has been

advanced in the discussion of the Biot number (cf. eqn (4)).

The Biot number can be rewritten in terms of the Kapitza

length as, Bi = R/lK. Hence, for Bi E 1 ) lK E R, and both

the thermal conductance and the thermal conductivity must be

included in the description of the thermal relaxation.

Conclusions and final remarks

We have performed an investigation of the thermal properties

of three structurally different proteins; myoglobin, GFP and

Ca2+-ATPase in water. Myoglobin and ATPases control

different biological processes, oxygen transport, and active

transport of Ca2+ across the cellular membrane, respectively.

These proteins are dramatically different in structure and size,

17951 vs. 109706 Da. In order to obtain information on the

transport properties of these biomolecules we have performed

transient non-equilibrium molecular dynamics simulations,

whereby we model the temperature relaxation of the protein

towards the temperature of the surrounding bath. The analysis

of the temperature relaxation with time offers an approach to

extract the thermal conductivity and thermal diffusivity

of the protein as well as the thermal conductance of the

protein–water interface. With this purpose we have considered

a solution of the diffusion equation that incorporates both the

thermal conductivity of the protein and the thermal conductance

as fitting parameters.

We find that the thermal conductivity of the proteins is low,

0.1–0.2 W K�1 m�1 as compared with the thermal conductivity

of water, 0.6 W K�1 m�1, hence proteins should be able to

sustain large thermal gradients across their structure. This may

have implications on biological processes involving molecular

motors such as Ca2+-ATPase. Following our estimates of the

thermal conductivity, it seems feasible that these proteins are

capable of maintaining temperature gradients under stationary

conditions. According to the non-equilibrium thermo-

dynamics theory31–33 the development of such temperature

gradient could then, due to reciprocity of phenomena, trigger

uptake of Ca2+ as well as ATP-hydrolysis, pointing to a

possible role of the Ca2+-ATPase as a temperature regulator,

as proposed by de Meis and coworkers.58

Within the statistical uncertainty of our computations we do

not find significant differences in the thermal conductivities of

the three proteins investigated in this work. The thermal

diffusivity seems to be more sensitive to the protein nature

though, with an increase in this property of about three times

in going from the smaller proteins (myoglobin and GFP) to

the larger ones (Ca2+-ATPase). The thermal conductances of

the three proteins vary from 100 to 270 MW K�1 m�2,

myoglobin showing the lower thermal conductance of all the

systems investigated. Our results for the heat capacity show

good agreement with available experimental data of proteins

obtained from calorimetric measurements. In addition to the

proteins listed above we performed simulations of the heat

capacity of lysozyme, rybonuclease T1, and bovine chymo-

trypsinogen (BCA). All are in good agreement with the

experiment, with BCA showing the largest deviations from

the experimental data. The heat capacity correlates linearly with

the number of carbon atoms of the proteins, as expected for an

extensive property. Using this result and the experimental data of
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small proteins, we have estimated the heat capacity of the Ca2+-

ATPase. The extrapolated result is in excellent agreement with

our computational estimate of 180 kJ mol�1 K�1. To the best of

our knowledge this is the first computational estimate of the heat

capacity of this important protein.

Our work, in conjunction with previous investigations,

offers a consistent image of the heat transport in biomolecules.

The thermal conductance of the water–protein interface

should play a relevant role in controlling the energy relaxation

of the protein. Overall, our results show that the water–protein

interface has a high conductance, similar to the one measured

in water adsorbed at hydrophilic surfaces.57 We suggest that in

addition to the heterogeneous chemical structure of the

proteins, with hydrophobic and hydrophilic patches, other

factors such as the surface topography, characterized by highly

curved interfaces, may be contributing to the enhancement of the

thermal conductance of these nanoscale interfaces. We believe

this information is relevant to construct microscopic models to

describe how the energy is redistributed in proteins and

through the water–protein interface. In the long term, these

fundamental studies may be useful to understand from a

microscopic perspective certain human diseases, e.g., muscular

dystrophy and sickle cell disease, as well as temperature

regulation in muscle tissue, which have been linked to the

Ca2+-ATPase protein.58,59

Acknowledgements

We would like to thank the Imperial College High Performance

Computing Service and NOTUR (The Norwegian metacentre

for computational science), for providing computational

resources. Funding from the Center for Advanced Study, at

the Norwegian Academy of Sciences and Letters is gratefully

acknowledged.

References

1 P. K. Agarwal, J. Am. Chem. Soc., 2005, 127, 15248–15256.
2 J. F. Swain and L. M. Gierasch, Curr. Opin. Struct. Biol., 2006, 16,
102–108.

3 J. Ross, J. Phys. Chem. B, 2006, 110, 6987–6990.
4 C. Toyoshima, M. Nakasako, H. Nomura and H. Ogawa, Nature,
2000, 405, 647–655.

5 S. W. Lockless and R. Ranganathan, Science, 1999, 286, 295–299.
6 E. R. Henry, W. A. Eaton and R. M. Hochstrasser, Proc. Natl.
Acad. Sci. U. S. A., 1986, 83, 8982–8986.

7 V. Botan, E. H. G. Backus, R. Pfister, A. Moretto, M. Crisma,
C. Toniolo, P. H. Nguyen, G. Stock and P. Hamm, Proc. Natl.
Acad. Sci. U. S. A., 2007, 104, 12749–12754.

8 M. Suzuki, V. Tseeb, K. Oyama and S. Ishiwata, Biophysical
Journal: Biophysical Letters, 2007, 92, L46–L48.

9 F. Bresme, A. Lervik, D. Bedeaux and S. Kjelstrup, Phys. Rev.
Lett., 2008, 101, 020602.

10 D. M. Leitner, Annu. Rev. Phys. Chem., 2008, 59, 233–259.
11 Y. Mizutani and T. Kitagawa, Science, 1997, 278, 443–446.
12 R. H. Austin, A. Xie, L. van der Meer, B. Redlich,

P. A. Lindgoard, H. Frauenfelder and D. Fu, Phys. Rev. Lett.,
2005, 94, 128101.

13 R. J. D. Miller, Annu. Rev. Phys. Chem., 1991, 42, 581–614.
14 M. Tesch and K. Schulten, Chem. Phys. Lett., 1990, 169, 97–102.
15 P. Li and P. M. Champion, Biophys. J., 1994, 66, 430–436.
16 K. Blumhagen, I. Muegge and E. W. Knapp, Int. J. Quantum

Chem., 1996, 59, 271–279.
17 K. Moritsugu, O. Miyashita and A. Kidera, Phys. Rev. Lett., 2000,

85, 3970–3973.

18 D. M. Leitner, Phys. Rev. Lett., 2001, 87, 188102.
19 D. E. Sagnella, J. E. Straub and D. Thirumalai, J. Chem. Phys.,

2000, 113, 7702–7711.
20 D. E. Sagnella and J. E. Straub, J. Phys. Chem. B, 2001, 105,

7057–7063.
21 K. Moritsugu, O. Miyashita and A. Kidera, J. Phys. Chem. B,

2003, 107, 3309–3317.
22 X. Yu and D. M. Leitner, J. Phys. Chem. B, 2003, 107, 1698–1707.
23 X. Yu and D. M. Leitner, J. Chem. Phys., 2005, 122, 054902.
24 N. Ota and D. A. Agard, J. Mol. Biol., 2005, 351, 345–354.
25 T. Ishikura and T. Yamato, Chem. Phys. Lett., 2006, 432, 533–537.
26 K. Sharp and J. J. Skinner, Proteins: Struct., Funct., Bioinf., 2006,

65, 347–361.
27 M. Takayanagi, H. Okumura and M. Nagaoka, J. Phys. Chem. B,

2007, 111, 864–869.
28 N. Shenogina, P. Keblinski and S. Garde, J. Chem. Phys., 2008,

129, 155105.
29 M. J. Assael, E. Charitidou, C. A. N. de Castro and

W. A. Wakeham, Int. J. Thermophys., 1987, 8, 663–670.
30 A. Lervik, F. Bresme and S. Kjelstrup, Soft Matter, 2009, 5,

2407–2414.
31 S. Kjelstrup, J. M. Rubi and D. Bedeaux, Phys. Chem. Chem.

Phys., 2005, 7, 4009–4018.
32 D. Bedeaux and S. Kjelstrup, Phys. Chem. Chem. Phys., 2008, 10,

7304–7317.
33 S. Kjelstrup, D. Barragan and D. Bedeaux, Biophys. J., 2009, 96,

4376–4386.
34 T. Ikeshoji and B. Hafskjold, Mol. Phys., 1994, 81, 251–261.
35 F. Bresme, B. Hafskjold and I. Wold, J. Phys. Chem., 1996, 100,

1879–1888.
36 F. Bresme, J. Chem. Phys., 2001, 115, 7564–7574.
37 H. A. Patel, S. Garde and P. Keblinski, Nano Lett., 2005, 5,

2225–2231.
38 S. Kjelstrup and D. Bedeaux, Non-equilibrium Thermodynamics of

Heterogeneous Systems 2008, Series on Statistical Mechanics,
World Scientific, Singapore, Singapore, vol. 16, 2008.

39 F. P. Incropera, D. P. DeWitt, T. L. Bergman and A. S. Lavine,
Fundamentals of Heat and Mass Transfer, John Wiley & Sons,
Hoboken, USA, 6th edn, 2006.

40 S. Shapiro and M. Wilk, Biometrika, 1965, 52, 591–611.
41 P. Royston, Statistical Algorithms, 1995, 44, 547–551.
42 H. Scouloudi and E. Baker, J. Mol. Biol., 1978, 126, 637–660.
43 D. Barondeau, C. Putnam, C. Kassmann, J. Tainer and E. Getzoff,

Proc. Natl. Acad. Sci. U. S. A., 2003, 100, 12111–12116.
44 C. Xu, W. J. Rice, W. He and D. L. Stokes, J. Mol. Biol., 2002,

316, 201–211.
45 L. D. Schuler, X. Daura and W. F. van Gunsteren, J. Comput.

Chem., 2001, 22, 1205–1218.
46 H. J. C. Berendsen, J. R. Grigera and T. P. Straatsma, J. Phys.

Chem., 1987, 91, 6269–6271.
47 B. Hess, H. Bekker, H. Berendsen and J. Fraaije, J. Comput.

Chem., 1997, 18, 1463–1472.
48 S. C. Harvey, R. K.-Z. Tan and T. E. Cheatham-III, J. Comput.

Chem., 1998, 19, 726–740.
49 G. South and E. Grant, Proc. R. Soc. London, Ser. A, 1972, 328,

371–387.
50 H. J. C. Berendsen, J. P. M. Postma, W. F. van Gunsteren,

A. DiNola and J. R. Haak, J. Chem. Phys., 1984, 81, 3684–3690.
51 W. H. Press, S. A. Teukolsky, W. T. Vetterling and B. P. Flannery,

The Art of Scientic Computing, 3rd ed., Cambridge University
Press, Cambridge, UK, 2007.

52 D. van der Spoel, E. Lindahl, B. Hess, G. Groenhof, A. Mark and
H. Berendsen, J. Comput. Chem., 2005, 26, 1701–1718.

53 J. Gomez, V. J. Hilser, D. Xie and E. Freire, Proteins: Struct.,
Funct., Genet., 1995, 22, 404–412.

54 P. Privalov and G. Makhatadze, J. Mol. Biol., 1990, 213, 385–391.
55 T. L. Hill, Thermodynamics of small systems, Dover, Mineola,

New York, 2002.
56 Y. Touloukian, R. Powell, C. Ho and M. Nicolaou, Thermo-

physical Properties of Matter, Plenum Press, New York, 1973.
57 Z. Ge, D. G. Cahill and P. V. Braun, Phys. Rev. Lett., 2006, 96,

186101.
58 L. de Meis, G. Oliveira, A. Arruda, R. Santos, R. da Costa and

M. Benchimol, Life, 2005, 57, 337–345.
59 E. Carafoli, Physiological Reviews, 1991, 71, 129–153.

This journal is �c the Owner Societies 2010 Phys. Chem. Chem. Phys., 2010, 12, 1610–1617 | 1617



Paper V.

Molecular dynamics simulations of the Ca2+-pump: a
structural analysis

Anders Lervik, Fernando Bresme and Signe Kjelstrup

Physical Chemistry Chemical Physics, 14, 3543–3553 (2012)

Corrections:

Two arrows are missing in Fig. 11. The arrows should be as indicated below:

105



106 Collection of publications



This journal is c the Owner Societies 2012 Phys. Chem. Chem. Phys., 2012, 14, 3543–3553 3543

Cite this: Phys. Chem. Chem. Phys., 2012, 14, 3543–3553

Molecular dynamics simulations of the Ca2+-pump: a structural analysis

Anders Lervik,
abc

Fernando Bresme*
bc

and Signe Kjelstrup
ad

Received 21st September 2011, Accepted 10th January 2012

DOI: 10.1039/c2cp23002j

We report large scale molecular dynamics computer simulations, B100 ns, of the ion pump

Ca2+-ATPase immersed in a 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine (POPC) bilayer.

The structure simulated here, E1, one of the several conformations resolved using X-ray

diffraction techniques, hosts two Ca2+-ions in the hydrophobic domain. Our results indicate that

protonated residues lead to stronger ion–residue interactions, supporting previous conclusions

regarding the sensitivity of the Ca2+ behaviour to the protonated state of the amino acid binding

sites. We also investigate how the protein perturbs the bilayer structure. We show that the POPC

bilayer is B12% thinner than the pure bilayer, near the protein surface. This perturbation decays

exponentially with the distance from the protein with a characteristic decay length of 0.8 nm.

We find that the projected area per lipid also decreases near the protein. Using an analytical model

we show that this change in the area is only apparent and it can be explained by considering the

local curvature of the membrane. Our results indicate that the real area per lipid near the protein is

not significantly modified with respect to the pure bilayer result. Further our results indicate that the

local deformation of the membrane around the protein might be compatible with the enhanced

protein activity observed in experiments over a narrow range of membrane thicknesses.

1 Introduction

The calcium ATPase (Ca2+-ATPase) is a P-type ATPase

which actively transports (‘‘pumps’’) Ca2+-ions against a

concentration gradient, utilizing the energy of ATP hydrolysis.1–3

The plasma membrane Ca2+-ATPase (PMCA) pumps

Ca2+-ions out of the cell, while the sarcoplasmic reticulum

Ca2+-ATPase (SERCA) transfers Ca2+-ions from the cytosol

to the lumen of the sarcoplasmic reticulum inside muscle

cells.1,4–6 The SERCA is a 110 kDa protein consisting of

about 104 atoms in 103 amino acid residues.1,3,4 The protein

is composed of 10 transmembrane helices and three cytoplasmic

domains—the actuator (A) domain, the nucleotide binding (N)

domain and the phosphorylation (P) domain.2–5 The structure4

of the Ca2+-ATPase is shown in Fig. 1.

During the operation of the pump, the cytoplasmic domains

move relative to each other5 and several conformations of the

pump have been identified.2,7 Experiments using SERCA

show that heat is released during the operation, and that the

pump is able to regulate the fraction of the energy from the

hydrolysis released as heat.8–10 This has led to several theoretical

studies of SERCA, incorporating the heat flux as a variable for

the operation of the pump,11–14 and a computational study

focusing on the heat transfer in several proteins, including the

Ca2+-ATPase.15 In the latter study the thermal conductance

of the protein–water interface was estimated, showing that it is

much higher than that of hydrophobic surfaces and of the

Fig. 1 Structure of the Ca2+-ATPase in the E1 conformation with

bound calcium ions (1SU4 entry in the Protein Data Bank).4 The

calcium ions are coloured dark orange, the actuator (A) domain is

coloured pink, the nucleotide binding (N) domain is coloured green

and the phosphorylation (P) domain is coloured orange. The aspartic

acid residue (Asp 351) which is phosphorylated during the operation

of the pump is coloured dark blue. The transmembrane part of the

protein consists of 10 a-helices and is coloured light blue.
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same order as the thermal conductance of nanoparticle–water

interfaces.16 The fact that the protein can generate a heat flux

as suggested by experimental studies17 opens the possibility of

triggering non-equilibrium coupling effects, firstly connected to

ion transport, and secondly connected to the water response.18

The importance of water in the functioning of the protein has

been highlighted in experimental studies by de Meis et al.,19

showing that the water activity has a strong influence on the

phosphorylated state of the protein.19

There is experimental evidence that the activity of the Ca2+

proteins strongly depends on the nature of the phospholipid

membrane. The pump reaches maximum activity (measured in

terms of ATP hydrolysis) when the protein is immersed in

bilayers consisting of lipid chains containing between 16 and

20 carbon atoms. The activity decreases above and below this

number of carbon atoms.20–23 These results suggest a strong

structural coupling between the protein and the membrane. In

order to advance in the explanation of the factors influencing the

pump activity as well as the associated non-equilibrium effects,

further work is needed to characterize the structure of the

protein–membrane system. We tackle this problem in the present

paper by quantifying the structure of a model membrane (POPC)

as a function of the distance to the protein surface.

Computer simulations offer a powerful approach to investigate

the structure and dynamics of proteins. Previous studies have

provided clear evidence on the importance of the solvent

dynamics in the internal motion of proteins,24 as well as in the

structure and dynamics of interfacial water around the protein.25,26

Transmembrane proteins have also been investigated using

computer simulations. Coarse grained models have been

employed to visualize the adsorption of the proteins in reconstituted

phospholipid bilayers.27 Regarding the specific case of

Ca2+-ATPase the pioneering atomistic simulations of Sugita

et al.28 highlighted the sensitivity of Ca2+ binding to the pH.

Subsequent simulation work by the same authors discussed the

relevance of water in the mechanism of gating of ion pathways in

the pump.29 Other computational studies have focused on ion

transport and energy transduction in the presence of external

electrostatic fields.30 Another family of the ion transporters,

Na+/K+-ATPases, have also been investigated using atomistic

molecular dynamics simulations.31 These simulations focused on

the electrostatic field distribution in the protein, as an approach

to identify ion permeation pathways. Recent work has addressed

the mutual perturbation of the protein and bilayer structures,32

where they have highlighted the mutual adaptation of the

ATPase protein and its lipid membrane during conformational

changes. The interaction of proteins with membranes, and how

the former perturbs the latter, is a question of great significance

to understand the dependence of the SERCA activity on the lipid

membrane.20,23,33,34 In particular, membrane deformation has

been put forward as a mechanism to explain aggregation of

transmembrane proteins, which would be driven by the capillary

interactions arising from the membrane curvature. These

questions have been theoretically analysed recently in the

context of proteins and nanoparticles.35,36

Here we report large scale computer simulations of

Ca2+-ATPase in the E1 conformation, which corresponds to

the Ca2+ bound state. Our simulations span 100 ns timescale,

hence significantly extending previous studies. Our objective is

to investigate the stability and structural changes undergone

by the protein during these simulation time scales, as well as to

quantify the perturbations undergone by the bilayer in the

presence of the protein. Moreover, we test the force-field

employed in our simulations by revisiting the recently reported

sensitivity of Ca2+ binding to the protonated state of the

binding sites.

Assessing the reproducibility of this biophysical behaviour at

long time scales and showing that it is independent of the

simulation force-field are important to construct microscopic

models that can help to explain how these molecular motors work.

Our paper is structured as follows. We first discuss the

methodology employed in this work: a force-field, molecular

dynamics approach used to investigate the protein–membrane

system, and the computational algorithms employed to quantify

the bilayer structure. An analysis of the convergence of the

protein and bilayer structures to equilibrium follows. We test

our force-field against previous studies, by investigating how the

protonation state of the cation binding sites influences the

behaviour of the Ca2+-ions in the transmembrane domain.

Using our force-field we then quantify the structure of the

bilayer around the Ca2+-ATPase protein in the tensionless state.

The main conclusions and further comments close the paper.

2 Methodology

2.1 Molecular dynamics simulations

The E1 conformation of the protein Ca2+-ATPase (1SU4 entry

in the Protein Data Bank) was used in all the simulations. We

note that this X-ray structure was stabilized with a high Ca2+

concentration (10–15 mM). This along with the crystal packing

needed to perform the X-ray experiments may contribute to

stabilize the 1SU4 structure. As we will show below our

simulations of one single 1SU4 protein embedded in a POPC

bilayer in the absence of Ca2+ show that this protein structure

does not undergo major changes in a 100 ns time scale.

Although this timescale might be enough to stabilize the protein

in the bilayer32 it might be too short to observe the full flexibility

of the E1 state in solution.37,38 The structure of the protein was

firstly minimized in vacuo using the steepest descent method

and subsequently inserted into a lipid bilayer. We chose for

this study 1-palmitoyl-2-oleoyl-sn-glycero-3-phosphocholine

(POPC). Phosphatidylcholine phospholipids are major components

in many biological membranes including the sarcoplasmic

reticulum. Moreover the POPC hydrocarbon chains feature

16 and 18 carbon atoms. This length is in the range of the

hydrocarbon chain lengths leading to maximum hydrolysis of

ATP as observed in experiments of reconstituted membranes.20,23

The POPC membrane consisted of 452 POPC molecules. Several

phospholipids were removed in order to make a cavity where the

protein was inserted. The protein–bilayer system was solvated in

water and 20 positively charged Na+-ions were added in order to

obtain an electro neutral system. Following a steepest descent

minimization and a short NVT-simulation (100 ps at 300 K)

both positively charged Na+-ions and negatively charged

Cl�-ions were added to reach a final concentration of

0.1 mol L�1. The final system consisted of the protein, 452 POPC

molecules and a solution of 186 Na+-ions, 166 Cl�-ions and
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70598 water molecules, in a simulation box with dimensions

12.285 nm � 12.124 nm � 18.943 nm, with the z-direction

perpendicular to the lipid bilayer. All simulations were performed

with the GROMACS39 simulation package (version 4.0.7). Inter-

actions were modelled using the GROMOS96 53a5 force field40

with lipid parameters from Berger et al.41 Following previous

work by Sugita et al.28 only the residues Glu58 and Glu908 in the

transmembrane domain were protonated. We note that these

residues are unprotonated in the 1SU4 conformation stored in the

Protein Data Bank. We analysed the behaviour of the Ca2+-ions

in both the protonated and unprotonated systems to assess the

accuracy of the present force-field against previous studies.

All the production simulations were performed using the

protonated state.

Water was modelled using the SPC/Emodel.42 The Coulombic

interactions were calculated using the particle mesh Ewald

(PME) approach43,44 and the van der Waals interactions were

truncated at 1.7 nm. All bonds were constrained using the

LINCS45 algorithm and the equations of motion were integrated

using the leap-frog algorithm46–48 with a time step of 2 fs.

Periodic boundaries were applied in all directions and the

center of mass motion of the system was removed at every time

step. The protein, POPC and the solvent molecules were

thermostatted individually at 300 K using three Nosé–Hoover

thermostats49,50 in order to avoid the ‘‘hot-solvent/cold-solute’’

problem.51 The bath coupling constant was set to 0.5 ps. The box

vectors were subjected to semi-isotropic pressure coupling52

(the x and y directions were scaled isotropically while the z

direction was scaled independently) using a Parrinello–Rahman

barostat53 with a reference pressure of 1 bar, a coupling parameter

of 4 ps and an isothermal compressibility of 4.5 � 10�5 bar�1.

These simulations correspond to the biological relevant

tensionless state.

The simulations were performed in parallel using 96 Xeon

2.66 GHz quad-core processors with infiniband connectivity.

This computational set up produces B5 ns per day.

2.2 Bilayer structure

The structure of the bilayer can be characterized by computing

the thickness and the area per lipid. To perform this analysis,

the bilayer was split into upper and lower layers. The center of

mass position of the bilayer in the z direction, zc, was

computed using the phosphorous atoms in each phospholipid.

A POPC molecule was assigned to the upper layer if the

z-coordinate of its phosphorous atom was larger than zc,

otherwise it was assigned to the lower layer. The protein atoms

were also assigned to the layers. For a specific layer this

was done by selecting all the protein atoms with z-coordinate

| %z � z| r Dz, where %z is the average z coordinate of the

phosphorous atoms in the layer and Dz is the standard

deviation of the phosphorous density profile (B0.3 nm). The

assignment of lipid molecules and protein atoms to the two

layers was repeated for each configuration used in the analysis.

The bilayer thickness was obtained by superimposing a

2D-grid (100 points in the x-direction and 100 points in the

y-direction) on the upper and lower layers. To each square in

the grid, two z-coordinates were assigned: one from the closest

phosphorus atom of the POPC in the upper layer, zu, and one

from the closest phosphorus atom in the lower layer, zl. The

distance between these two points, |zu � zl|, defined the local

thickness at position (x,y). A square was considered to be

inside the protein if the distance from the center of the square

to any of the protein atoms in the layer was smaller than the

van der Waals radius of the protein atom. In this case a value

of 0 nm was assigned to the local thickness.

The area per lipid of the bilayer was determined for each

layer using a Voronoi construction.54 For a specific layer, the

protein and phosphorous atoms of the lipid head-groups

were projected onto the xy-plane as discussed above. The

(x,y)-coordinates of the atoms were then used to construct a

Voronoi diagram, subjected to periodic boundary conditions.

The areas of the individual Voronoi polygons were calculated

using a Monte Carlo algorithm: nT = 2.5 � 106 points were

randomly inserted into the xy-plane, and the number of points

inside each polygon were counted. The area of a specific

polygon, Ap, were then calculated using, Ap = (np/nT)Lx � Ly,

where np is the number of points inside the polygon and

Lx and Ly are the box-dimensions in the x- and y-directions.

This enabled the calculation of the area of the protein as the

sum over the Voronoi polygons occupied by the protein

atoms, and the average area per lipid as the average over

Voronoi polygons occupied by phosphorus atoms. Further-

more, in order to resolve the area per lipid as a function of the

distance to the protein, the closest projected distance for each

of the phosphorous atoms to the protein atoms was computed.

The two-dimensional Voronoi construction may overestimate

the area of the protein by ignoring voids in the structure. In

order to address this effect, the area of the protein and the area

per lipid were also calculated using a Monte Carlo algorithm.

The protein and phosphorous atom were projected on the xy

plane as explained above. nT = 2.5 � 106 points were randomly

inserted into the xy-plane. The point whose xy (projected)

distance to any of the proteins atoms was closer than the

corresponding van der Waals radius were considered to be

inside the protein, nin. Hence, the area occupied by the protein

in each lipid monolayer is given by, Aprot = (nin/nT)AT, where

AT = Lx � Ly is the total area for a specific configuration.

Subsequently the area per lipid for each layer, Alip, was

calculated from,

Alip = (AT � Aprot)/nlip, (1)

where nlip is the number of phospholipids per layer. The

Monte Carlo calculation of the area was performed for each

lipid layer individually.

3 Results

3.1 Progression towards equilibrium of the protein–bilayer

structure

In the following we discuss the progression towards equili-

brium of the protein–bilayer system. These simulations were

performed using the protonated state of the ATPase protein

(see Methodology). Fig. 2 represents a representative configu-

ration of the Ca2+-ATPase protein embedded in the POPC

bilayer. Our simulations of the Ca2+-ATPase span a much

longer time scale than considered before. This offers the
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possibility of analysing the stability of the bilayer–protein

system over 0.1 ms.
The potential energy of the system is given in Fig. 3 together

with the temperatures of the three thermostated groups. We

recall that because the constant pressure simulations were

performed using a semi-isotropic coupling scheme, the surface

tension in our system is zero, i.e., we consider the biologically

relevant tensionless state. The potential energy fluctuates

around a well defined average after 25 ns. According to our

simulations this is the timescale needed for the protein to relax

from the initial conformation to the one adopted when it is

embedded in the bilayer and using the present force-field. We

note that such long time scales may be needed to relax the

protein from its initial configuration using other simulation

conditions and different force-fields. The temperature of the

protein, the POPC bilayer and solvent are stable throughout

the simulation and match the selected simulation temperature,

300 K. We also find that the box lengths fluctuate around well

defined averages over 100 ns (see Fig. 4) supporting the view

that the protein–bilayer system is stable and reaches equilibrium

in that timescale.

3.2 Testing the force-field: protonated vs. unprotonated states

Sugita et al.28 found in their pioneering simulations of Ca2+-

ATPase that the location of the Ca2+-ions at the transmembrane

binding sites depends very sensitively on the protonation states

of the surrounding residues, in particular the two residues

Glu58 and Glu908. The first binding site (I) is coordinated by

the residues Asn768, Glu771, Thr799, Asp800 and Glu908 in

addition to two water molecules. The second binding site (II) is

coordinated by the residues Val304, Ala305, Ile307, Glu309,

Asn796 and Asp800. The residue Glu58 is not directly

coordinating the binding sites, but it is in close proximity to

Glu309 (close enough to possibly form a hydrogen bond).

Sugita et al.28 concluded on the basis of computer simulation

results and continuum electrostatic calculations that the two

residues Glu58 and Glu908 are protonated at neutral pH. The

dependence of the Ca2+-behaviour on the protonated state is a

sensitive feature of the ATPase protein that we have used to test

our simulation force-field. We note that Sugita et al.28 performed

‘‘all-atom’’ simulations using a different force-field for the

proteins and the lipid bilayer (CHARMM27), as well as a

different water model (TIP3P). Moreover they used a DOPC

bilayer with an area per lipid of 0.725 nm2. Previous simulations

of a closely related protein, Na+/K+-ATPase, immersed in a

POPC bilayer have been reported,31 although the authors did

not report the area per lipid nor the bilayer thickness, hence a

comparison is not possible at this time.

Fig. 2 Snapshot of the initial configuration for the simulation. The

actuator domain is coloured pink, the nucleotide binding domain is

coloured green and the phosphorylation domain is coloured orange.

The transmembrane part of the protein is coloured light blue. The

oxygen, nitrogen, phosphorous and carbon atoms of the POPC

molecules are coloured red, blue, light brown and grey respectively.

The sodium ions are coloured dark brown and the chlorine ions are

coloured light blue (colour on-line).

Fig. 3 (Top) Potential energy (grey) and its running average using a

window of 20 ps (black). (Bottom) The temperatures of the three

thermostated groups (from light to dark color: solvent, POPC and the

protein).

Fig. 4 (Top) The box vectors; from light to dark color: x-direction,

y-direction and z-direction (the right y-axis applies to the z-direction).

(Bottom) The volume of the simulation box. The black line corresponds

to the running average using a window of 200 ps.
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We performed simulations using the 1SU4 conformation

both in the protonated and unprotonated states. Our results

for the separation distance between the Ca2+-binding sites and

the two residues Glu58 and Glu908 both in the protonated and

unprotonated states are reported in Fig. 5. We have arranged

the different panels (and also included the distances between

the binding sites and the two residues Val304 and Thr799) to

facilitate a direct comparison with the work of Sugita et al.28

The present force-field, GROMOS96 53a5, reproduces the

main trends reported in previous work, namely, when the

residues are protonated the Ca2+-ions are more localized,

whereas in the unprotonated state they move to longer distances

from the transmembrane binding sites, indicating that the

residue–ion interaction is weaker in the latter case. The fact

that this behaviour is reproduced in very different force-fields,

different phospholipid membranes, and long time scales, 50 ns,

gives further support to the conclusions reported in ref. 28. The

shift in the distance between the Ca2+-ions and the binding sites

associated to the protonation of the residues also agrees

quantitatively with previous work. This result would indicate

that the behaviour of the Ca2+ with the protonated state is not

particularly sensitive to the nature of the bilayer, as the DOPC

and POPC membranes have different areas per lipid, and their

hydrocarbon tails feature different levels of saturation as well

as different numbers of carbon atoms.

Based on the results we obtained for the protonated and

unprotonated cases, we performed the simulation and analysis

of the protonated case only. We would like to emphasize again

that in this work only Glu58 and Glu908 were protonated.

3.3 Protein and bilayer structures

We have established above the stability of the protein in the

bilayer over long time scales, and we have shown that the

present force-field reproduces features obtained with all-atom

force-fields. In the following we quantify the protein and bilayer

structures.

We have investigated the structural changes undergone by

the protein by computing the root mean square deviation

(RMSD) of the a-carbon atoms with respect to a pre-equilibrated

configuration (see Fig. 6). Our simulations correspond to the

unrestrained protein and show good stability, with the RMSD

reaching a well defined value in the whole simulation time. The

magnitude of the fluctuations is similar to that reported in

previous studies of Na+/K+-ATPases.31 This result indicates

the absence of a drift in the protein structure.

We have investigated more in detail the fluctuations in the

protein structure by computing the center of mass of the three

main protein domains, the actuator, the nucleotide binding

and phosphorylation domains, and followed their position as

a function of time (see Fig. 7). The position of the center of

mass of the different groups is again stable over the 100 ns time.We

find that the actuator and nucleotide domains (see ‘‘A’’ and ‘‘N’’

domains in Fig. 1) feature larger fluctuations. This observation

correlates well with the fact that these domains are more detached

from the main protein backbone, and therefore more mobile.

In addition to the protein structure we have quantified the

phospholipid membrane properties by computing the bilayer

thickness and the area per lipid (see Fig. 8 and 9). The area per

lipid reported below was obtained as an average of the areas

for the two phospholipid monolayers considering all the

phospholipids, and using the method discussed in Section 2.2.

Fig. 5 Characteristic distances around the Ca2+-binding sites.

(a) The black lines are for the protonated case, while the grey lines

are for the unprotonated case. The distances were calculated as the

minimum distance, selecting all possible pairs of atoms from the two

groups considered. The distances are calculated between: the residues

Glu58 and Glu309 (upper left), the residues Glu771 and Glu908 (upper

right), Ca2+-binding site II and the residue Val304 (lower left) and

Ca2+-binding site I and the residue Thr799 (lower right). (b) Example

of de-localization of coordinating residues for the unprotonated case.

The figure on the left shows the initial coordination of site I by three of

the residues (Thr799, Asp800 and Glu908) and the figure on the right

shows the corresponding coordination after 50 ns. The observed

jump(s) in panel (a), lower right, for the unprotonated case represents

a hydrogen bond forming/breaking between residues Thr799 and

(unprotonated) Glu908 as indicated in the figure. In this case, the

coordination of site I by Thr799 is lost.

Fig. 6 Root mean square deviation (RMSD) of the a-carbon atoms

of the protein as a function of time. For the least squares fit to the

reference structure, all backbone atoms were used.
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Our results indicate a slight increase in the bilayer thickness,

about 0.2 nm, with respect to the initial configuration. We find

that the thickness reaches a stable value in about 25 ns. This

slow convergence indicates again that long time simulations

are needed to equilibrate the protein/bilayer system. This

equilibration period was discarded in the computation of the

average properties reported below. Following the behaviour of the

interfacial thickness, the area per lipid shows a slow convergence,

and undergoes a reduction of 0.04 nm2 per lipid with respect to the

area of the original configuration, 0.60 nm2 per lipid, calculated

from the Voronoi construction.

We note that the Voronoi constructions tend to overestimate

the area occupied by the protein. This results in a smaller area per

lipid as compared with the Monte Carlo approach (see Fig. 8).

The area obtained by the Voronoi construction does not consider

the voids in the protein structure giving a smoother contour

around the protein. The Monte Carlo procedure, on the other

hand, results in an area with voids and a more intricate

boundary, featuring more clefts and pockets (see Fig. 9), which

may be inaccessible to the lipid molecules. We therefore expect

that the Voronoi construction and the Monte Carlo procedure

will under- and overestimate the area per lipid respectively.

This notion is confirmed in Fig. 8, showing a difference of about

3% in the areas predicted by these two methods. Considering

the very different view given by the Voronoi and Monte Carlo

approaches, this difference in area is small, showing that our

estimate of the area per lipid is robust enough to explore trends

in the area per lipid. Hence, in the following we will report

results obtained from the Voronoi construction only.

Our estimate of the area per lipid for the protein–bilayer

system is 0.56 � 0.01 nm2. This area is significantly lower than

the experimental values of pure bilayers,55,56 which range from

0.630 to 0.683 nm2 in the temperature interval 297–310 K.

Simulation studies of bilayers55–58 have reported values from

0.638 to 0.693 nm2 in the temperature interval 298–325 K,

again larger than our result. However, we note that previous

studies have shown that the simulation cutoff can influence

significantly the area per lipid of phospholipid monolayers.59

The cutoff used in our study, 1.7 nm, is longer than the cutoff,

B1.0 nm, used in most simulations of bilayers. In addition, the

concentration of salt in the solution is expected to influence the

area per lipid.60,61 Hence to address the cutoff and salt effects,

we have computed the area per lipid of a pure bilayer consisting of

512 POPC molecules solvated with 9840 SPC/E water molecules

and in the tensionless state. The simulations were performed at

300 K and we considered three different situations: simulations

with a van der Waals cutoff of (A) 1.7 nm, (B) 0.9 nm and

(C) 1.7 nm with added salt, NaCl at 0.1 mol L�1. All the

simulations were performed using the Particle Mesh Ewald

and the thermostat and barostat approach discussed in the

Methodology. The average area per lipid obtained in these

three cases is given in Table 1. Our results show that the cutoff

influences the area per lipid. The effect of the cutoff is very

significant, with an increase in the area per lipid of about 14%.

The area per lipid for the shorter cutoff is in the range reported

in many simulations of bilayers. The increase in the area is

Fig. 7 Positions (x, y and z) of the center of mass of the actuator

domain (dashed line), the nucleotide binding domain (solid line) and

the phosphorylation domain (dotted line) relative to the center of mass

of the protein and the initial value.

Fig. 8 (Top) Thickness and (bottom) area per lipid of the bilayer.

From top to bottom: top layer Monte Carlo, bottom layer Monte

Carlo, top layer Voronoi and bottom layer Voronoi. Monte Carlo and

Voronoi refer to the algorithms described in Section 2.2.

Fig. 9 Snapshot of the Voronoi tessellation of the phosphorous and

protein atoms in the top layer. The phosphorous atoms of the POPC

head-groups are shown as dots while the Voronoi polygons occupied

by the protein have been highlighted. The area obtained by the Monte

Carlo procedure is shown inside the highlighted area.
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connected to the loss in cohesive energy associated to the

shorter cutoff, and follows the same physical behaviour

reported in studies of phospholipid monolayers.59 The impact

of the salt on the area per lipid is more modest. The salt, NaCl

at 0.1 M, has a small effect on the area per lipid which

contracts slightly. We note that a decrease in the area per

lipid with an increase in the salt content is expected, and it has

been observed before in simulations of POPC bilayers.61 Our

estimates for the area per lipid of the pure POPC membrane

without and with salt, 0.58 � 0.01 nm2 and 0.56 � 0.01 nm2,

respectively, are close to the average area of the bilayer–protein

system (0.56 � 0.01 nm2), obtained by discounting the area

occupied by the protein. We find that the membrane thickness is

also sensitive to changes in either the cutoff or the salinity

conditions. The thickness increases B5% upon addition of salt

(0.1 M), whereas a shorter cutoff (0.9 nm vs. 1.7 nm) results in a

small reduction of the membrane thickness B3%. The latter

observation is consistent with the loss of cohesive energy as the

cutoff becomes shorter.

Previous simulation work on different transmembrane proteins

adsorbed at bilayers found a reduction in the area per lipid,

B0.05 nm2 with respect to the area of the pure POPC

membrane (0.59 nm2).62 This reduction is of the order

reported above by us. In that work the authors argued that

the smaller area per lipid in the protein–bilayer system could

be connected to an overestimation of the area of the protein

used in their calculations, and also noted that the impact that

the protein has on the area per lipid is not completely under-

stood.62 We note that the protein may induce changes in the

area per lipid near the protein surface, however these changes

may not result in significant changes in the area per lipid, if the

region perturbed by the protein is small as compared with the

total area of the simulation box. Addressing this question

requires a more sophisticated approach to resolve the area per

lipid as a function of the distance to the protein surface. We

discuss this question in the next section.

3.4 Bilayer structure around the protein

In the following we investigate the local structure of the bilayer

around the protein. To tackle this question we computed the

local density for three layers around the protein. The layers

were located at different heights in the transmembrane domain

(see Fig. 10). The density of the lipid atoms lying inside a given

layer was computed in concentric rings as a function of the

radial distance to the center of mass of the corresponding

layer. We included in these computations all the lipid atoms

irrespective of their chemical nature. The thickness of the four

layers was set to 0.5 nm.

Firstly we note that the phospholipid density around the

protein is inhomogeneous. Layers 1 and 3 correspond to

regions near the head groups and therefore result in higher

lipid densities, whereas layer 2 features a significantly lower

density. This lower density is connected to the minimum in

density appearing in the inner region of the POPC bilayer. Our

results show that the ‘‘bulk’’ density in the different regions is

reached relatively quickly, about 3 nm from the center of mass

of the corresponding protein layer. For longer distances all the

densities, irrespective of the layer position, reach a plateau.

We find that the phospholipids can penetrate deep inside the

protein, down to distances as small as 0.5 nm from the protein

center of mass. This result can be understood by inspecting

representative simulation snapshots. Fig. 11 (left) represents the

coordinates of the protein and the phospholipids projected on the

plane defined by one of the phospholipid monolayers. This figure

clearly shows how the ‘‘porous’’ character of the protein facilitates

the phospholipid penetration inside the protein structure. Fig. 11

(right) provides a three dimensional representation of the confor-

mation of several phospholipids around the protein. One of the

chains of the phospholipid, see Fig. 11, anchors to the protein.

Table 1 The area per lipid and thickness of a pure POPC membrane
as a function of the cutoff employed to truncate the dispersion
interactions. In case C, the concentration of NaCl salt is 0.1 mol L�1

Case Cutoff/nm Area per lipid/nm2 Thickness/nm

A 1.7 0.58 � 0.01 4.01 � 0.02
B 0.9 0.66 � 0.01 3.89 � 0.03
C 1.7 0.56 � 0.01 4.17 � 0.02

Fig. 10 Density of the POPC-bilayer in different layers perpendicular to

the z-axis and as a function of the radial distance to the center of mass of

the protein. The different layers are depicted in the inset figure, coloured

dark (blue), and are numbered from the bottom to the top. The black solid

line running along the protein in the inset represents the center of mass of

protein as a function of height. The horizontal black line corresponds to

the location of the minimum in the density profile of the bilayer.

Fig. 11 Example of one phospholipid that penetrates deep inside the

protein structure. The left panel shows the projection of the lipid atoms and

protein atoms for the bottom layer. The right panel is a 3D-representation

of the same configuration. The protein atoms are represented by the

corresponding Connolly surface (probe radius 1.4 Å). The arrow indicates

a phospholipid that anchors to the protein as discussed in the text.
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Interestingly, we find that this phospholipid stays attached

to the protein for the whole duration of the simulation,

100 ns.

We have also investigated the local deformation of the

POPC bilayer around the protein by computing the bilayer

thickness as a function of the distance to the protein surface.

The deformation of the bilayer near the protein is evident, and

it decays slowly penetrating the bilayer about 1.5 nm from the

protein surface, converging far from the protein to the thickness

obtained for the pure bilayer under added salt conditions

(see Fig. 12). We have attempted to quantify the correlation

length of this perturbation. There exists in the literature

several models.33,63 The model we have used in this paper

assumes that the deformation decays exponentially,

t(r) = t0 + (t1 � t0) exp(�r/x), (2)

where t0 is the membrane thickness far from the protein, t1 is the

thickness next to the protein surface, and x is the correlation

length or deformation coherence length.33 A fitting of our data

to eqn (2) gives t0 = 4.2 nm, t1 = 3.6 nm and the correlation

length x = 0.8 nm.

We note that in biologically relevant situations the ATPase

proteins are not at infinite dilution. Experimental studies of

cardiac sarcoplasmic reticulum vesicle preparations estimate a

surface concentration of protein of B104 pumps per mm2.64 For

the cross sectional area simulated in this work (B150 nm2), this

situation would correspond toB1.5 pumps. Assuming a homo-

geneous distribution of proteins in the bilayer, these numbers

imply an average distance between the center of masses of the

pumps of B10 nm. Considering the correlation length obtained

above, it is clear that the deformations are localized around the

protein, and according to our data there should not be large

overlaps between the perturbed regions. We expect that capillary

effects should become relevant for surface to surface separation

between two proteins of the order of 2x.
We computed in the previous section the average projected

area per lipid and we found no significant differences between

the results for the bilayer containing the protein and for the

pure bilayer. However, the changes in the membrane thickness

shown in Fig. 12 may impact on the area per lipid near the

protein surface. To address this question we have computed

the projected area per lipid as a function of the distance to the

protein (see Fig. 13 and Section 2.2). First of all, we find that

the variation of the area per lipid is the same within statistical

uncertainty for the upper and lower layers. The area per lipid

decreases significantly near the protein surface. Far from the

protein the area converges towards the pure POPC values. We

note that the limiting values are compatible with both the

added salt and no salt situations, depending on whether we

consider the area of the top or bottom layer, again suggesting

that the small differences observed for the 0.1 M concentration

of NaCl investigated here are not significant. Similarly to the

membrane thickness, we find that the local perturbation of the

area per lipid extends about 1.5 nm from the protein surface.

To further investigate the origin of the reduction in the area

per lipid, we have computed the average distance between one

phospholipid and its nearest neighbours. The nearest neighbours

of a given phospholipid molecule were identified as those

neighbours defining the corresponding Voronoi polygon. The

average distance between lipids’ nearest neighbours (see Fig. 14)

decays smoothly near the protein. We recall that this average

distance is the distance projected on the bilayer plane. The

modification of the bilayer thickness near the protein indicates

that the bilayer curvature is changing as well. Hence, when

considering the projected nearest-neighbours distance it would

be possible to observe a reduction near the protein, even though

the actual distance between the phospholipids does not change

much. This is an important notion that can explain the results

presented in Fig. 13 and 14. The projected nearest-neighbour

distance, dp(r), on the bilayer plane can be obtained from the

real distance dr(r) between the phospholipids by considering the

local curvature of the bilayer at point r,

dpðrÞ ¼
drðrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ dtðrÞ
dr

� �2r ; ð3ÞFig. 12 Thickness of the lipid membrane as a function of the shortest

distance to the protein atoms. The dashed line represents a fit of the

simulation data to eqn (2).

Fig. 13 Area per lipid for the top and bottom layers, obtained from an

ensemble average in the interval 30–80 ns, as a function of the shortest

distance to the protein. The average values for the membrane with the

embedded protein and the pure POPC membrane are indicated as

horizontal lines. The line corresponding to the ‘‘Circular area’’ is the area

per lipid predicted using the local curvature model discussed in the text.
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where t(r) is given by eqn (2). We have fitted our data for the

top layer to eqn (3) assuming that dr(r) is constant. This is

equivalent to assume that the real distance between nearest

neighbours is independent of the local curvature, and it is

equal to the distance far from the protein or in other words, to

the distance corresponding to the pure bilayer. The fitting

using a single parameter, dr(r) = 0.855 nm, is excellent

(see Fig. 14), indicating that the true average distance between

nearest neighbours is independent, within the accuracy of our

computation, of the distance to the protein surface. This is

a significant result, as it shows that the reduction in the

projected area per lipid reported in Fig. 13 is a consequence

of the membrane curvature. We have tested this idea by

calculating the area per lipid from the local projected distance

dp(r). This requires the introduction of a definition for the area

per lipid. To do this, we note that according to Euler’s

theorem, the average number of neighbours in the plane in a

Voronoi construction is 6. Hence, far from the protein surface

we approximate the local area associated to a phospholipid

surrounded by 6 neighbours by a circle, p(dp(r)/2)
2. Using the

value dr(r) = 0.855 nm in eqn (3) and the circular area defined

by the radius dp(r)/2 we can then reconstruct the projected area

as a function of the distance to the protein surface. This simple

analytical model accounts very well for the reduction in the

area per lipid observed near the protein surface (see Fig. 13).

This confirms that most of the observed reduction in the

projected area is apparent, i.e., induced mainly by the local

change in curvature and not by a true reduction in the area

per lipid.

The comparison of absolute and experimental values of the

area per lipid should be exercised with care. The values

obtained in the simulations depend on the simulation set up.

As a matter of fact, it has been noted before that the area per

lipid calculated in simulations can be very sensitive to the

methodological approach, particularly to the treatment of long-

range electrostatic interactions.65 In this sense the PME approach

we use here has been found to give the most reliable results.

Again, the cut-off employed in the computations will have an

effect. This has been clearly shown in recent computations of

pressure–area isotherms of phospholipid monolayers,59 as well

as in the present paper for bilayers (see Table 1).

The results discussed above have shown a significant

reduction in the membrane thickness near the protein. We

finish this section by investigating the microscopic mechanism

behind the reduction in the membrane thickness, namely,

whether this is due to a reduction in the phospholipid aliphatic

chain length and/or the phospholipid tilt angles. Our results

(see Fig. 15) indicate that the reduction in membrane thickness is

connected to a combination of these two factors, i.e., a reduction

in the aliphatic chain length and an increase in the tilt angle. The

tilt angle of the sn-1 and sn-2 chains is approximately the same,

whereas there is a significant difference in the length of these two

chains, the sn-1 being shorter. The data show that the tilt angle

undergoes an increase of 15–20% when approaching the protein,

whereas the phospholipid chain length becomes shorter,

Fig. 14 The average ‘‘projected’’ distance between lipid’ nearest

neighbours as a function of the distance to the protein surface. The

predicted distance is the result of the analytical calculation discussed in

the text, eqn (3).

Fig. 15 Variation of the angle and aliphatic chain length of the

POPC molecules as a function of the distance to the protein surface.

The angle corresponds to the angle between a vector from atom 1 to 2

in the sn-1 chain and from atom 3 to 4 in the sn-2 chain and a vector

normal to the bilayer. The aliphatic chain length was computed as the

distance between carbon atoms 1–2 and 3–4 in chains sn-1 and sn-2

respectively. The error bars were obtained from an analysis of config-

urations in the interval 30–80 ns.
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between 3 and 5% when approaching the protein. These

structural changes in the phospholipids conformation are

responsible for the thinning of the membrane observed in

the vicinity of the protein surface.

4 Conclusions and final remarks

We have performed large scale molecular dynamics computer

simulations of one ion pump Ca2+-ATPase in a POPC

membrane. Simulations spanning 100 ns show that the protein–

bilayer systems are stable in this simulation timescale. We find that

the transient behaviour connected to the relaxation of the protein

and bilayer structures from the initial configuration involves about

25 ns. This timescale will of course depend on how far the initial

configuration is from the equilibrium one, but we suggest that it is

representative of the timescale associated to relaxation from a

typical crystallographic structure. Hence, our work highlights the

need for performing long simulations of protein–bilayer systems in

order to reach truly equilibrated states. The simulations further

provide an approach to quantify the fluctuations of the proteins in

their native state, which complements the static picture offered by

the X-ray crystallography experiments.

The force-field and method used in this work reproduces

sensitive structural details of the Ca2+-ATPase membrane

structure. To assess this we investigated the behaviour of the

Ca2+-ions as a function of the protonated state of the binding

sites, Glu58 and Glu908. In agreement with previous work28

we find that the Ca2+-ions interact less strongly with the

binding sites when these are unprotonated. The reproducibility of

this observation with very different forcefields and protein–bilayer

systems, including different bilayer compositions, supports the

generality of this physical behaviour, and confirms the structural

role of the protonation state of the binding sites. Further we

conclude that the degree of saturation (2 double bonds in each

chain in DOPC vs. 1 double bond in POPC) as well as small

changes in the aliphatic chain length (18 carbon atoms in DOPC

vs. 18 and 16 carbon atoms in POCP) do not affect significantly

the behaviour of the Ca2+-ions.

We have investigated the structural properties of the bilayers

around the protein by using a method that resolves the phospho-

lipid structure as a function of the distance to the protein surface.

The area per lipid is estimated using a Voronoi construction.

Firstly, we found that the thickness of the bilayer changes near

the protein, becoming smaller as the phospholipids approach

the protein surface. The change in the membrane thickness is

connected both to a shortening of the aliphatic chains near the

protein and to an increase in the chains tilt angle.

The decay of the perturbations induced by the protein

features an exponential decay and has a characteristic decay

length from the protein surface of B0.8 nm. This is small as

compared with the ‘‘average’’ protein–protein center of mass

separation that can be inferred from experimental studies of

ATPase, B10 nm. Using a simplified local curvature analytical

model we rationalize the dependence of the projected area per

lipid with the distance from the protein surface. We show that the

reduction in the projected area per lipid can be explained by

considering the membrane curvature near the protein, suggesting

that for the Ca2+-ATPase/POPC system investigated in this

work, the true area per lipid near the protein is not significantly

modified with respect to the area of the pure bilayer. Our

preliminary computations of another E1 ATPase conformation,

entry 1T5S in the PDB database,38 using the same simulation

approach and forcefields discussed above show bilayer deformation

around the protein lending further support to our conclusions. The

structural changes are not restricted to the bilayer membrane, in

fact the protein undergoes a modification in the structure as

illustrated by the transient behaviour. This is consistent with the

mutual adaptation idea recently discussed by Sonntag et al.32

The dependence of the Ca2+-ATPase activity (measured as

the amount of ATP hydrolysis) on the membrane thickness

has been investigated experimentally. These studies indicate a

higher activity for lipid chain lengths (number of carbon

atoms) in the range 16 to 20. The dependence has been

rationalized in terms of the hydrophobic matching principle

and/or tilting of the ATPase protein to match the bilayer

thickness.20,23,33 The POPC membrane investigated in this

work is in the range of carbon atoms leading to maximum

activity. Our results would then indicate that the phospholipid

bilayers leading to maximum activity might also undergo

significant deformations in their thickness near the proteins,

suggesting that membrane deformation and high activity are

not mutually exclusive.
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Abstract

Experimental studies have shown that the activity of the molecular pump, Ca2+-ATPase strongly
depends on the thickness of the supporting bilayer. It is then expected that the bilayer structure
will have an impact on the thermodynamic efficiency of this nanomachine. Here we introduce a
Non-equilibrium Thermodynamics theoretical approach to estimate the thermodynamic efficiency
of the Ca2+-ATPase from analysis of available experimental data of ATP hydrolysis and Ca2+

transport. We find that the entropy production, i.e., the heat released under working conditions
is approximately constant for bilayers containing phospholipids with hydrocarbon chains between
18 and 22 carbon atoms. Our estimates for the heat released during the pump operation agree
with results obtained from separate calorimetric experiments. We further show that the thermody-
namic efficiency of the Ca2+-ATPase reaches a maximum for bilayer thicknesses corresponding
to maximum activity. Surprisingly, the estimated thermodynamic efficiency is very low, ∼ 12 %.
We discuss the significance of this result as representative of the efficiency of other nanomachines,
and also the influence of the experimental set up in reaching such a low efficiency. Overall, our
approach provides a general route to estimate thermodynamic efficiencies and heat dissipation in
experimental studies of nanomachines.

Key words: ion pump; flux-force coupling; mesoscopic non-equilibrium thermodynamics; en-
ergy dissipation; biological membranes; active transport



1 Introduction
The calcium pump (Ca2+-ATPase) of the sarcoplasmic reticulum (SR) is a P-type ATPase which
actively transports Ca2+ from the cytosol to the lumen of the SR using ATP as fuel. During muscle
contraction, Ca2+ is released from the lumen of SR to the cytosol and this induces a conformational
change of tropomyosin which allows actin and myosin to form cross-bridges. By pumping Ca2+

from the cytosol and back into the lumen of SR, the Ca2+-ATPase enables the muscles to relax: a
conformational change enables tropomyosin to bind to actin, and cross-bridges between actin and
myosin can no longer form (1).

The Ca2+-ATPase can be extracted, for instance from the skeletal muscle of mammals, and
reconstituted into a bilayer where the phospholipid composition can be varied (2). In these early
experiments, it was noticed that the protein binds with approximately the same affinity to a large
variety of phospholipid bilayers, making possible a systematic investigation of protein activity
with phospholipid chain length, where the activity is estimated in terms of the amount of the Ca2+

transported and amount of ATP hydrolyzed. It was found that the activity reaches a maximum
when the protein is inserted in bilayers with a narrow range of lengths for the phospholipid acyl
chain hydrocarbon length, typically between 16 and 20 carbon atoms (2–4).

The strong dependence of the transport activity with the phospholipid acyl chain length has
been observed in other proteins, e.g., in proton and cation transporters in bacteria (see e.g. Ref. (4)).
The fact that this behavior is observed in structurally different proteins has motivated further study,
and several explanations relating the protein activity with the protein-bilayer interactions have been
suggested (5). How these cross interactions modify the structure of the bilayers around the protein
and the structure of the protein transmembrane domains, remains an open question. Recent com-
puter simulation studies have addressed this question by investigating Ca2+-ATPase embedded in
phospholipid liquid crystal phases and targeting bilayer compositions for which maximum activ-
ity is observed in the experiments (6, 7). These works show that the bilayer membrane deforms
around the protein, and that both the protein and the membrane mutually adapt their structures.
These simulations indicate that the deformation of the phospholipid membrane may be compati-
ble with optimum pump activity. Although the specific details of the level of deformation of the
membrane and structural modifications of the protein are not fully established, it is known that
membrane proteins stop functioning when the protein is reconstituted in the phospholipid mem-
brane gel phase (5). Further investigations have also indicated that the experimental conditions, in
particular pH, play a significant role in determining protein activity, with the activity reaching a
maximum in the Ca2+ pump at pH = 7.5 (8). This behavior could be connected to the sensitivity of
the protonation states of the amino acids to pH conditions. In fact, a recent work on Ca2+-ATPase
has highlighted the sensitivity of Ca2+ binding to pH conditions (9).

In addition to the studies referred to above, the experiments by de Meis’s group (10–17) have
shown that Ca2+-ATPase dissipates heat, hence, at least under the experimental conditions, it is
an imperfect pump. Calorimetric measurements have shown that under working conditions the
protein might transport heat reversibly in addition to dissipating energy (11). This notion seems
to be compatible with recent experiments of ATPase reconstituted into vesicles, from which one
can infer the existence of temperature gradients of 104−105 K/m when the pump is under work-
ing conditions (18). These large gradients which involve modest temperature differences, ∼1 K
over micrometer length scales, could in principle drive interesting non-equilibrium effects in solu-
tion (19, 20).
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The experimental studies reported above have motivated a number of theoretical works aimed
at explaining the Ca2+ transport process using non-equilibrium thermodynamics theory (NET) (21,
22). One advantage of NET is that it provides a theoretical framework to rationalize the transport
process in terms of phenomenological coefficients, which can be measured using suitable experi-
ments. Kjelstrup et al. (23) performed such analyses. By interpreting experimental data by de Meis
and coworkers (10–17) it was shown that the magnitude of the phenomenological coefficients de-
pends on the protein isomorph, so that proteins present in white skeletal muscle and brown adipose
tissue are more efficient at releasing heat. Overall, experiments indicate that the hydrolysis of ATP
provides energy to transport ions, but there is evidence that ATPases are more effective transporters
when they are immersed in the “right” membrane and for certain initial conditions. The energy that
is not being utilized for the transport process is dissipated. Indeed, there is experimental evidence
that this transport and dissipation can lead to temperature gradients. In order to understand the
working conditions of these nanomachines and what makes them more or less efficient it is im-
portant to quantify this efficiency on thermodynamic grounds. We tackle this problem here with
the help of NET theory, which has been successfully employed recently to interpret experimental
data (23).

The paper is structured as follows. We first describe the ATPase system, and the necessary non-
equilibrium thermodynamics equations. We then analyze, using NET, the experimental results of
Caffrey and Feigenson (2) for the pump activity, and quantify the thermodynamic efficiency of the
pump as a function of the bilayer thickness. A section containing the main conclusions and final
remarks closes the paper.

2 The Ca2+-ATPase
Let us consider the Ca2+-ATPase protein embedded in the biological membrane of a vesicle, as
depicted in Fig. 1. The system consists of three parts (22): the external phase (out), the membrane
phase and the internal phase (in). The external and internal phases form the boundary conditions.
The membrane phase consists of a semi-permeable lipid bilayer with the embedded Ca2+-ATPase
and the adsorbed species: water, ions, and the reactants and products of the ATP-hydrolysis. The
hydrolysis of ATP is represented by (24, 25),

ATP+H2O 
 ADP+Pi, (1)

where ATP, ADP, Pi are, respectively, the sum of species of adenosine triphosphate, adenosine
diphosphate and inorganic phosphate. The energy from the ATP-hydrolysis can be used to ex-
change ions. The Ca2+-ATPase is electrogenic and counter-transports two to three H+ per two
Ca2+ (26, 27). However, the exchange of ions may still be electroneutral. The sarcoplasmic retic-
ulum membrane is highly permeable to K+ and this is the likely cause of a membrane potential
maintained near zero (28, 29). The membrane is also permeable to other ions, e.g. H+ (29, 30).
Tran et al. (31) have argued that the formation of a steady-state H+-gradient under biological
conditions is unlikely, since the sarcoplasmic reticulum vesicle membrane is highly permeable to
protons (32). Based on this, we neglect the membrane potential in our description, and assume
that there exist pathways (besides the active pumping) for transport of ions, making the operation
of the pump electroneutral. For simplicity, we assume that the electroneutrality is fulfilled by H+
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and we do not consider transport of other ions. Hence, we represent the exchange of ions by,

Ca2+(out)+2H+(in)
 Ca2+(in)+2H+(out), (2)

where “out” refers to the external phase (the cytosol) and “in” refers to the internal phase (the
lumen). A typical concentration difference corresponds to a 104 ratio of the calcium concentrations
in the lumen and cytosol (1). The exchange of two Ca2+-ions corresponds then to a Gibbs energy
of approximately 2×RT ln104 ≈ 47 kJ/mol at 37◦C if we assume that the pH is the same on both
sides.

Considering this and the Gibbs energy of the ATP-hydrolysis which is ∼ −50 kJ mol−1 for
physiological conditions (1), the net change in Gibbs energy is negative, and the pump should
transport calcium ions from the cytosol to the lumen at the expense of the ATP-hydrolysis. If only
one Ca2+ is transported, half the energy is dissipated. With a positive net change in Gibbs energy,
the pump will operate in the reverse direction and synthesize ATP molecules, using the energy
stored in the Ca2+ concentration gradient.

3 Non-equilibrium thermodynamic description of the system
Non-equilibrium thermodynamics describes the pump through the entropy production and a set
of equations relating the fluxes and driving forces. The steady-state operation of the ion pump is
described by the flux-force relations (22),

JCa2+ =−Ddr

[
1− exp

(
− ∆rG

RT out

)]
+Ddd

[
1− exp

(∆µCa2+/2H+

RT out

)]
−

D′dq

RT out

(
1− T out

T in

)
,

r =−Drr

[
1− exp

(
− ∆rG

RT out

)]
+Drd

[
1− exp

(∆µCa2+/2H+

RT out

)]
−

D′rq
RT out

(
1− T out

T in

)
,

J′out
q =−D′qr

[
1− exp

(
− ∆rG

RT out

)]
+D′qd

[
1− exp

(∆µCa2+/2H+

RT out

)]
−

D′qq

RT out

(
1− T out

T in

)
,

(3)

where JCa2+ is the flux of calcium ions, r is the rate of ATP-hydrolysis and and J′out
q is the heat flux

associated with a temperature gradient across the bilayer. Here, the fluxes are given as exponential
functions of the driving forces, as is typical for activated processes (33). The driving forces for the
reaction (−∆rG/T in) and the exchange of ions (−∆µCa2+/2H+/T in) are given by the Gibbs energy
of the ATP-reaction (see Eq. 1) is,

∆rG = µADP +µPi−µATP−µH2O, (4)

and the change in chemical potential on moving ions between the cytosol and lumen of the vesicle
(see Eq. 2),

∆µCa2+/2H+ = µ in
Ca2+−2µ in

H+−µout
Ca2+ +2µout

H+ . (5)

We will in the following refer to the force associated with the exchange of ions as an osmotic
force. The driving thermal force (1/T in− 1/T out) is given by the temperature difference over
the membrane. The driving forces for the reaction and the exchange of ions are evaluated at the
temperature of the lumen, T in (22). The entropy production, σ , is, (22)

σ =−r
∆rG
T in − JCa2+

∆µCa2+/2H+

T in + J′out
q

(
1

T in −
1

T out

)
, (6)
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where we note that the entropy production is still in a bilinear form even though the fluxes are non-
linear functions of the driving forces. This was also pointed out by Ross and Mazur considering
the entropy production of a chemical reaction (34).

The transport coefficients, Di j, describe the coupling between the forces and fluxes. The effi-
ciency of the pump to transfer calcium ions using the energy from the ATP hydrolysis is quantified
through the coefficients Ddr and Drd, which also describe the reverse situation, namely the synthe-
sis of ATP using the energy stored in the chemical potential gradient of the ions. The coefficients
D′qd and D′qr describe heat production due to the reaction or exchange of ions, while D′dq and D′rq
describes how a temperature difference can drive the reaction and exchange of ions. These coef-
ficients can be used to interpret non-shivering thermogenesis. The remaining coefficients Ddd, Drr
and D′qq describes the inter-diffusion of the ions, the coupling of the reaction rate to the Gibbs en-
ergy of the reaction and finally the thermal conductivity. Generally, the coefficients do not depend
on the values of the forces or fluxes but may depend on state variables, e.g., temperature. Onsager
reciprocal relations do not necessarily apply, but the coefficients are related. The origin of this,
is the coarse-graining on moving from the mesoscopic description to the macroscopic description:
Onsager relations apply on the mesoscopic scale, however integration over the internal mesoscopic
coordinates, yielding Eq. 3, leaves the transport coefficients asymmetric (22). Kjelstrup et al. (23)
described both experiments to obtain the coefficients and estimated these coefficients for different
isoforms of the Ca2+-ATPase pump.

The equations we have given are valid for a non-isothermal case. However, most experiments
of the pump are performed without considering possible heat effects. This can be justified by
estimating the contributions of the different terms of the entropy production. We do this in table 1.
We consider the data given for the reaction rate, flux of calcium ions and the heat flux in the
supporting information of Kjelstrup et al. (23). During operation, the interior of the vesicle may
cool, forming a temperature difference of 1 K over the vesicle (35). We see that in all cases, the
contribution from the heat flux is small compared to the contribution from the reaction rate. In
accordance with this, we will in the following neglect the contribution from the heat flux to the
entropy production, and we approximate T = T in ≈ T out.

In order to quantify the thermodynamic efficiency of the system, we consider the lost work
during the operation, Wlost, given by the Gouy-Stodola theorem (36),

Wlost = T σ , (7)

where the entropy production of the system now is, in accordance with our approximations,

σ =−r
∆rG
T
− JCa2+

∆µCa2+/2H+

T
. (8)

This expression was also derived by Caplan and Essig (37), considering the isothermal case and
linear regime. The maximum attainable work, Wideal, is given by,

Wideal =−r∆rG, (9)

and the efficiency, η , of the pump can then be defined as,

η =
Wideal−Wlost

Wideal
=
−r∆rG−T σ
−r∆rG

=
JCa2+∆µCa2+/2H+

−r∆rG
. (10)
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At reversible conditions, (−r∆rG = JCa2+∆µCa2+/2H+), η = 1, and the entropy production is zero.
Equation 10 defines the thermodynamic efficiency in terms of measurable quantities. Caffrey
and Feigenson (2) noted that the ratio JCa2+/r is “an index of the efficiency” of the transport
process. The calcium pump has two binding sites and can theoretically transport two calcium
ions per ATP hydrolyzed. A pump where JCa2+/r = 2 is referred to as a “tight pump”, whereas
a pump where JCa2+/r < 2 is referred to as a “slipping pump” (38). The slippage depends on the
driving forces; for larger forces (or rates), which correspond to larger entropy production, slippage
becomes more likely (21). When −∆rG ≈ 2∆µCa2+/2H+ , the ratio (JCa2+/r)/2 can be used to
estimate the efficiency, however, this approximation is not accurate in general.

3.1 Evaluation of the driving forces
In order to evaluate the efficiency, we need to calculate the fluxes and the corresponding driving
forces. We assume that the fluxes measured in the experiments (e.g. in reference (2)) represent
the average net fluxes for the duration of the experiment. During most experiments, calcium is
transported from the outside to the inside of the vesicles while ATP is hydrolyzed. Since the
concentration of the different species changes over time, we chose to calculate the driving forces
as time-averages over the duration of the experiments, ∆t (0.5 min in the experiments reported in
reference (2)).

3.1.1 The osmotic driving force

Initially, the amount of calcium on the inside of the vesicles, nin is zero while the amount of calcium
on the outside is nout

0 . We assume that the amount of calcium on the inside at any given time, t, is
given by the flux of calcium ions,

nin(t) = JCa2+×mP× t, (11)

where mP is the mass of protein in the solution, given by the volume of the solution, 0.25 mL,
and the density of reconstituted protein in the solution, 19.2 µg protein/mL (2). We note that a
deviation from the initial linear behavior of the Ca2+-uptake is expected for longer times 10-20 min
(see for instance Arruda et al. (15)). The amount of calcium on the outside is nout(t) = nout

0 −nin(t).
The osmotic driving force is calculated using Eq. 5 where we assume that the pH is identical on
both sides, (µ in

H+ ≈ µout
H+). Approximating the activities with concentrations we get,

∆µCa2+/2H+(t) = µ in
Ca2+−µout

Ca2+ = RT ln

[
Ca2+]in
[
Ca2+]out ,= RT ln

nin(t)/Vin

(nout
0 −nin(t))/Vout

, (12)

where Vin is the volume of the vesicle and Vout the volume of the solution. The volume of the
vesicles depend on the experimental conditions and also on the uptake of Ca2+. Beeler reported
values of order 1.1-7.4 µL/mg protein (39) for loaded vesicles. We choose to estimate the volume
of the vesicles as Vin = Vv×mP where Vv = 5 µL/mg protein (23). This value agrees with the
one that can be inferred from the vesicle diameters reported by Caffrey and Feigenson (2), and
the estimates of the surface concentration, 104 proteins/µm2, of proteins in cardiac sarcoplasmic
reticulum vesicles (40).
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Averaging over the duration of the experiment, ∆t (0.5 min (2)), we get

〈∆µCa2+/2H+〉
RT

= ln
Vout

Vin
+

1
∆t

∫ ∆t

0
ln

nin(t)
nout

0 −nin(t)
dt,= ln

Vout

Vin
+

1
f

ln(1− f )− ln(1/ f −1), (13)

where 0 < f = nin(∆t)/nout
0 < 1.

3.1.2 Evaluation of driving force for the reaction

The driving force for the reaction is calculated using,

∆rG = µADP +µPi−µATP−µH2O = ∆rG
+RT ln
aADPaPi

aATP
= ∆rG
+RT ln

[ADP] [Pi]
[ATP]

, (14)

where the activation coefficients have been included in the definition of ∆rG
. At the experimental
conditions (see Caffrey and Feigenson (2)), T = 298.15 K, pH = 7.5, pMg = 2.3 and ionic strength
of 66.3 mM, we find ∆rG
 =−32.61 kJ/mol, following the approach of Alberty (25) which gives
the Gibbs energy of the ATP-hydrolysis as a function of temperature, pH, pMg and ionic strength.

We evaluate the average driving force, using the averaged rate of hydrolysis, r, similarly to the
approach for the exchange of ions. In this case,

[ADP] = [Pi] =
n(t)
Vout

, [ATP] =
nATP,0−n(t)

Vout
, (15)

where,
n(t) = r×mp× t, (16)

and nATP,0 is the initial amount of ATP in the solution.
Averaging over the duration of the experiment, ∆t (0.5 min (2)),

〈∆rG〉
RT

=
∆rG


RT
+

1
∆t

∫ ∆t

0
ln

n(t)2

Vout(nATP,0−n(t))
dt,

=
∆rG


RT
+ ln

n(∆t)
Vout

−1+
1
f ′

ln(1− f ′)− ln
(
1/ f ′−1

)
,

(17)

where 0 < f ′ = n(∆t)/nATP,0 < 1.

4 Thermodynamic efficiency
We have calculated the entropy production and the thermodynamic efficiency (see table 2) of the
calcium pump embedded in membranes of different composition and thickness, investigated in the
experiments of Caffrey and Feigenson (2). Figs. 2 and 3 represent the entropy production and
the thermodynamic efficiency of the pump for the different experiments. We find that the driving
force for the reaction is large ∼ 80 kJ/mol (Eq. 17), while the osmotic driving force is smaller
(∼−10 kJ/mol) (Eq.13). We also find that −∆rG > ∆µCa2+/2H+ in all cases, giving a negative net
change in Gibbs energy for the whole process. In all cases (see table 2), JCa2+/r < 1, which means
that, on average, more than one ATP-molecule is needed to transport one calcium ion. This might
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be connected to the futile operation of the pump (ATP-hydrolysis without transporting calcium
ions), or leakage of calcium ions from the vesicle in such a way that ATP is not regenerated.
The leakage might proceed through pathways that do not involve Ca2+-ATPase (38). Ratios of
JCa2+/r close to 2 are, according to Berman (38), only observed when the concentration on the
inside of the vesicles are relatively small, below 50 µM (21). For comparison, all the averaged
concentrations we calculate are of the order 3−35 mM, which is much higher, pointing towards a
possible inhibitory effect of Ca2+.

The entropy production quantifies the amount of heat released during the pump operation.
Fig. 2 shows that the entropy production raises quickly from short,∼ 14, to long acyl chain lengths
∼ 18, and remains more or less constant for even longer acyl chains. We have compared the
heat production, estimated from NET and the experimental data, with different calorimetric ex-
periments, which provide estimates of the heat released during the pump operation (10–16). Our
estimate for the entropy production should be compared in the first instance with the calorimetric
experiments of ATPase extracted from white muscle, as these are the proteins used in the studies
of Caffrey and Feigenson (2). As shown in Fig. 2 our predictions using NET theory are in good
agreement with the direct measurements of heat dissipation.

We have applied our analysis to other ATPases extracted from different sources (see table 1
and Fig. 2 ). We find that the entropy production, or heat dissipation, features a strong dependence
with the ATPase source, being very small for red muscle and blood platelet ATPases.

The low values of JCa2+/r are reflected in the low efficiency calculated for the pump. As noted
previously, the slippage is expected to be bigger for larger forces, and our results for the efficiency
are consistent with the relatively large driving force for the reaction. Hence, larger slippage reduces
the efficiency. We also find that the efficiency is larger for acyl chain lengths in the range of 18−22
carbon atoms, which coincides with the maximum in the protein activity, measured in terms of
Ca2+ transport and ATP hydrolysis(2). The efficiency estimated from these experimental data is
surprisingly low, only ∼ 12%. We note that efficiency varies significantly for proteins extracted
from different sources (see table 1 and Fig. 2 ), and can even be lower than the one estimated above
for the white muscle case.

5 Conclusions and Final Remarks
Non-equilibrium thermodynamics theory provides a route to estimate the thermodynamic effi-
ciency of the Ca2+ pump by analyzing experimental data. The approach presented in this paper
requires information on Ca2+ flux and the ATP hydrolysis rate. Both quantities are experimentally
accessible. Using the experimental data in combination with NET equations it is possible to esti-
mate the pump efficiency and also the entropy production. The entropy production estimated from
our NET theoretical approach shows good agreement with the available calorimetric experiments,
which gives us confidence on the approximations used in our derivation.

One objective of our work was to estimate the thermodynamic efficiency of the Ca2+-ATPase
as a function of the structure of the supporting membrane. Previous experimental studies using
phospholipid vesicles of different compositions have indicated that the pump activity strongly de-
pends on the bilayer thickness (2). This activity reaches a maximum for phospholipid acyl chain
lengths between 18 and 20 carbon atoms. We find that the thermodynamic efficiency also reaches
a maximum for this interval of acyl chain lengths, with a concomitant increase in heat dissipation
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(entropy production). We find that ATPases extracted from white muscle lead to higher entropy
production, and heat dissipation, but also higher thermodynamic efficiency.

Interestingly we have found that the thermodynamic efficiency is very low for all the cases we
have analyzed. The efficiency for ATPases extracted from different sources, white and red muscle,
or blood platelets never reaches values above 13%. This is a remarkably small value for the effi-
ciency of a pump, or a nanopump in our case. We note however that the low efficiency we have
estimated here might be affected by the experimental conditions. In a biological environment the
ATPase protein might operate under stationary conditions with large Ca2+ concentration gradients.
In the experiments analyzed in this article the concentration inside the vesicles might reach large
values, > 1 mM, large enough to inhibit the functioning of the pump. The concentration gradients
under optimal biological conditions are estimated to be very high, 40000:1 (see Møller et al. (41)).
Considering this concentration gradient and ratios JCa2+/r ∼ 2, it is easy to see that the thermo-
dynamic efficiency of the pump might increase significantly (42). We point out however that the
efficiency will depend strongly on variations in the Ca2+ gradient magnitude, as can be inferred
from the strong dependence of the ATPase turnover activity with Ca2+ uptake (see Møller et al.
(41)).

The efficiencies obtained here for Ca2+-ATPase are far from efficiencies reported recently for
ATP fueled rotary nanomotors, where values near “100%” have been suggested (43). As shown in
our work the efficiency of ATPase nanomachines is very sensitive to the experimental conditions,
and significant dissipation may occur during the nanomachine operation. Hence, we expect that
very high efficiencies would be unlikely. Indeed the from the analysis of experimental data of
kinesin, a motor protein powered by the hydrolysis of ATP, one can infer much lower efficiencies,
∼50% (44, 45). Other studies have reported even lower efficiencies for brownian motors (46).

Finally, we note that the approach presented here is general and might be used to estimate the
thermodynamic efficiencies, and estimate the heat dissipation of other nanomachines that use ATP
as fuel to drive ion transport.

A.L. would like to thank The Faculty of Natural Sciences and Technology, NTNU, for a PhD scholar-
ship. F.B. would like to thank EPSRC for the award of a Leadership Fellowship. J.M.R would like to thank
support from ICREA Academia Program.

A Uncertainties
We calculated the entropy production and efficiency as a function of the bilayer length using Eqs. 8, 10, 13
and 17 and the experimental data of Caffrey and Feigenson (2). By considering propagation of errors (47),
we estimate the uncertainties in the entropy production, εσ , and efficiency, εη , by

ε2
σ =

(rε∆rG

T

)2
+

(
∆rGεr

T

)2

+

(∆µCa2+/2H+εJCa2+

T

)2

+

(
JCa2+ε∆µCa2+/2H+

T

)2

,

(
εη

η

)2

=

(εJCa2+

JCa2+

)2

+
(εr

r

)2
+

(
ε∆rG

∆rG

)2

+

(
ε∆µCa2+/2H+

∆µCa2+/2H+

)2

,

(A.1)

where εJCa2+ , εr, ε∆rG and ε∆µCa2+/2H+ are the uncertainties in JCa2+ , r, ∆rG and ∆µCa2+/2H+ respectively.
Unfortunately the reported JCa2+/r values (2) are given without uncertainties. In order to comment on
the uncertainties in our calculated values, we assume the uncertainties in these fluxes to be of order 10%.
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Further, we assume that the uncertainties in the concentrations in the assay medium are negligible. Based
on this, we then neglect the contribution to the uncertainties from the estimation of the driving force of
the reaction. We estimate the uncertainty in the driving force for the exchange of ions as arising from the
uncertainty in the vesicle volume. By considering different vesicle volumes as reported by Beeler (39) we
estimate this uncertainty to be of order 20% of the calculated driving force in all cases. On calculating the
uncertainties in the efficiency and entropy production we obtain uncertainties ≈ 30% for the efficiency and
≈ 10% for the entropy production.

We note that the assumption of ideal solutions in connection with the exchange of ions (see Eq. 13)
corresponds to neglecting a contribution to the driving force of size RT lnγout

Ca2+/γ in
Ca2+ , where γ l

Ca2+ denotes
the activation coefficient for Ca2+ in phase l. By considering the Debye-Hückel law we estimate this con-
tribution to the driving force to be of order |RT lnγout

Ca2+/γ in
Ca2+ |< 1 kJ/mol. This is < 10% of the calculated

driving force in all cases. This is a systematic error and will not alter the calculated values significantly, i.e.
the error associated with the vesicle volume is larger.
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Tables

Source Entropy production /
of µJ/mg protein×min×K
protein σr σ∆µ σq η
WM 285±20 −35±4 1.82±0.13 0.12±0.02
BAT 60±9 −4.0±0.6 0.68±0.14 0.067±0.014
RM 52±9 −6.0±0.6 0.063±0.011 0.12±0.02
BP 10±2 −1.0±0.2 0.017±0.002 0.13±0.03
WM-HSR 540±50 −14±2 0.07±0.05 0.026±0.004

Table 1: Estimation of entropy production for experiments of Ca2+-ATPases taken from vari-
ous sources: white muscle (WM) (11, 15, 16), brown adipose tissue (BAT) (14, 16), red muscle
(RM) (15), blood platelets (BP) (48, 49) and white muscle heavy fraction (WM-HSR) (17). In
the experiments, the initial rates for ATP hydrolysis, Ca2+-transport and heat were measured.
We have used the calculated fluxes and forces given in the supporting information of Kjelstrup
et al. (23). The assay medium consists of (23): 50 mM Mops/Tris buffer (pH = 7.0), 100 mM
KCl, 1 mM ATP, 10 mM Pi, 2 mM MgCl2 10 µM CaCl2 and 5 mM NaN3. The free Ca2+-
concentration were 5 µM and the temperature was 35◦C. We refer to the supporting informa-
tion of Kjelstrup et al. (23) and references therein for further details regarding the experiments.
The driving forces for the experimental conditions are ∆rG = −46 kJ/mol (23). Note that the
change in Gibbs free energy of the ATP hydrolysis does not correspond to physiological condi-
tions in these experiments. The concentration on the inside of the vesicles reach the mM range
a few seconds after transport is initiated (15), and this corresponds to a concentration ratio of
order 104. We use this value to estimate the change in chemical potential on moving the ions,
∆µCa2+/2H+ = 24 kJ/mol. We estimate the thermal driving force as a temperature difference of 1
K at 35 ◦C: (1/T in− 1/T out) ≈ (1/307− 1/308) K−1. For brevity we define σr ≡ −r∆rG/T in,
σ∆µ ≡−JCa2+∆µCa2+/2H+/T in and σq ≡ J′out

q (1/T in−1/T out) for the different contributions in the
table headings. The uncertainties were calculated from the reported uncertainties in the experi-
ments, as shown in appendix A for the efficiency.
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Phosphatidylcholine Acyl chain JCa2+/r Entropy production (Eq. 8)/ Efficiency
type length (µJ/mg protein×min×K) (Eq. 10)
Myristelaidic 14 0.75 11.9±1.3 0.048±0.012
Myristoleic 14 0.50 40±4 0.046±0.011
Palmitelaidic 16 0.20 220±20 0.026±0.006
Palmitoleic 16 0.43 180±20 0.064±0.016
Elaidic 18 0.36 270±30 0.057±0.014
Linoleic 18 0.39 320±30 0.067±0.016
Oleic 18 0.38 290±30 0.063±0.015
Petroselaidic 18 0.37 180±20 0.052±0.013
Vaccenic 18 0.33 320±30 0.055±0.013
Eicosenoic 20 0.66 200±20 0.11±0.03
Erucic 22 0.52 300±30 0.09±0.02
Nervonic 24 0.30 156±17 0.040±0.009

Table 2: The calculated entropy production and efficiency for the calcium pump embedded in vesi-
cles of different phosphatidylcholine type, using the experimental data of Caffrey and Feigenson
(2). The ratios of the flux of calcium ions to the rate of the hydrolysis reaction (JCa2+/r) given in
this table are reproduced from Caffrey and Feigenson (2). The maximum value for this ratio is 2
since the calcium pump has two binding sites. The uncertainties were estimated as described in
appendix A.
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Figure Legends
Figure 1.

Sketch of the Ca2+-ATpase protein embedded in a vesicle/phospholipid membrane. The Ca2+-ATPase is
drawn in dark color (blue) and the bilayer in light color (gray). The top figure shows the vesicle where, for
clarity, the size of Ca2+-ATPase has been exaggerated and only one protein is shown. The bottom picture
is an enlarged version where the arrows illustrate the direction in which the ions are transported under the
normal operation of the pump. The positive direction for transport is from the external phase (cytosol/out)
to the internal phase (lumen/in).

Figure 2.

The entropy production (circles) of the system as a function of acyl chain length, calculated using Eq. 8
and the experimental data of Caffrey and Feigenson (2), as listed in table 2. The uncertainties have been
estimated as explained in appendix A. The average values (squares) are calculated for each chain length and
are connected with a dashed line. The horizontal lines represents the estimates of the entropy production
for the ATPases listed in table 1. From top to bottom: white muscle heavy fraction, white muscle (solid
line), brown adipose tissue, red muscle and blood platelets. We note that the experiments by Caffrey and
Feigenson (2) were carried out at room temperature, while the experiments listed in table 1 were carried out
at 35◦C.

Figure 3.

The efficiency (circles) of the system as a function of acyl chain length. The efficiencies are calculated using
Eq. 10 and the experimental data of Caffrey and Feigenson (2) and are listed in table 2. The uncertainties
have been estimated as explained in appendix A. The average values (squares) are calculated for each chain
length and are connected with a dashed line.

16



External phase 

(Cytosol/out)

Internal phase 

(Lumen/in)

Membrane

domain

Ca2+

H+

Internal phase 

(Lumen/in)

External phase 

(Cytosol/out)

Figure 1:

17



12 14 16 18 20 22 24
Acyl chain length (no. of carbon atoms)

0

100

200

300

400

500

600
E

nt
ro

py
pr

od
uc

tio
n

/µ
J/

(m
g

pr
ot

ei
n
×

m
in
×

K
)

Figure 2:

18



12 14 16 18 20 22 24
Acyl chain length (no. of carbon atoms)

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16
E

ffi
ci

en
cy

Figure 3:

19


