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Summary

The metallurgical industry is power intensive and produces not only metals but
also large amounts of excess heat. To increase the energy efficiency in this industry
is thus of major interest, from both an environmental and an economical point of
view.

Exergy analyses were carried out for two industrial silicon furnaces (A and B), in
operation at two different plants, and for a theoretical description of the silicon
furnace. Furnace A was evaluated for two choices of carbon raw material mixtures
and furnace B was assessed in the absence and presence of power production from
waste heat in the off-gas system. The theoretical process was used to estimate what
high exergy efficiency means in numbers and to explore the characteristics of the
exergy flow in such an ideal process.

The overall exergy efficiencies were 0.30-0.33 for the industrial silicon furnaces with
no power recovery. For furnace B, the overall exergy efficiency was estimated to
increase from 0.33 to 0.41 with power recovery from thermal energy in the off-
gas. The silicon yield exergy indicator is a measure for the performance of furnace
operation that coincides with the specific power consumption. The theoretical
process provides the upper limit of 0.51 for this indicator while for the industrial
furnaces (no power recovery) values were 0.38-0.41. Additional exergy introduced
as volatiles and through the consumption of electrodes accounted for 8-11 % of
the total exergy destruction in the industrial silicon furnaces. Exergy destruction
due to combustion of by-product gases, exergy lost with the furnace off-gas and
ohmic losses in the power supply system were other major contributors to the
thermodynamic inefficiency of silicon furnaces.

Thermoelectric generators are scalable, simple and adaptable systems for power
generation from various heat sources. A 0.25 m2 thermoelectric generator (TEG),
based on bismuth-tellurium technology, was constructed and implemented at a
silicon plant to study power generation from heat available during casting of silicon.
The on-site measurements and a mathematical model were combined to explore the
potential further. The measured peak power was 160 W m−2 and the corresponding
maximum temperature difference across the modules was 100 K. For a twofold
increase of the heat transfer coefficient on the cold side, and by moving the generator
closer to the heat source, the power output was predicted to reach 900 W m−2.
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By tailoring the design of the TEG to the conditions encountered in the industrial
facility, it is possible to generate more power with less thermoelectric material.
Guidelines were provided on how to design thermoelectric systems to maximize the
power generation from waste heat released from silicon during casting.

Electrochemical cells with molten carbonates and gas electrodes were studied the-
oretically and experimentally for recovery of heat in the temperature range 400-
800 ◦C. The theory of non-equilibrium thermodynamics was used to describe the
energy conversion in the system. The measured Seebeck coefficients of these cells
were in the range 0.88 to 1.25 mV K−1. The larger value applies to a nearly equimo-
lar mixture of lithium and sodium carbonate in dispersion with magnesium oxide.
These cells can also exploit off-gases with concentration of carbon dioxide different
from air, by adding a concentration cell operating on off-gases and air. The series
construction has the potential to offer a power density at matched load conditions
in the order of 0.5 kW m−2.

The exergy analyses mapped the current status of the major exergy flows, exergy
destruction and exergy losses in the silicon furnaces. These analyses quantified
the potential for (thermodynamic) improvements, contributed to the fundamental
understanding of energy conversion in the silicon furnaces and gave estimates for
upper limits to exergy efficiency in this process. Thermoelectric generators are a
class of systems with potential for recovery of heat from metallurgical processes.
The cheap materials and the large Seebeck coefficient, in combination with a good
overall electric conductivity, make the molten carbonate cells suitable candidates
for electrochemical energy conversion in the future.
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Chapter 1

Introduction

Metals are an integrated part of modern living being as critical to the society as
secure access to energy resources. The production of metals requires high inputs of
energy and mineral resources, which are both associated with significant environ-
mental impacts [1]. Besides, the intensive use of natural resources threatens the
security of supply which is a growing concern [2]. Energy efficiency is high on the
political agenda as one cost-effective measure both to meet future energy demand
and energy security, and to mitigate climate changes [3]. For instance, the target of
the European Union to increase the energy efficiency by 20 % by 2020 in all sectors
is well known [4]. To set a realistic target for improvement in energy efficiency
for a process requires a fundamental understanding of the energy conversion taking
place in the process. The theory of non-equilibrium thermodynamics provides a tool
to describe energy conversion in a system, from the molecular/atomic scale and up
to the process plant, and can be used to assess the potential of process improvements
as well as for design of new equipment.

1.1 The Norwegian metallurgical industry

The metallurgical industry in Norway dates back to the 17th century when the
first ironworks were established, and copper, silver and gold were mined [5]. The
introduction of electrical power in the beginning of the 20th century, combined
with good access to hydro power, laid the foundation for the modern metallurgical
industry. Today, the Norwegian metallurgical industry has a strong global position,
both in terms of technology and market [6].

Metals1 produced in Norway go into a wide range of end products that can be
categorized into the three main areas shown in Table 1.1. The alloys and ferroalloys

1Strictly speaking, silicon is not a metal but a semi-metal as it lacks free electrons in its pure
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2 Introduction

Table 1.1: The metals produced in Norway and its main application areas. This table is
reproduced from [6].

End use Material

Construction materials aluminum, iron, steel

Alloys and ferroalloys ferrosilicon, silicon, aluminum, manganese alloys, ferronickel

Functional materials silicon, silicon carbide, titanium dioxide, zinc

are elements that modify the properties of the construction materials aluminum,
iron and steel. For example, silicon significantly improves the hardness and thus the
wear-resistance of aluminum. The use of silicon as an alloying element consumes
about 50 % of the global production of silicon. The remaining goes into the chemical
industry (45 %) and the electronic and solar industry (5 %) [7].

Despite being a small country, Norway is a significant producer of many metals on
the global arena (see values in Table 1.2). For example, Norway produced 7 % of
the global production of silicon in 2012. In comparison, Norway produced 2.1 %
and 3.2 % of the world total of crude oil and natural gas, respectively, in 2013 [8].
The metallurgical industry played an important role in building the Norwegian
welfare state and also contributes to this today. In 2014, export of metals and
manufactures of metals constituted 16 % of Norway’s export value of mainland
export (excluding export of crude oil, natural gas, natural gas condensates, ships
and oil platforms) [9].

Table 1.2: The production of some metals in Norway in 2012 [10].

Metal metric tons/year share of global production (%)

Silicon (Si) 150 000 7

Ferrosilicon (FeSi) 220 000 3

Ferromanganese (FeMn) 325 900 5

Silicomanganese (SiMn) 271 400 2

Aluminum (Al) 1 145 000 3

Nickel (Ni) 91 687 11

Zinc (Zn) 152 647 3

The metallurgical industry is power intensive and produces not only metals but
also large amounts of excess heat. Over the last 20 years, the total electric power
consumed by this industry has been relatively constant (see Fig. 1.1) accounting
for 20-25 % of the total electric power consumption in Norway [11]. To produce

state. However, it has many metallic properties and it is often referred to as silicon metal. That
convention was adopted throughout this work.
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Figure 1.1: The total consumption of electric power in Norway and the amount consumed
by the metallurgical industry in the period 1993-2013 [11].

most of the metals shown in Table 1.1, there are no alternative to electric power
(per today) [6]. The electric power makes up a considerable amount of the total
production cost, so electric energy prices and measures to reduce the specific power
consumption are important for this industry. In the conversion of raw materials to
the product metal, considerable amounts of heat is produced which is a fundamental
part of these processes. For instance in the silicon furnace, which is the focus of
this thesis, around 70 % of the total energy supplied to the furnace is converted to
thermal energy leaving the process in various forms and at various temperatures. To
recover some of this heat can improve the overall energy efficiency and this concept
is fully recognized by the industry. For instance the off-gas from the silicon furnace
is suitable for recovery by a steam-turbine system and several plants utilize this
today (640 GWh electric power in total from the ferrosilicon and silicon industry in
Norway [12]). Globally, however, less than 5 % of the silicon is produced in plants
with co-generation of power.

1.2 Energy efficiency and dissipation of energy

Energy efficiency is widely recognized as a cost-effective measure both to promote
sustainable development and to increase the economic competitiveness of a process.
In general, energy efficiency refers to using less inputs of energy to produce the
same amount of products or services [13]. A number of energy efficiency indicators
exist and the exact meaning of the energy efficiency measure may vary and depend
on the context [14]. In thermodynamics2, definitions of energy efficiency can be
categorized into two categories; those based on the first law or those based on both
laws of thermodynamics [15].

2The field of thermodynamics deals with the conversion of energy between different forms.



4 Introduction

All energy conversion is ruled by the two laws of thermodynamics. The first law
states that energy is conserved in any process, it only changes form. The second law
states that the quality of the energy is always reduced when converting the energy
from one form, or state, to another due to irreversibilities (energy dissipation) in
the process. The second law introduces a quality scale for energy that ranks the
energy in terms of work equivalents. Heat is for instance lower on the scale than
electrical energy, with high temperature heat being higher on the scale than low
temperature heat.

First law analyses give an overview of the amount of and in which forms energy
enters and leaves the process. We consider all energy forms on an equal footing,
meaning that this type of analysis does not distinguish high-quality electrical en-
ergy from low-temperature heat. The energy balance of a process alone gives no
information on energy quality or on dissipation of energy. First law efficiencies
measure the conversion of energy from one form to another, and measure the losses
in efficiency due to losses of energy from the process [14]. For instance, electric
work used to heat water (like in an electric kettle) has a high conversion efficiency,
because heat is well transferred between the coil and the water, and almost all
electric energy is used to heat the water [15]. However, it is easy to convert 1 kWh
of electric energy to 1 kWh of heat, but the opposite is not possible. This is not
revealed by first law efficiencies and these are therefore inadequate to characterize
the resource utilization in a process. Still, in engineering communities it is common
to use first law analyses to evaluate processes.

When we combine the first and the second law, we take the quality of the energy
and material streams into account by using the work equivalent, or exergy [16], of
all the forms of energy input and output in the process [17]. The work potential is
reduced in all real processes while it stays unchanged in an ideal process. Exergy
analysis makes it possible to calculate and locate the source of irreversibilities and
losses in a process. As will be illustrated for the silicon furnace in Chapters 3 and
4, exergy analysis provides a better assessment compared to the energy analysis
of how we utilize our resources and of how we can improve the (thermodynamic)
performance of a process. Efficiencies based on both laws of thermodynamics enable
us to rank different technologies and to visualize how well we utilize the resources.
These efficiencies are often referred to as exergy efficiencies, second law efficiencies
or the thermodynamic efficiency. Exergy efficiency as a performance indicator for
the silicon furnace will be discussed in Chapter 4.

In the exergy analysis, we consider a balance around a process unit and it is thus
a black box approach. Chapter 2 explains how non-equilibrium thermodynamics
can be used to understand the origin of the energy dissipation on a local level
and how this is linked to the exergy analysis. When we combine the first and the
second law we are in a better position to understand the true potential for process
improvements. Moreover, it can contribute to create public awareness of how we
exploit our common resources.
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1.3 Energy recovery

Exergy in waste streams represent opportunities to enhance the overall resource
utilization of a process. In practice, however, and provided that we have access to
a suitable technology, we will only be able to extract a fraction of the exergy. As
will be illustrated in Chapter 3, exergy recovery from thermal energy in the off-gas
from a silicon furnace can enhance the exergy efficiency of this process significantly.
Chapters 5 to 8 discuss thermoelectric generators for power generation from other
heat losses in the metallurgical industry.

Heat is abundant in our society, both from natural processes and as a by-product
from human activity, because energy is easily converted to heat. The work available
in the heat (EQ) depends on the amount of heat Q, the temperature of the heat
Ti and the temperature in the surroundings T0 [16]:

EQ = Q

(
Ti − T0

Ti

)
(1.1)

The temperature values are in Kelvin and the temperature ratio is also known
as the Carnot-factor. Today, the major part of the global production of electric
power involves conversion of heat to power and several technologies exist to produce
electric power from heat.

Heat engines convert heat into mechanical work which subsequently can be con-
verted to electric power via a generator. Figure 1.2a illustrates the principal com-
ponents of a heat engine. In these systems, a working fluid circulates through the
series of four interconnected components and the working fluid undergoes a ther-
modynamic cycle [18]. Heat is transferred to the fluid in the evaporator. The fluid
at elevated temperature and pressure expands through the turbine to produce work
and is then discharged to the condenser at relatively low pressures where heat is
transferred from the working fluid. The turbine is connected to an electric gen-
erator. The fluid is pumped back into the evaporator and undergoes the process
again. In general, the characteristics of the working fluid determine the operating
conditions [18–21]. Today, systems using water/steam as the working fluid are used
to recover thermal energy in off-gases from silicon furnaces [22,23].

The thermoelectric generators represent another class of systems for conversion of
heat into electricity. These generators are simple, robust and scalable systems for
electric power generation from various heat sources. Figure 1.2b shows a basic unit
in a thermoelectric system based on two conductors. The thickness of the system
can be a few millimeters and thus these systems are in principle compact compared
to the bulkier heat engine systems. These systems generate a voltage (∆φ) when a
temperature difference (TH − TC) exists across the device due to coupling between
heat and charge transport in the system. The voltage is proportional to the tem-
perature difference; the proportionality constant is called the Seebeck coefficient.
In Chapter 2, it is shown why non-equilibrium thermodynamics is essential to de-
scribe energy conversion in systems with coupling among fluxes. Thermoelectric
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a) 
b) 

Figure 1.2: Illustration of a) the principal components of a power cycle b) the basic unit
in a thermoelectric generator consisting of two conductors A and B.

generators based on established semiconductor technology are discussed for possi-
ble recovery of heat released during casting of silicon in Chapters 5 and 6. The
Seebeck coefficient is a key-parameter in thermoelectric energy conversion and it is
studied for cells with molten carbonates in Chapters 7 and 8.

1.4 Objectives and outline of the thesis

The two main objectives of this thesis are to 1) contribute to the fundamental
understanding of energy conversion and the upper limit for exergy efficiency in
the silicon furnace and to 2) study thermoelectric generators for alternative use of
waste heat available from metallurgical processes.

This thesis is a collection of 6 publications which are included as Chapter 3-8, the
publications are listed in Section 1.5.

The theory of non-equilibrium thermodynamics can be used to describe the energy
conversion in any system from the molecular to full scale. Chapter 2 outlines the
basic principles of the theory of non-equilibrium thermodynamics. It is shown how
the local dissipation of energy is linked to the exergy destruction determined from
an exergy analysis, and the exergy efficiency is defined. Next, it is explained how
the theory can be used to describe energy conversion in thermoelectric systems
(coupling) and to design well defined experiments.

Chapters 3 and 4 present exergy analyses of different silicon furnaces. These analy-
ses give insight to exergy flows, exergy consumption, exergy destruction and exergy
losses for this process. The outcome is used to discuss causes for energy dissipa-
tion in this process, performance improvements and to study what a high efficiency
means in numbers for this process. Chapter 3 evaluates the effect of additional
power production from thermal energy in the off-gas and use a simplified descrip-
tion of the process to explore what a high efficiency means in numbers as well
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as to examine the characteristics of exergy flow in this ideal process. The topic
of Chapter 4 is a discussion on possible exergy-based performance indicators for
silicon furnaces. The overall purpose of these chapters is to contribute to the first
thesis objective.

Chapters 5 and 6 discuss how thermoelectric generators (TEGs) can be used to
generate electric power from heat available during casting of silicon. Chapter 5 gives
the details of a 0.25 m2 TEG based on commercially available BiTe-thermoelectric
modules and the results from laboratory measurements. In Chapter 6 experiments
performed in the casting area of a silicon plant is combined with mathematical
modeling to investigate the potential of this technology for power generation from
heat available from casting of silicon.

In Chapters 7 and 8, cells with molten carbonates are evaluated, experimentally
and theoretically, as candidate systems for thermoelectric power generation from
heat at temperatures relevant for the metallurgical industry. The prospects of large
Seebeck coefficients combined with potentially cheap and environmentally friendly
materials, compared to the established semiconductor technology, motivates these
studies. One aim is to contribute to systematic knowledge of the Seebeck coefficient
of electrochemical cells. The theory of non-equilibrium thermodynamics is used to
establish the transport equations and the expression for the Seebeck coefficient.
This is used to interpret the experimental results.

The concluding remarks in Chapter 9 sum up the present work and give suggestions
for further work.

1.5 List of publications

Papers 1-6 listed below are included as Chapters 3-8 in this thesis. Papers 1-2 and
5-6 have been published in international peer-review journals. Paper 3 has been
published as a conference proceeding and paper 4 is in preparation and has been
included as a manuscript.

Paper 1. M. Takla, N.E. Kamfjord, H.Tveit and S. Kjelstrup. Energy and exergy
analysis of the silicon production process. Energy. (2012) 58:138–146.

Paper 2. M.T. Børset, L. Kolbeinsen, H. Tveit and S. Kjelstrup. Exergy based
efficiency indicators for the silicon furnace. Energy. (2015) 90:1916-1921

Paper 3. M. Takla, O. Burheim, L. Kolbeinsen and S. Kjelstrup, A solid state
thermoelectric power generator prototype designed to recover radiant waste
heat. Energy Technology 2012: Carbon Dioxide Management and Other
Technologies. (2012) 101-108.
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Paper 4. M.T. Børset, Ø. Wilhelmsen, S. Kjelstrup, O. Burheim. Thermoelectric
power generation in metal casting explored through on-site experiments and
simulations. To be submitted

Paper 5. M.T. Børset, X. Kang, O.S. Burheim, G.M. Haarberg, Q. Xu, S. Kjel-
strup. Seebeck coefficients of cells with lithium carbonate and gas electrodes.
Electrochimica Acta. (2015) 182:699-706

Paper 6. X. Kang, M.T. Børset, O.S. Burheim, G.M. Haarberg, Q. Xu and S.
Kjelstrup. Seebeck coefficients of cells with molten carbonates relevant for the
metallurgical industry. Electrochimica Acta. (2015) 182:342-350

All the work above have also been presented at international conferences and at
meetings where industry partners attended.

Additional publications

Paper R. Skorpa, M. Voldsund, M. Takla, S. K. Schnell, D. Bedeaux and S.
Kjelstrup. Assessing the coupled heat and mass transport of hydrogen through
a palladium membrane. Journal of Membrane Science, (2012) 394–395:131–
139.

Book Chapter S. Kjelstrup, M. Voldsund and M. Takla. Towards a more
resource-efficient society–The concept of exergy. In R.H. Gabrielsen and J.
Grue (eds.), Norwegian energy policy in context of the global energy situa-
tion, pages 117-126. Novus forlag, 2012

1.5.1 Contributions to the papers

Paper 1. Energy and Exergy analysis of the silicon production process
M.T. Børset performed the exergy analyses of both the industrial furnace
and the theoretical case and wrote the paper. The energy analysis for the
industrial furnace was established by N.E. Kamfjord and his collected data
was used as input to the exergy analysis. All co-authors contributed by
thoroughly reading and commenting the manuscript and through scientific
and process (N.E. Kamfjord and H. Tveit) related discussions.

Paper 2. Exergy based efficiency indicators for the silicon furnace
M.T. Børset established the exergy analyses and wrote the paper. All co-
authors contributed to the final product through discussions around the prob-
lem formulation and by critically reading and commenting on the manuscript.

Paper 3. A solid state thermoelectric power generator prototype designed to
recover radiant waste heat
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M.T. Børset followed up the construction of the prototype, performed the
experiments and wrote the paper. O.S. Burheim and L. Kolbeinsen assisted
in the planning of the experiments. All co-authors contributed by reading
and commenting on the manuscript.

Paper 4. Thermoelectric power generation in metal casting explored through on-
site experiments and simulations
M.T. Børset performed the measurements, modeling work and was the lead
author of the manuscript. Ø. Wilhelmsen contributed to establish the model
and to implement the model in Matlab and engaged in problem formulation
together with O.S. Burheim. O.S. Burheim has written parts of the intro-
duction. All authors contributed by thoroughly reading and commenting the
manuscript.

Paper 5. Seebeck coefficients of cells with lithium carbonate and gas electrodes
This article is a result of a Norway-China collaboration project funded by the
Research Council of Norway. M.T. Børset has been the lead author of this
article and has established the theoretical description of the cell. S. Kjelstrup
has written parts of the article and was engaged in the theoretical description.
All measurements were performed by X. Kang during his nearly two-year long
stay at NTNU. M.T. Børset was involved in the start-up of the experiments
and after that in the experimental design. All co-authors contributed to the
scientific discussion and by commenting on the manuscript.

Paper 6. Seebeck coefficients of cells with molten carbonates relevant for the
metallurgical industry
The same as for paper 5.





Chapter 2

Non-equilibrium
thermodynamics–
available for use on multiple
scales

All processes, either on the nano-scale or on the industrial-scale, are systems that
are out of global equilibrium. Non-equilibrium thermodynamics provides a versatile
and robust tool for the description of transport processes in these systems. The ex-
pression for the entropy production gives a local description of the energy dissipated
in a system, and together with the accurate transport equations, this makes up a
rigid framework well suited to understand the fundamentals of energy conversion in
systems out of global equilibrium. This chapter is based on the Refs. [24,25] unless
otherwise stated.

2.1 The basics of non-equilibrium thermodynam-
ics

The theory of non-equilibrium thermodynamics deals with energy conversion at
the local level. The local level is a volume element of size chosen so that the Gibbs
equation remains valid, i.e. it is assumed local equilibrium. In this theory, the
second law is reformulated in terms of the local entropy production in the system
(σ). The entropy production is given by the product sum of so-called conjugate

11
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fluxes and thermodynamic forces, Ji and Xi, in the system:

σ =

n∑
i=1

JiXi ≥ 0 (2.1)

For all real (irreversible) processes σ > 0. Examples of conjugate fluxes and forces
are: the heat flux J ′q and the thermal force Xq = ∂(1/T )/∂x and the mass flux Jj

and the chemical forceXk = −(1/T )(∂µk,T /∂x). The T is the absolute temperature
and the µk,T is the chemical potential of component ‘k’ evaluated at constant
temperature. Each flux in Eq. (2.1) is a linear combination of all forces in the
system:

Ji =
∑

j

LijXj (2.2)

where the L-coefficients are phenomenological coefficients, also known as the On-
sager coefficients. The Onsager coefficients describe the contribution from each
force to each flux in the system and the Onsager reciprocal relations

Lij = Lji (2.3)

apply. Non-equilibrium thermodynamics provides an explicit expression of the lo-
cal energy dissipation, or entropy production (Eq. (2.1)), and introduces coupling
among fluxes through Eq. (2.2). Coupling means that transport of heat will take
place in a system not only when a temperature gradient is present inside the sys-
tem, but also in the presence of other gradients, such as gradients in electric- or
chemical potential. Section 2.2 discusses how σ relates to the exergy destruction
and the exergy efficiency determined from an exergy analysis, which are the topics
of Chapters 3 and 4. Thermoelectric generators, which are discussed in Chapters 5-
8, convert heat to electric energy (or vice versa) due to coupling between fluxes of
charge and heat in charge conducting systems. Section 2.3 considers transport of
heat and charge in a conductor to illustrate how the flux equations established from
the theory of non-equilibrium thermodynamics can help to describe well defined ex-
periments for transport properties. The transport properties give information on
a system’s ability to convert energy.

2.2 Energy dissipation, entropy production and
energy efficiency

Non-equilibrium thermodynamics deals with energy conversion on a local level in
a system. All real (irreversible) processes have σ > 0 and σ then describes the
dissipation of energy on a local level. The link to the exergy analysis and the exergy
destruction on a system level is obtained by integration of σ to the system level,
e.g., an industrial process like the silicon furnace. The total entropy production in
a system is the integral of σ, Eq. (2.1), over the system’s volume V :

dSirr

dt
=

∫ V

0

σdV (2.4)



2.2. Energy dissipation, entropy production and energy efficiency 13

Process 

∆𝑈 =  𝑈out − 𝑈in 

𝑈in 𝑈out 

𝑊 
𝑞0 

𝑇0, 𝑝0 

Figure 2.1: A process that operates within the environment at a given composition,
constant temperature T0 and constant pressure p0. The process materials entering and
leaving have internal energies Ui, heat q0 leaves the process and work w is added to the
process.

Consider the process illustrated in Fig. 2.1. This process is a system that transforms
the raw materials into the product, like for instance in the silicon furnace. To see the
link between the exergy analysis and the entropy production, the system is analyzed
for a time interval ∆t using the first law of thermodynamics in combination with
the classical formulation of the second law of thermodynamics.

The materials enter and leave the process at the conditions of the environment. The
environment is thus the natural frame of reference for the analysis. It has constant
temperature T0 (298 K), constant pressure p0 (1 bar), a specified composition and
it is in equilibrium [16]. The process considered here requires work to produce the
materials, so that w > 0, and the heat delivered to the surroundings relates to the
heat delivered to the process as q = −q0 (cf. Fig. 2.1). With this into the first law
of thermodynamics, the change in internal energy of the process is:

∆U = Uout − Uin = −q0 − p0∆V + w (2.5)

Here the total work is decomposed into the pressure work done on the system due
to volume expansion against the pressure of the surroundings (−p0∆V ) and the
additional work w done on the materials. The w is the exergy (E) that must be
added to the system to produce a given amount of material in the time interval ∆t.

The classical formulation of the second law is:

∆S + ∆S0 ≥ 0 (2.6)

where ∆S is the entropy change of the process materials and ∆S0 is the entropy
change in the environment. The sum in Eq. (2.6) is positive for irreversible pro-
cesses while for ideal (reversible) processes the total entropy change is zero. For ir-
reversible processes, this sum defines the total average entropy production (dSirr/dt
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in Eq. (2.4)) in the time interval ∆t at stationary state:

∆S + ∆S0 ≡
(
dSirr

dt

)
∆t (2.7)

The environment is assumed to behave reversibly. The entropy change in the sur-
roundings is thus related to the heat transfer from the process to the surroundings
as ∆S0 = q0/T0. With this into the expression for the total entropy production
(Eq. (2.7)) in combination with the first law (Eq. (2.5)), the total work added to
the process is:

w = ∆U + p0∆V − T0∆S + T0

(
dSirr

dt

)
∆t (2.8)

This equation defines the work w (or equivalently the exergy) that is needed to
transform the raw materials into the products for a given value of the entropy
production dSirr/dt in the system. A reversible process has dSirr/dt = 0 and it
defines the minimum work (wideal) required to produce a given amount of product
in the time interval ∆t:

wideal = ∆U + p0∆V − T0∆S ≡ Ei (2.9)

This equation defines the exergy Ei of a material. The exergy value of a material
provides an objective measure of its value and the exergy concept is gaining more
importance as a tool for assessing natural resources and resource depletion [26].

The difference between the work requirements for the irreversible and the ideal
process, Eqs. (2.8) and (2.9), is the lost, or destructed, work of the process:

wlost = w − wideal = T0

(
dSirr

dt

)
∆t (2.10)

The lost work is the same as the destructed exergy (Ed) of a process. The relation
between entropy generation in a system and the exergy destruction is also called
the Gouy-Stodola theorem [27]. Exergy analysis uses the classical formulation
of the second law. In an exergy analysis, the process unit is considered to be a
black box. It calculates the work equivalents (exergy) and total exergy destruction
(Eq. (2.10)) from values evaluated at the system boundaries. Non-equilibrium
thermodynamics goes the other way, by starting with the local entropy production
(σ, see Eq. (2.1)) and then by integration over the system volume, we obtain the
total exergy destruction in a process unit. The explicit expression for σ can be used
to understand the origin of the exergy destruction or the dissipation of energy in
the process. The entropy production limit the energy efficiency of a process and one
aim of the operator or the designer should be to minimize the entropy production.

The exergy efficiency, or the second law efficiency, measures the minimum work
requirement of a process in relation to the actual work used in the process:

ε =
exergy in the product

exergy used in the process
=
wideal

w
=

wideal

wideal + T0(dSirr/dt)∆t
(2.11)
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For a work producing process w < wideal and the efficiency is

ε =
w

wideal
=
wideal − T0(dSirr/dt)∆t

wideal
(2.12)

The exergy efficiency has values between zero and one and all real processes have
normally exergy efficiencies far from one. Currently, the fuel cell is considered to
be rather efficient and it has values around 0.60 [24, 28]. The upper limit of one
applies to reversible processes and is thus unattainable for real processes that all
have dSirr/dt > 0. The state of minimum entropy production for a process can
provide an alternative practical upper limit of ε [25,29]. Chapters 3 and 4 present
exergy analyses of several cases of silicon furnaces which give insight to the exergy
destruction, the exergy losses and the exergy efficiency of this process. In Chapter 3
the theoretical silicon process is used as reference case to provide a more realistic
upper limit for the exergy efficiency of industrial silicon furnaces.

2.3 Experimental design and controls

Non-equilibrium thermodynamics is instrumental for design of experiments that
aim to find transport properties. The theory helps define conditions that give well
defined experiments. Also the Onsager relations offer alternative measurements
of the same property. Below, the simultaneous transport of heat (J ′q) and charge
(j) in an electric conductor (e.g., the conductors in a thermoelectric device, see
Fig.1.2b) is used to illustrate these benefits.

With transport of heat and charge, the entropy production (see Eq. (2.1)) in the
conductor takes the form:

σ = J ′q

(
− 1

T 2

dT

dx

)
+ j

(
− 1

T

dφ

dx

)
≥ 0 (2.13)

where the forces conjugate to the fluxes are the thermal force and the electric force.
The linear relations in Eq. (2.2) take the form:

J ′q = L11

(
− 1

T 2

dT

dx

)
+ L12

(
− 1

T

dφ

dx

)
(2.14)

j = L21

(
− 1

T 2

dT

dx

)
+ L22

(
− 1

T

dφ

dx

)
(2.15)

Here the L11 and the L22 are the main coefficients and L12 = L21 are the coupling
coefficients (related by Eq. (2.3)). The first flux equation states that heat can
be transported by means of an electric field. The second show that we can use
a temperature gradient to generate an electric potential difference and an electric
current. This is exploited in thermoelectric energy conversion units that can be
used either as heat pumps or to generate power from heat. This work explore them
as power generating units (see Chapters 5 to 8).
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Experimental design

A thermoelectric unit converts heat to power, or conversely, due to the coupling
coefficient L21 and we thus want to study this further by measuring it. The flux
equations, Eqs. (2.14) and (2.15), are used to establish well defined experimental
conditions. The Onsager relation in Eq. (2.3) offers two alternative measurements
for the L21. The coupling coefficient can be determined either by measuring the
electric potential induced by a temperature gradient at zero current:(

− dφ
dT

)
j=0

=
L21

TL22
(2.16)

or by measuring the heat carried by the current at the conditions of uniform tem-
perature: (

J ′q
j/F

)
dT=0

= F
L12

L22
≡ π (2.17)

This ratio defines the Peltier coefficient π for the conductor. The π is a transport
property that expresses the heat transported reversibly by the current and it is
related to the transported entropy S∗ of the charge carrier as π = TS∗. This
parameter is the origin of the thermoelectric effect and, for conductors, its ab-
solute value should be as large as possible to have a large electric potential (see
Eq. (2.16)). The transported entropy is elaborated on in Chapters 7 and 8 for
the molten carbonate cell. From Eq. (2.14) and Eq. (2.15), the main coefficients
are related to the thermal conductivity at zero electric potential (λdφ=0) and the
electric conductivity (κ) as:

L11 =

(
J ′q

−(1/T 2)dT/dx

)
dφ=0

= T 2λdφ=0 (2.18)

L22 = T

(
j

dφ/dx

)
dT=0

= Tκ

The theory of non-equilibrium thermodynamics helps to clearly define what is mea-
sured. The importance of this is discussed below in relation to the figure of merit
frequently used to compare thermoelectric materials.

The figure of merit

The efficiency of thermoelectric energy conversion is usually defined as the ratio of
the electric power delivered to an external load to the thermal energy consumed
from the heat source (first law efficiency). From this definition, Ioffe [30] established
long ago a parameter called the dimensionless figure of merit:

ZT =

(
(α)2κ

λj=0

)
T (2.19)
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where α = −(dφ/dT )j=0 is the Seebeck coefficient of a material, defined through
Eq. (2.16), and T is the absolute temperature. The ZT should be as large as
possible to have high first law efficiencies. Thermoelectric materials are frequently
characterized by this parameter [31–36]. However, in the literature the conditions
for the parameters in Eq. (2.19) are rarely specified. As we shall see below, this
affect the theoretical upper bound on the parameter ZT . Littman and Davidson
[37] used the principles of non-equilibrium thermodynamics to independently derive
the dimensionless figure of merit (Eq. (2.19)) and to show that the parameter has a
theoretical upper bound of infinity. This derivation is repeated below to illustrate
how non-equilibrium thermodynamics can contribute in the understanding of ZT .

The entropy production, σ, in Eq. (2.13) is the starting point. The second law im-
poses certain constraints on the Onsager coefficients. For instance to obey the sec-
ond law (Eq. (2.13)), the main coefficients Lii are always positive. From Eq. (2.14)
and Eq. (2.15), we express σ in terms of the thermal driving force and the charge
flux:

σ =

(
L11 −

L12L21

L22

)(
− 1

T 2

dT

dx

)2

+
j2

L22
≥ 0 (2.20)

Because σ ≥ 0 also for the special case of j = 0, the Onsager coefficients must
obey: (

1− L2
12

L11L22

)
≥ 0 (2.21)

With N = L2
12/(L11L22), N is always positive (Lii > 0) and it has values between

zero and one to obey Eq. (2.21). With the relations in Eq. (2.16) and Eq. (2.18),
the N is:

N =
(L12)2

L11L22
= T

(dφ/dTj=0)2κ

λdφ=0
(2.22)

The upper limit for this ratio, with the thermal conductivity measured at zero
electric potential, is one. From Eqs. (2.14) and (2.15), the thermal conductivity at
zero current conditions (λj=0) relates to the thermal conductivity at zero electric
potential as:

λj=0 = L11

(
1− (L12)2

L11L22

)
1

T 2
= λdφ=0 (1−N) (2.23)

With this into Eq. (2.22), the ratio N relates to the dimensionless figure of merit
ZT (Eq. (2.19)) as:

N

1−N
=
T (dφ/dTj=0)2κ

λj=0
= ZT (2.24)

As N has values between zero and one, the ZT has an upper bound of infinity.
However, material constraints may give lower practical limits. Today, the highest
figure of merits reported are in the order of 3 [38]. This example shows that
to clearly define what we measure is important: taking either the λdφ=0 or the
λj=0 gives upper bound of one or infinity. Reported values seldom specify which
conditions the parameters apply to.
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The exergy efficiency of a power producing thermoelectric generator is given by
Eq. (2.12). Consider the basic unit in a solid state thermoelectric generator, con-
sisting of the two conductors A and B (see Fig. 1.2b). The unit is in contact with
a thermal reservoir at high temperature TH and one at low temperature TC. The
wideal in Eq. (2.12) is given by Eq. (1.1) in Chapter 1. The entropy production
lowers the exergy efficiency. The conductors A and B both have cross-sectional
areas Ω and thicknesses δ. With Eq. (2.20) into (2.4), and with the relations from
Eqs. (2.18) and (2.23), the total entropy production for the unit is then [24]:

dSirr

dt tot
= Ω

(∫ δ

0

σdx

)
A

+ Ω

(∫ δ

0

σdx

)
B

= Ω

∫ δ

0

(
λ

T 2
(
dT

dx
)2 +

rtot

T
j2

)
dx (2.25)

where λ is the sum of the thermal conductivities in the two conductors and rtot is
the sum of the electric resistances in the two conductors (the inverse of the elec-
trical conductivities in Eq. (2.18)). Entropy is generated in the device due to heat
conduction and joule heating. Minimization of entropy production in thermoelec-
tric devices have been discussed in literature, see e.g., Refs. [39,40], but was out of
the scope in this work.

Chapters 5 and 6 study thermoelectric power generation based on established semi-
conductor technology. Chapter 6 discusses strategies on how to design a ther-
moelectric power generator to maximize the power delivered to an external load.
In Chapters 7 and 8, the framework of non-equilibrium thermodynamics outlined
above is applied in a fundamental study of thermoelectric energy conversion in the
molten carbonate cell.



Chapter 3

Paper1: Energy and Exergy
Analysis of the Silicon
Production Process

Marit Takla1, Nils Eivind Kamfjord 2, Halvard Tveit2 and
Signe Kjelstrup1

1. Department of Chemistry,
Norwegian University of Science and Technology,

NO-7491 Trondheim, Norway

2. Elkem Silicon
Trondheim, Norway

This chapter was published in
Energy 48 (2013) 138–146

19



20
Paper1: Energy and Exergy

Analysis of the Silicon Production Process

Abstract

We used energy and exergy analysis to evaluate two industrial and one ideal (the-
oretical) production process for silicon. The industrial processes were considered
in the absence and presence of power production from waste heat in the off-gas
system. The theoretical process, with pure reactants and no side-reactions, was
used to provide a more realistic upper limit of performance for the others. The
energy analysis documented the large thermal energy source in the off-gas system,
while the exergy analysis documented the potential for efficiency improvement. We
found an exergetic efficiency equal to 0.33 ± 0.02 for the process without power
production. The value increased to 0.41 ± 0.03 when waste heat was utilized. For
the ideal process, we found an exergetic efficiency of 0.51. Utilization of thermal
exergy in an off-gas of 800 ◦C increased this exergetic efficiency to 0.71. Exergy
destructed due to combustion of by-product gases and exergy lost with the fur-
nace off-gas were the largest contributors to the thermodynamic inefficiency of all
processes.

3.1 Introduction

The production of silicon requires high temperatures and is an energy intensive
process. Most plants use 11-13 kWh of electrical energy per kilogram of silicon
produced. The electrical energy represents about 45 % of the total energy supplied
to the process while the raw materials accounts for the rest. Energy balances
of the process show that roughly 30 % of the total energy input is contained in
the product silicon; the remainder leaves the process as thermal energy in cooling
water, as hot off-gases, by radiation and convection from the furnace, and from the
cooling process of the liquid silicon [22]. The industry is well aware of the untapped
energy resource represented by the thermal energy and that its utilization is a key
to improve the overall process resource utilization. Today, several plants have
installed some sort of thermal energy recovery equipment.

The exergy analysis method combines the first law of thermodynamics (conserva-
tion of energy) and the second law (degradation of high quality energy) in analysis
of thermal, mechanical and chemical systems. It is an established method described
in several text books, see e.g. [16,41]. In contrast to energy analysis, exergy analysis
can quantify and localize a potential for process improvements, in terms of types
and magnitudes of dissipated energy (lost exergy). It is therefore particularly well
suited to pursue a goal of more resource efficient processes.

A number of applications of the exergy analysis method to various metallurgical
processes exists in the literature, see e.g. [42–45]. Morris et al. [42] used the ex-
ergy method to analyze the efficiency of a lead smelter and to identify the main
sources of exergy losses in the process. From this they gave recommendations for
exergy recovery. Morris and Steward [43] used the concept of exergy to develop
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an expression from which the causes of exergy losses in a chemical reactor were
identified. They found that the losses were due to finite driving forces, containing
gradients in chemical potential, temperature, and pressure, and illustrated their
concepts by application to a lead blast furnace. Ayres et al. [44] applied the exergy
analysis method to the whole production chain of five basic metal industries (steel,
aluminum, copper, lead and zinc), and showed how exergy analysis can be used for
resource and waste accounting. Balomenos et al. [45] gave a detailed energy and
exergy analysis of the primary production of aluminum and used this as a basis to
evaluate alternative, sustainable processes.

The only exergy analysis of the silicon production process found in the literature so
far, is given by the Master thesis of Hjartarson [46]. He applied exergy analysis to a
ferro-silicon furnace at an Elkem plant on Iceland. The analysis showed that 70 %
of the total exergy input to the furnace was lost. Thus, the exergetic efficiency,
defined as the ratio of the exergy in the product and the exergy used in the process,
was 0.30. The analysis also showed that almost half of the total exergy input was
lost in the furnace. Around one fifth was lost with the off-gas; the largest exergy
flow out of the process, except that of the product.

In this study, we shall use exergy analysis to evaluate the silicon production pro-
cess, and the exergetic efficiency to measure the performance. To study the effect
of thermal energy recovery, we evaluate an industrial process in the absence and
presence of power production using a steam turbine and generator equipment in
the off-gas system. To characterize the process, we also include an energy analysis
of the industrial process. As a reference case for the silicon production process, we
present an ideal theoretical silicon production process. The purpose of the reference
is to explore the theoretical upper limit for the exergetic efficiency of the silicon
production process as well as the exergy flow in the process. The work extends
preliminary reports on exergy [47] and energy analyses [48] and [49].

3.1.1 Production of silicon

Silicon is commercially prepared by reduction of silicon dioxide with carbon in
a submerged arc furnace (SAF); a schematic drawing illustrating the process is
given in Fig. 3.1. The illustration shows the furnace surrounded by raw material -
and power supply system, off-gas removal - and heat recovery equipment, tapping,
casting and crushing.

The SAF is the heart of the silicon plant. The size of the furnace is characterized
by the electrical power needed, which can be in the range from less than 10 MW
to 45 MW. The major elements of a furnace are the furnace body and the furnace
hood. The raw materials, quartz and carbonaceous reduction materials (coke, coal,
charcoal and wood chips), are fed in portions at the top of the furnace, and are
referred to as the charge material.
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Figure 3.1: Schematic drawing illustrating a typical silicon production process [50]. Silicon
is commercially prepared by reduction of silicon dioxide with carbon in a submerged arc
furnace (SAF). The illustration shows the SAF surrounded by raw material and electrical
power supply systems, off-gas and heat recovery equipment, tapping, casting and crushing
of the product.
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Temperatures above 1800 ◦C are required, and these temperatures are achieved by
adding large amounts of electric energy. Liquid silicon is tapped from the bottom
of the furnace. After tapping, the liquid silicon is refined by slag treatment or gas
purging. Then the liquid silicon is poured into suitable molds, allowed to cool down
and then crushed to the desired particle sizes. The off-gas from the furnace reaction
(SiO+CO) is mixed with excess air under the furnace hood and burned, captured
into the gas-cleaning system and filtered. The off-gas temperature is controlled by
excess of air. Sometimes this parameter is documented as the ratio of the total
off-gas volume and the furnace load ((Nm3/s)/MW load). The particles in the
off-gas consists mainly of SiO2, also referred to as condensed silica fume, which
can be used as filler material in concrete, ceramics, rubber etc. Since the off-gas
escapes from the furnace hood at high temperatures (200 - 700 ◦C), it is suitable
for electric energy production using a steam turbine and generator system. Today,
less than 5 % of the silicon is produced in plants with co-generation of power.

3.2 Energy and exergy analysis

The energy balance for a control volume, assuming steady state and neglecting the
contribution from kinetic and potential energy can be written as

0 = Q̇CV + ẆCV +
∑

e

mehe −
∑

o

moho (3.1)

The first two terms on the right hand side are the heat and work added to the
control volume and h is the specific enthalpy of the material stream m. Subscripts
e and o refer to input and output streams, respectively. The exergy of a system is
defined as the maximum work obtainable from the interaction between the system
and an idealized system called the reference environment [41]. In this work, the
reference environment takes the temperature of T0 = 25◦C and pressure of p0 = 1
atm. At steady state, the exergy balance for a control volume is

0 =
∑

j

(
1− T0

Tj

)
Q̇CV + ẆCV +

∑
e

meee −
∑

o

moeo − ĖD (3.2)

The first term on the right hand side is the exergy accompanying transfer of thermal
energy. The second term is the work (= exergy). Furthermore, e is the specific
exergy of the stream of material m and ĖD is the exergy destruction, a measure
of the irreversible processes inside the control volume. The specific exergy of a
material stream can be written as the sum of the physical and chemical exergy

e = eph + ech (3.3)

The physical exergy is the maximum work obtainable as the system passes from
its initial temperature and pressure, T and p, to the temperature and pressure of
the reference environment, T0 and p0:

eph = (h− h0)− T0 (s− s0) (3.4)
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Here, h and s are the specific enthalpy and entropy at the system temperature and
pressure, while h0 = h(T0, p0) and s0 = s(T0, p0).

The chemical exergy is the maximum work obtainable as the system at T0 and p0

comes into total equilibrium with the reference environment, calculated from an
exergy balance of a reversible formation reaction:

ēch = ∆G0
f +

∑
y

nyē
ch
y (3.5)

Here ēch is the molar chemical exergy, ∆G0
f is the formation Gibbs energy at

temperature T0 and pressure p0, ny is the amount of element y and ēch
y is the

standard molar chemical exergy of the element y. Standard chemical exergy values
based on standard exergy reference environment are tabulated e.g. in [51]. The
chemical exergy of an ideal mixture is

ēch
mix =

∑
i

xiē
ch
i + RT0

∑
i

xi lnxi (3.6)

Here, xi is the mole fraction of component i in the solution and R is the universal
gas constant. In (3.6) the first term is the weighted sum of the chemical exergies
of the components and the second term can be interpreted as the minimum work
required to separate the components of the mixture.

The chemical exergy of a fuel can be determined from the exergy balance of the
combustion reaction, where the fuel reacts with oxygen from the reference environ-
ment to form reference substances at the environmental pressure and temperature,
p0 and T0:

ēch
fuel = −∆G0 +

∑
P

nēch −
∑
R

nēch (3.7)

Here, ∆G0 is the Gibbs energy of the combustion reaction, n is the amount of
moles and subscripts P and R denotes products and reactants, respectively.

Carbon based fuels contains a wide range of species with complex bond interac-
tions and unknown thermodynamic properties and an exergy calculation from (3.7)
becomes impossible [52]. Correlations have therefore been developed to estimate
fuel exergies. Song and coworkers [53] derived an expression for specific chemical
exergies of solid and liquid fuels with a dry basis. As input is required, the weight
percent of carbon, hydrogen, oxygen, nitrogen, sulfur and ash in the fuel. In their
derivation of the correlation, Song and coworkers [53] ignored the effect of mixing,
and considered the fuel to consist of mainly two classes of materials: organic mat-
ter and inorganic matter. On a statistical basis, the chemical exergy of the fuel
dominates completely the chemical exergy of inorganic matter.

The exergy content of waste streams is often referred to as the exergy losses of the
process. The exergetic efficiency, ε, is the fraction of the exergy supplied to the
system that is recovered in the product:

ε =
exergy in product

exergy used in the process
(3.8)
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A reversible (ideal) process has ε = 1, while for all real processes 0 < ε < 1. It is
used as a parameter for evaluating thermodynamic performance for the system [41].
The exergetic efficiency refers to an unattainable reversible limit. Therefore, the
theoretical silicon production process is proposed, see 3.3.3, to give an alternative
practical limit for the efficiency for the silicon production process.

3.3 Case studies

3.3.1 Case A: An industrial process

The industrial process is a 45 MW submerged arc furnace operating at an Elkem
Silicon plant in Norway. The raw materials are added in portions and the product
is tapped at intervals. Therefore, the energy and exergy analyses are based on col-
lection of operational data for this furnace over a period of 48 hours. In this section
we describe the main inputs and outputs of materials and energy to the furnace
over the period. Input data used to establish the energy and exergy analyses, are
given in 3.A. All data are scaled to a 10 MW furnace.

The main inputs of materials and energy to the furnace are the carbonaceous raw
materials, quartz and electrical energy, c.f. Fig. 3.1. Additional carbon material is
added to the process because the Søderberg electrodes are consumed. Furthermore,
small quantities of limestone are added. The carbonaceous raw material supplied
to the furnace is a mixture of coke, coal, charcoal and wood chips. The use of
these materials introduces additional components than carbon to the furnace such
as moisture, volatile hydrocarbons, and ash. Typical composition of carbonaceous
raw materials used in silicon production is given in Table 3.1.

Table 3.1: Typical composition of carbonaceous materials used as raw materials in the
silicon production process, given on a wet basis [22]

Type Moisture Ash Volatile matter Fixed Carbon

(%) (%) (%) (%)

Coke 16 4 4 75

Coal 12 2 35 51

Charcoal 39 6 8 46

Wood chips 52 1 35 12

The main outputs of materials and energy from the process are the silicon, furnace
off-gas, thermal energy in cooling water and thermal energy lost by radiation and
convection from the furnace body, c.f. Fig. 3.1. The silicon production process is
in principle defined as a slag free process [22]. Nevertheless, some slag is formed
and tapped together with the metal. The furnace off-gas contains in addition to
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gaseous components condensed silica fume (amorphous SiO2) which is collected
and sold under the trade name Microsilica R©.

3.3.2 Case B: An industrial process with recovery of thermal
energy in the off-gas

Case B is the industrial process described in 3.3.1 with power production from the
thermal energy in the off-gas by a steam turbine system, see e.g. Fig. 3.1. Until
today, the furnace evaluated in Case A has not had an energy recovery system
installed. Case B is therefore an imaginary improvement of the industrial Case A,
that can illustrate how a recovery system affects the performance.

3.3.3 Case C: The theoretical silicon production process

In an ideal silicon production the reactants are pure, and there are no side reactions.
This theoretical process was described by Schei et.al in [22]. The simplified descrip-
tion covers the main features of the process as it is operated today. Therefore, it
may be suitable as a reference case for the industrial process. In the theoretical
process, the overall process is divided into three sub-processes; namely the one oc-
curring in the submerged arc furnace, in the combustion zone and during casting,
see Fig. 3.2.
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Figure 3.2: A schematic diagram of the theoretical silicon production process showing the
material and energy flows. The theoretical silicon production process was first described
by Schei et.al in [22]



3.3. Case studies 27

Submerged arc furnace: Pure silicon dioxide and carbon (graphite) are added to
the furnace together with electrical energy. The furnace reaction is:

(1 + x)SiO2 + (2 + x) C = Si + xSiO + (2 + x) CO (3.9)

The enthalpy and the entropy of this reaction are both positive. For instance at
T = 25◦C and x = 0, ∆H = 689.7 kJ/mole and ∆S = 361.2 J/K mole [54].
The theoretical amount of electrical energy needed to produce one mole of silicon
is determined from the enthalpy of the furnace reaction. The amount of electrical
energy added to the furnace is referred to as the furnace power. There are no losses
in the electrical supply system, and no thermal energy losses from the furnace to
the surroundings. We assume a temperature of 1400 ◦C for the gas (SiO and CO)
leaving the top of the furnace. Liquid silicon leaves the bottom of the furnace at
a temperature of 1600 ◦C. The silicon yield s, where 0 ≤ s ≤ 1, is the amount of
silicon in the quartz that produces silicon metal. The yield relates to the reaction
parameter x as

s =
1

1 + x
(3.10)

Combustion zone: The by-product gases from the furnace reaction, leaving the top
of the furnace, enter the combustion zone where they are burned in excess air. The
combustion zone is the area under the furnace hood in an industrial furnace. The
reaction in the combustion zone is

xSiO + (2 + x) CO +mO2 + 4mN2 = xSiO2 + (2 + x) CO2

+ (m− x− 1) O2 + 4mN2

(3.11)

Here, m is the amount of oxygen introduced with air. The amount of excess air
determines the temperature of the off-gas leaving the combustion zone.

Casting : Liquid silicon at a temperature of 1600 ◦C and p = p0 solidifies and cools
down to 25 ◦C. Silicon leaves the process at p0 and T0.

3.3.4 Differences between the theoretical and the industrial
process

The industrial process has thermal energy losses from the furnace, losses in the elec-
tric supply system, loss of carbon to the off-gas system, and impure raw materials.
The main differences between the theoretical and the industrial silicon process are
summarized in Table 3.2. There are also minor deviations from the theoretical
process [22].
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Table 3.2: Main differences between the theoretical silicon production process and the
industrial silicon production process [22].

Theoretical Industrial

Raw materials pure impure

SiO2 100 % < 100 %

Reduction materials 100 % carbon Coke, coal, charcoal, wood chips

Product 100 % Si < 100 % Si

Silicon yield can be 1.0 < 1.0

Thermal energy losses:

Radiation and convection no yes

(from furnace body)

Thermal energy no yes

in cooling water

3.4 Calculations

In all calculations, we used as reference environment pressure and temperature
p0 = 1 atm and T0 = 25 ◦C.

3.4.1 Case A: An industrial process

Input data used to establish the energy and exergy analyses, cf. (3.1) and (3.2), for
the industrial process are given in 3.A. Values are averages over 48 hours. Inputs
to the process were carbonaceous raw materials, electrode materials and electrical
energy. We neglected contributions from moisture and ash in the carbonaceous
material, and took into account only the contribution from fixed carbon and the
volatile matter, cf. Table 3.6 in 3.A.1. The fixed carbon is a measure of the solid
combustion material in carbonaceous materials and is taken to be pure graphite.
As material output streams, we only considered pure silicon. The temperature of
the liquid silicon at tapping was taken to be 1600 ◦C.

The enthalpy carried by the cooling water was determined from measured values
of water flow and the difference between the inlet and outlet temperature, see
Table 3.7 in 3.A.2. We estimated the heat lost by radiation and convection to be
5 % [22] of the total energy input to the process. The enthalpy in the off-gas was
taken from the difference between the total energy input to the process and the
enthalpy in cooling water, heat lost by radiation and convection and enthalpy in
the product, cf. (3.1).

We neglected the chemical exergy in the off-gas and estimated the thermal exergy
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from the first term in (3.2). As the chemical exergy in the off-gas is lost to the
surroundings, it was considered as part of the destructed exergy in the process.

3.4.2 Case B: An industrial process with recovery of thermal
energy in the off-gas

Alm̊as and coworkers [23] reported numbers for an energy recovery system installed
at another Elkem silicon plant in Norway. To investigate the potential for recovery
of thermal energy in the off-gas, we used these data [23] and determined the energy
flows corresponding to a case with full recovery of thermal energy in the off-gas.

3.4.3 Case C: The theoretical silicon production process

We calculated the material streams for several silicon yields (3.10) for a furnace
effect of 10 MW, taking the off-gas temperatures as 300 and 800 ◦C. The amount
of air flow into the gas treatment section was determined from the energy bal-
ance (3.1), assuming the gas treatment section to be adiabatic. This calculation
was performed using the thermochemical software HSC Chemistry R© 6.1 [54]. HSC
Chemistry R© 6.1 is chosen because it is commonly used by the ferroalloy producers
and researchers within this field. We assumed the air to consist of 20 % O2 and
80 % N2. All gases were assumed to be ideal.

3.4.4 Thermodynamic data

Values for enthalpies and entropies needed in the calculations, cf. (3.1) and (3.4),
were found from HSC Chemistry R© 6.1 [54] for all components except for volatile
matter type 1 and type 2. We took the values 10.6 kWh/kg and 4.03 kWh/kg for
the higher heating values of volatile matter type 1 and 2, respectively [22,55].

We used (3.5) to calculate chemical exergies for all components except the volatile
matter, using standard chemical exergies for the elements given by Szargut et.al.
in [51]. Values for the formation Gibbs energies

(
∆G0

f

)
needed in (3.5), were

found from HSC Chemistry R© 6.1 [54]. Standard chemical exergies were given for
a reference environment of T0 = 25 ◦C and p0 = 1 atm. HSC Chemistry R© 6.1 uses
1 bar as reference pressure for thermodynamic data which is slightly different from
the environmental pressure of 1 atm. This difference is neglected in the calculations.
We estimated the specific chemical exergies of the carbonaceous raw materials as
the weighted contribution from fixed carbon and volatile matter:

echfuel = XCe
ch
C +XVMe

ch
VM (3.12)

Here, XC and XVM is the weight fraction of fixed carbon and volatile matter in
the fuel respectively.



30
Paper1: Energy and Exergy

Analysis of the Silicon Production Process

The specific chemical exergy of volatile matter can be calculated from (3.7). This
requires data for the Gibbs energy, or equivalently the enthalpy and entropy, for
the combustion reaction as well as data for the specific composition of the volatile
matter. As we lack data needed in (3.7), we take the higher heating values given
above as an estimate for the chemical exergy of the volatile matter. With this
approximation, we neglected the T0∆S term and also the chemical exergies of co-
reactants and products in the combustion reaction, cf. (3.7).

3.4.5 Accuracy

Several factors contributes to the accuracy of the estimated amount of energy and
exergy in the streams . These include:

• uncertainties in the thermodynamic data applied

• neglecting quartz, limestone, moisture and ash in the raw material supplied
to the process

• neglecting the slag and amorphous SiO2 (Microsilica R©) produced

• variation in the amount of raw material and electrical energy supplied to the
furnace and the amount of product

• assuming the product to be 100 % silicon

• variation in the amount of thermal energy in cooling water

Among the factors listed above, the major reasons for uncertainty in the calculated
energy and exergy values are uncertainties in the thermodynamic data used for the
carbonaceous raw material, and the variation in the amount of carbonaceous raw
materials added to the process. As a measure of the uncertainty in the thermo-
dynamic data used for the carbonaceous materials, we take the difference between
the enthalpy and the exergy values, described above, and a higher heating value
estimated from a correlation developed by Parikh and coworkers [56]. Required
input for the correlation is the weight percentage of fixed carbon, volatiles and
ash. The correlation yields the higher heating value for solid fuels on a dry basis
(HHVdb). The higher heating value (HHV) on a moist basis is then calculated from
the HHVdb as HHV =

(
1− M

100

)
HHVdb where M is the weight percent of moisture

in the solid fuel. We furthermore took the variation in the amount of product to be
± 43 kg/h, and the variation in the furnace off-gas temperature was taken to be 50
◦C. We furthermore used ± 3 percentage points as an estimate for the uncertainty
in the heat lost from the furnace body by radiation and convection. These factors
were used to calculate uncertainties in the results.

Other sources of error were considered to be small. The effect of neglecting mois-
ture is estimated to be less than 0.1 % in both the total enthalpy and the total
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exergy supplied to the furnace with the carbonaceous raw materials. The neglect of
contributions from ashes is supported by Song and coworkers [53], cf. Section 3.2.
The enthalpy and exergy of the slag and Microsilica R©was also neglected. The as-
sumption of a 100 % pure silicon product, resulted in an error less than 1 % in the
product thermodynamic data.

3.5 Results and Discussion

3.5.1 Energy analyses of Case A and B of the industrial pro-
cess

The energy analysis for Case A , established using (3.1) and input data from Sec-
tion 3.4, is presented as a Sankey diagram in Fig. 3.3. The numbers are scaled to a
10 MW furnace. The energy content of each stream is also given as the percentage
of the total energy fed to the furnace. In Fig. 3.3, thermal losses include ther-
mal energy lost to the surroundings from the furnace, by radiation and convection,
and from the product during cooling and solidification. Hot cooling water from
this furnace is used for heating purposes [48]. However, this benefit is not taken
into consideration in this work. Therefore, for Case A, all energy streams leaving
the furnace, except the product stream, represents thermal energy losses to the
surroundings.

The energy balance presented in Fig. 3.3 provides an overview of the forms of
energy which enter and leave the process, and gives also the amount of energy in
each stream. It shows that 66 % of the total energy supplied to the process, by the
raw material and the electric power, is converted into thermal energy. Moreover,
it shows that the off-gas contains as much as 45 % of the total energy input.
Thus, from the energy balance point of view, recovery of thermal energy is a key
to improve the energy efficiency. In this work, we focus on the potential electrical
power production from the thermal energy in the off-gas of Case A which is Case B.

The energy balance in Case B, established as described in Section 3.4.2, is presented
in a Sankey diagram in Fig. 3.4. The numbers are scaled to a 10 MW furnace. All
energy streams leaving the process, except the energy connected with the product
silicon and the electric power produced, represent thermal energy losses to the
surroundings. With an energy recovery system, equal to the one presented by Alm̊as
and co-workers [23], an additional power production can be as high as 1.8 MW. This
amounts to 8 % of the total energy supplied to the process, or 18 % of the electrical
power fed to the furnace. The Finnfjord silicon plant (Norway) are now starting
to use such an energy recovery system [57], representing today’s best industrial
standard. It is designed to produce as much as 34 % of the electric energy fed to
the process. The power produced can either be fed back into the process, thereby
reduce the specific power consumption, or delivered to the public electric network.
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Figure 3.3: A Sankey diagram illustrating the energy flow for Case A of the industrial
silicon production process. Case A is a 45 MW submerged arc furnace operated at an
Elkem silicon plant in Norway. The numbers are scaled to a 10 MW furnace. Thermal
losses include thermal energy lost to the surroundings, by radiation and convection, and
from the product during cooling and solidification.
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Figure 3.4: A Sankey diagram illustrating the energy flow for Case B. Case B is a 45
MW submerged arc furnace operated at an Elkem silicon plant in Norway with recovery
of thermal energy in the off-gas. The numbers are scaled to a 10 MW furnace. All energy
streams leaving the process, except the silicon and electrical power produced, represents
thermal energy losses.
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3.5.2 Exergy analyses of Case A and B of the industrial pro-
cess

The exergy analysis of Case A, established using (3.2) and input data as described
in Section 3.4, is presented in a Grassman diagram in Fig. 3.5. The numbers are
scaled to a 10 MW furnace. Figure 3.5 shows that the exergy in the silicon amounts
to 33 % of the total exergy supplied to the process. The rest, 67 % of the total
exergy input, is either destructed, due to irreversibilities within the control volume,
or lost in waste streams. We estimated the exergy destructed within the furnace
to 46 % of the total exergy input. This number is a rough estimate. For instance,
it also includes the chemical exergy in the off-gas. Exergy analysis measures the
quality of energy, in contrast to energy analysis which measures the quantity of
energy, cf. Fig. 3.3, Fig. 3.4 and Fig. 3.5. Exergy gives the potential to do work;
the theoretical amount of work you can achieve from a given quantity of energy.
In this manner, we can measure possibilities for process improvements in terms of
resource (work) utilization.

The thermal exergy in the off-gas is the theoretical amount of work that can be
produced from the thermal energy in the off-gas via a heat engine. Figure 3.5
shows that the thermal exergy in the off-gas amounts to 20 % of the total exergy
supplied to the process. This is for an off-gas temperature of 260 ◦C. For an off-gas
temperature of 800 ◦C, the thermal exergy in the off-gas increases to 7 MW which
amounts to 32 % of the exergy fed to the process. A higher off-gas temperature
increases the potential for power production. Consequently, the off-gas temperature
influences significantly the amount of exergy destructed within the furnace.

By comparing the exergy analysis for Case A, presented in Fig. 3.5, and the ex-
ergy analysis for the ferrosilicon furnace at Elkem Iceland [46], we find a similar
distribution of losses. The power of the furnace in [46] was about 40 MW, while
it is about 45 MW for the furnace in this study. Therefore, a similar distribution
of losses is expected. However, the numbers reported in [46] and given in Fig. 3.5
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Figure 3.5: A Grassman diagram illustrating the exergy flow for Case A of the 45 MW
submerged arc furnace operating at an Elkem silicon plant in Norway. The numbers are
scaled to a 10 MW furnace. The off-gas temperature is 260 ◦C.
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Table 3.3: Exergetic efficiencies and specific power consumption in the case of no recovery
(Case A) and recovery (Case B) of thermal exergy from the furnace off-gas for a 45 MW
submerged arc furnace operating at an Elkem silicon plant in Norway. In Case B, the
recovered exergy is used to power the process, and the specific power consumption is the
power that has to be used in addition to this input.

Case A: Case B:

No power recovery With power recovery

Exergy in (MW) 22.1 ± 1.1 22.1 ± 1.1

Exergy losses (MW) 14.9 13.8

Exergetic efficiency 0.33 ± 0.02 0.41 ± 0.03

Specific power consumption 11.7 9.6

differ. This can be partially explained by differences in raw materials used and
compositions of the product. Also, the method used in [46] to estimate the chemi-
cal exergy in the carbonaceous raw materials differ from that used in this work. In
Fig. 3.5, we note that there is a rather large uncertainty in the estimated exergy
of the raw materials. More accurate analyses requires better specific exergy values
for the carbonaceous raw material.

Table 3.3 shows the estimated exergy input, exergy losses, exergetic efficiencies
and specific power consumption for Case A and Case B of the industrial process.
From Table 3.3, we see that the exergetic efficiency increases from 0.33 to 0.41
when power production from the thermal energy in the off-gas is introduced. Even
though the numbers have uncertainties, they demonstrate clearly that such an
effort will improve the exergetic efficiency significantly. The numbers can be used
to argue that an installation of such equipment is important, not only for the single
plant but for all plants. By using the best industrial standard, including an energy
recovery system (see discussion above) the exergetic efficiency can rise to 0.48.

3.5.3 Exergy analysis of Case C:
The theoretical silicon production process

The exergy analysis of the theoretical silicon production process serves two pur-
poses; it is used to estimate what a high efficiency means in numbers and to explore
the characteristics of the exergy flow in such an ideal process. Table 3.4 shows the
overall exergy input, exergy in the product and the total exergy losses for the the-
oretical silicon production process for several silicon yields and when silicon is the
only product. Exergy losses include exergy destructed in the process and exergy
lost with the off-gas. The total exergy losses in the process amounts to 49 % of the
total exergy input to the process for a silicon yield of 1.0. It increases to 61 % for
a silicon yield of 0.7.
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Table 3.4: The total exergy input, the exergy in the produced silicon and the total exergy
losses for the theoretical silicon production process for several silicon yields. The numbers
given are scaled to a 10 MW furnace. Exergy losses include exergy destructed within the
process and exergy lost with the furnace off-gas.

Silicon yield 1.0 0.9 0.8 0.7

Exergy supplied (MW) 19.4 19.1 18.7 18.3

Exergy in silicon(MW) 9.8 8.9 8.0 7.1

Exergy losses (MW) 9.6 10.2 10.7 11.2

Exergetic efficiency 0.51 0.47 0.43 0.39

Figure 3.6 shows the Grassman diagram for the theoretical silicon production pro-
cess for a silicon yield of 1.0 and an off-gas temperature of 800 ◦C. A silicon yield of
1.0 will never be reached in a real process, thus it can be considered as a theoretical
upper limit for the process. The exergy flows for the theoretical process obviously
depend upon the silicon yield as well as on the off-gas temperature. Nevertheless,
the Grassman diagram in Fig. 3.6 illustrates the characteristics of major exergy
flows in the theoretical process.
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Figure 3.6: A Grassman diagram illustrating the exergy flow for the theoretical silicon
production process for a silicon yield of 1.0 and an off-gas temperature of 800 ◦C.

Figure 3.6 shows that exergy is destructed within the furnace, the combustion zone
and in the casting process. Moreover, it shows that the exergy content in the
product stream and the gas stream leaving the furnace are both large. The exergy
in both streams leaving the furnace is more than 90 % chemical exergy. The exergy
destructed in the furnace and the combustion zone is due to the furnace reaction and
the combustion reaction, cf. (3.9) and (3.11). The difference between the exergy in
the product stream in and out of the casting section is due to the thermal exergy
loss from the product during cooling and solidification.

In the combustion zone, the gas produced as a by-product in the furnace reaction,
cf. (3.9), is burned in excess of air. The exergy in the off-gas leaving the combustion



36
Paper1: Energy and Exergy

Analysis of the Silicon Production Process

zone of the process is more than 90 % thermal exergy; its value depends upon the
temperature which is controlled by the excess of air inlet. Furthermore, the amount
of exergy destructed in the combustion zone depends upon the off-gas temperature.
The large exergy loss associated with burning of carbon monoxide gas is well known,
and there have been attempts to design closed silicon furnaces [58], but there are no
industrial implementation so far. As we seek to explore the limits for an industrial
process, we consider only the thermal exergy in the off-gas (out from the combustion
zone) and the thermal exergy in the product as possible by-products from the
process. The exergetic efficiency for the theoretical process (for a silicon yield of
1.0) increases from 0.51 to 0.75 by taking the thermal exergy in the off-gas and in
the product as additional products to the silicon.

Table 3.5 shows the distribution of the total exergy losses over the three subsystems
of the theoretical process, cf. Fig. 3.2, and the exergy lost with the furnace off-
gas. Silicon yield is s = 0.8 and off-gas temperatures are 300 and 800 ◦C. The
purpose of Table 3.5 is to illuminate how the off-gas temperature affects the exergy
destructed in the combustion zone and also how it affects the potential for power
production from the thermal energy in the off-gas. From Table 3.5, we see that
an increase in the off-gas temperature from 300 to 800 ◦C, reduces the exergy loss
in the combustion zone by 1.96 MW. At the same time, the potential for power
production from the thermal energy in the off-gas is increased by 67 %. From
Table 3.5, we note that the amount of exergy destructed in the combustion zone is
considerably larger than the exergy destructed within the furnace, for both off-gas
temperatures. This means that a considerable part of the exergy destruction within
the industrial process is due to combustion.

Table 3.5: The exergy losses for the theoretical silicon production process distributed over
the sub-systems, and the exergy lost with the off-gas for a silicon yield s = 0.8 and off-gas
temperature set to 300 and 800 ◦C.

Exergy losses Exergy (MW) % of total losses

Off-gas temperature is 300 ◦C:

In furnace 1.85 17.4

In gas treatment section 5.23 49.1

With off-gas 2.93 27.5

In product treatment section 0.64 6.0

TOTAL LOSSES 10.65 100

Off-gas temperature is 800 ◦C:

In furnace 1.85 17.4

In gas treatment section 3.28 30.8

With off-gas 4.88 45.8

In product treatment section 0.64 6

TOTAL LOSSES 10.65 100
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3.5.4 Comparing exergetic efficiencies for the theoretical and
the industrial process

Figure 3.7 shows the exergetic efficiencies for eight cases of theoretical and industrial
processes. In Fig. 3.7, we included the exergetic efficiency for the industrial process,
taking into account that the electrical power is produced from coal. This is Case 1.
We used an exergetic efficiency of 0.36 for the coal-to-electricity conversion [59].
Figure 3.7 illustrates the benefit of additional power production from the thermal
energy in the off-gas. Moreover, by comparing the industrial to the theoretical
process, we see how far we are from an ideal limit of process improvements.
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Figure 3.7: Exergetic efficiencies for eight cases of theoretical and industrial process.
Recovery means power production from thermal energy in the off-gas; for the theoretical
process it means utilization of all the thermal exergy in the off-gas at 800 ◦C. Case 1 is
the industrial process, also taking into account that the electric power is produced from
coal. Cases 2 and 4 are industrial processes with no recovery and recovery using the best
industrial standard, respectively. The s gives the silicon yield for the theoretical process.
Case 8 is the theoretical process with recovery of thermal exergy in the off-gas and in the
product.
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3.6 Conclusions

We applied energy and the exergy analyses to evaluate an industrial silicon produc-
tion process in terms of resource utilization and potential process improvements.
Sankey and Grassman diagrams were constructed. The energy analysis (Sankey
diagrams) gives an overview of the forms of energy entering and leaving the pro-
cess, and quantifies the amount of energy in each energy stream. It was found that
thermal energy in the off-gas is by far the largest energy stream leaving the pro-
cess. This is already well known, but not systematically used by the industry. We
estimated that an additional power production of 1.8 MW (or 18 % of the electrical
energy supplied to the process) can be obtained, by installing a power producing
boiler and steam turbine in the gas-outlet section of the furnace.

In contrast to energy analysis, exergy analysis can quantify the potential for process
improvements. In this study, exergy analysis was used to quantify the potential for
power production from the thermal energy in the off-gas. It was also demonstrated
that both the exergy lost in the furnace, as well as the exergy in the off-gas,
depend largely on the off-gas temperature. We estimated the exergetic efficiency
to 0.33 ± 0.02 and 0.41 ± 0.03 with no recovery and with recovery of thermal
exergy in the off-gas, respectively. This quantifies the potential gain we can have,
by recovering thermal exergy in the off-gas.

The theoretical silicon production process has been used also earlier as a reference
case for the silicon production process [22]. For the theoretical process, we have
calculated an exergetic efficiency 0.51 for a silicon yield of 1.0. Utilization of the
thermal exergy in the off-gas increased the exergetic efficiency to 0.71 for an off-gas
temperature of 800 ◦C and a silicon yield of 1.0. Exergy destructed by combustion
of by-product gases, and exergy lost with the furnace off-gas account for the largest
share of the exergy losses. These numbers may serve as an upper limit for real
process improvements.
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3.A Input data to the energy and exergy analyses

Operational data for the 45 MW submerged arc furnace was collected over a period
of 48 hours. In this appendix, we give the data used to establish the energy and
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exergy analyses for the furnace. All data given are scaled to a 10 MW furnace and
is given on a per hour basis.

3.A.1 Input of materials and energy

Table 3.6 shows the amount of fixed carbon, volatile matter, moisture and ash
supplied with the carbonaceous raw materials to the furnace, averaged over the
period of 48 hours. We divided the total period of 48 hours into six periods à
8 hours, P1-P6 in Table 3.6, and averaged the amounts of material supplied to
the furnace for each period. As a measure for the variation of the raw materials
supplied, we use two times the standard deviation resulting from the variation
within the average mass flow rates for the six periods. This is expressed as the
plus/minus value for the average values in Table 3.6. We make a distinction between
volatile matter contained in coke, coal and charcoal, referred to as type 1, and wood
chips denoted type 2 in Table 3.6. Additional 72 kg/h of fixed carbon and 13 kg/h
of volatile matter type 1 is added to the furnace due to the consumption of carbon
electrodes. The variation in the furnace effect was ± 1 %.

Table 3.6: The mass flow rate of fixed carbon, volatile matter, moisture and ash supplied
with the carbonaceous raw material to the 45 MW submerged arc furnace during 48 hours.
The total period of data collection is divided into six periods, P1 - P6, of eight hours.
The numbers given are scaled to a 10 MW furnace. Volatile matter (VM) type 1 refers
to VM contained in coke, coal and charcoal while type 2 refers to VM contained in wood
chips. The variation in the raw material supply is expressed as two times the standard
deviation of the mass rate for P1-P6.

Material Average P1 P2 P3 P4 P5 P6

Fixed Carbon (kg/h) 855 ± 66 913 822 852 867 811 864

Volatile matter type 1 (kg/h) 236 ± 16 245 223 234 235 230 246

Volatile matter type 2 (kg/h) 158 ± 10 166 151 160 160 151 162

Moisture(kg/h) 377 ± 28 398 361 379 381 358 383

Ash (kg/h) 46 ± 4 49 44 45 46 43 46

3.A.2 Output of materials and energy

To eliminate positive and negative effects of accumulation of silicon inside the
furnace, the amount of silicon produced during the 48 hours of data collection was
estimated from the amount of electrical energy added during this period. The
producers are in good control of the amount of electrical energy added to the
furnace. Based on operating data from 4 days prior and subsequent to the 48
hours of data collection, the rate of silicon produced was estimated to be 855 kg/h.
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The off-gas temperature was measured and the average value of 260 ◦C is applied
in the calculations.

Table 3.7 shows the average amount of the total thermal energy in the cooling water
for six periods of eight hours. Furthermore, the inlet and outlet temperatures,
averaged over the period of 48 hours, are given in Table 3.7.

Table 3.7: The average amount of thermal energy in the cooling water for six periods
of eight hours, denoted P1-P6. The overall average temperatures at inlet and outlet are
given.

P1 P2 P3 P4 P5 P6 Tout Tin (◦C)

(MW) (MW) (MW) (MW) (MW) (MW) (◦C) (◦C)

thermal energy 2.80 2.85 2.82 2.92 2.90 2.88 33 26
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Abstract

The production of silicon requires input of carbon and electric power, both high in
exergy, in addition to the silicon source (quartz). We report exergy efficiencies of a
new furnace for two choices of carbon raw material mixtures and compare this to
reported data. From the collected experience for this industry, we propose to evalu-
ate the silicon furnace using a set of two exergy performance indicators: the overall
exergy efficiency and the silicon yield exergy indicator, introduced in this work. The
new indicator is a measure for the performance of furnace operation. The overall
exergy efficiency was 0.30 for both cases of the present furnace. The new silicon
yield exergy indicator, together with data from the specific power consumption,
favored the mixture without coal for the present furnace (0.41). Additional ex-
ergy introduced as volatiles and through the consumption of electrodes accounted
for 8 and 11 %, respectively, of the total exergy destruction in the furnace. At
800 ◦C, the off-gas contained a potential of roughly 25 % of the exergy input. This
documented the potential to increase the overall exergy efficiency beyond 0.30.

4.1 Introduction

Exploitation and use of non-renewable energy and mineral resources are interlinked;
in fact, the extraction of fossil fuels and of minerals both grew exponentially through
the 20th century, driven by the world’s increased use of power [60]. In the new
policies scenario, the International Energy Agency predicts a 40 % increase in
the world’s energy demand by 2040 [61]. Thus, questions related to how we use
and manage our valuable resources are of great concern [60, 62] and a common
framework appropriate to measure the efficiency and depletion is in demand [63,64].

The exergy analysis method is well established [16, 41, 65] and has been applied
to a wide range of industrial processes [66–72], to national economies [73–75] and
even to the human body [76]. Exergy expresses the quality (work equivalents) of
energy and material streams. Resource efficient processes destroys a minimum of
exergy per unit of product. The destroyed exergy quantifies how well resources are
utilized in a process, also, it quantifies the potential (theoretical) for improvements
regarding resource efficiency. The overall exergy efficiency, defined as the exergy
in the product over the exergy used in the process, can be used as a performance
parameter useful for comparing technologies. This has values between 0 and 1, and
should be as large as possible. Additional exergy indicators, which neglect large
throughput streams, can be useful, when a more detailed picture of one technology
is wanted [68]. We shall see that this is also the case for the silicon furnace.

Production of silicon requires input of carbon materials and electric power, both
high in exergy, in addition to the silicon source (quartz). Exergy analyses of two in-
dustrial furnaces showed overall exergy efficiencies of 0.30 (ferro-silicon furnace) [77]
and 0.33 (silicon furnace) [78]. A direct comparison was not feasible, as this requires
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that a consistent methodology is applied [70]. A large potential for additional power
production from thermal energy in the off-gas was documented. For the furnace
in [78], the overall exergy efficiency increased from 0.33 to 0.41 when the additional
power production was taken into account. Today, standard furnace operation de-
notes furnaces with silicon as the only product (and silica as a byproduct) and no
additional energy recovery.

Previous work [78] used the theoretical silicon process, with pure reactants and no
side-reactions, to explore what a high exergy efficiency means in numbers for this
process as well as to explore the characteristics of the exergy flow in this process.
The upper limit was 0.51 for the exergy efficiency (standard furnace operation) and
the largest contribution to exergy destruction within the furnace was the combus-
tion of the by-product gases from the furnace reaction. Full recovery of the thermal
exergy in the off-gas increased the exergy efficiency to 0.71. Lower efficiencies ap-
plies to industrial silicon furnaces mainly caused by: 1) the ohmic losses in the
electric energy supply system caused by the use of high currents (in the order of
100 kA) and low voltages (in the order of 100 V), 2) silicon yields lower than 1 and
3) the combustion of volatile hydrocarbons introduced with the non-pure carbon
materials.

The main objective of this work is to establish exergy based efficiency indicators,
suitable to compare the performance of industrial silicon furnaces. We use the
same methodology as reported in [78] to establish energy and exergy analyses for
a different furnace, analyzed for two periods, operated with two different carbon
mixtures. With this, we can directly compare the outcome of the present analyses
to the one reported in [78]. We use the collected results from these two studies to
establish a basis for future evaluations of the exergy performance of silicon furnaces.
We propose to use a set of two indicators: the overall exergy efficiency and a new
indicator we call the silicon yield exergy indicator.

4.2 Methodology

We give a short description of the silicon process, focusing on the material and
energy flows, and repeat central details of the methodology given previously in [78].

Silicon is produced commercially by reduction of silicon dioxide with carbon in a
submerged arc furnace. The overall furnace reaction may be written in a simplified
form as:

SiO2 + (1 + y) C = ySi + (1− y) SiO (g) + (1 + y) CO (g) (4.1)

where the parameter y is the silicon yield, i.e. the number of moles of Si produced
per mole of SiO2 added, 0 ≤ y ≤ 1. Electric power, supplied via three electrodes,
is needed to achieve and sustain the high process temperatures required (above



44 Paper 2: Exergy based efficiency indicators for the silicon furnace

1800 ◦C) in order for the reduction reaction to take place. The size of the furnace
is normally characterized by the power level of the furnace which can be in the
range 10 - 45 MW. The main inputs of materials and energy to the furnace are the
raw materials, carbonaceous reduction materials and quartz, and electrical energy.
Additional carbon material is added to the process through the consumption of
carbon electrodes. Furthermore, small quantities of limestone are added. The car-
bonaceous raw material supplied to the furnace is a mixture of coke, coal, charcoal
and wood chips. The use of these materials also introduces additional components
than carbon to the furnace such as moisture, volatile hydrocarbons, and ash.

The main outputs of materials and energy from the process are silicon, furnace
off-gas, thermal energy in cooling water and thermal energy lost by radiation and
convection from the furnace body. The off-gas from the furnace reaction, Eq. (4.1)
SiO(g) and CO(g), is mixed with excess air under the furnace hood and burned
together with the volatile hydrocarbons introduced with the carbon material. The
amount of excess air controls the off-gas temperature. In addition to gaseous com-
ponents, the off-gas contains solid particles (dust) which is filtered off in the gas-
cleaning system. The dust consists mainly of amorphous SiO2. Because it can be
used as a filler material in e.g., concrete, ceramics and rubber, this is a valuable
by-product from the process.

4.2.1 Case studies

Table 4.1 gives an overview of the cases we include to evaluate the exergy efficiency
of the silicon furnace. Furnace A is the new furnace, and we evaluated this furnace
for two periods of seven days operated with charcoal (A1) and without charcoal
(A2) in the carbon raw materials mixture. Furnace B and the theoretical process
was previously in [78].

Table 4.1: Overview of cases included in this work. Furnace B and the theoretical process
was evaluated in a previous work [78].

Furnace A (35 MW) A1: charcoal in the mixture of carbon material

A2: no charcoal in the mixture of carbon material

Furnace B (45 MW) without and with energy recovery

Theoretical process 100 % silicon yield
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4.2.2 Calculations

Data collection

We evaluated the silicon furnace for two periods operated with and without charcoal
in the mixture of the carbonaceous raw materials. Table 4.2 gives input data used
to establish the energy and exergy analyses. Tabulated values are averages over
seven days and the variations are the standard error in the averages. All data are
scaled to one metric ton silicon produced, and we took into account the fraction
of the time when power was added to the furnace (i.e. the operating times). The
furnace was under operation for 98.6% and 99.5% of the time, for A1 and A2,
respectively. Table 4.2 also shows the overall composition of the carbonaceous raw
materials for the two cases. We distinguish between volatile matter contained in
coal, charcoal and coke (type 1) and volatile matter in woodchips (type 2). From
Table 4.2, we note an equal fraction of fixed carbon added to the furnace for the
two cases, while the fraction of volatiles differs.

Table 4.2: The total amount and composition of the carbon materials and the amount of
electric energy supplied to furnace A per metric ton silicon produced for the two cases.
All numbers are averages over one week operation, the variation is the standard error in
the averages. We distinguish between volatile matter in coal, charcoal and coke (type 1)
and volatile matter in woodchips (type 2).

Case A1: Case A2:

unit with charcoal no charcoal

Electric power MWh 11.9± 0.4 11.21± 0.13

Electrode kg 84± 4 78± 4

Carbon materials kg 2390± 80 2240± 30

Fixed carbon wt% 44.59± 0.03 44.43± 0.02

Volatiles type 1 wt% 18.69± 0.01 26.92± 0.02

Volatiles type 2 wt% 11.19± 0.02 6.76± 0.02

Moisture wt% 24.04± 0.02 20.94± 0.02

Ash wt% 1.487± 0.003 0.951± 0.001

Inputs of materials and energy to the furnace were the carbonaceous materials,
the electrode materials and the electric energy. We neglected contributions from
moisture and ash in the carbon material, and took into account only the contribu-
tion from the fixed carbon and the volatile matter. The fixed carbon is a measure
of the solid combustion material in carbonaceous materials and is needed for the
reduction reaction (Eq. (4.1)). We assumed the electrodes to consist only of pure
carbon. As material output streams, we only considered silicon and assumed this
to be 100 % Si. The temperature of the liquid silicon at tapping was 1600 ◦C.

The enthalpy carried by the cooling water was determined from measured values
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of water flow (V̇ ) and the difference between the inlet and the outlet temperature
(∆T ). For case A2 V̇ = (250± 4) m3 and ∆T = (10± 1) K. For case A1 we lacked
these data. Therefore, we assumed that the enthalpy in the cooling water relative
to the electrical energy supplied to the furnace were the same for the two cases,
and estimated the enthalpy in the cooling water for case A1 from this. The thermal
exergy in the cooling water is low and is a part of the calculated exergy destruction
in the furnace. The heat lost by radiation and convection from the furnace shell
was 5 % of the total energy input to the process [22], we took ± 3 percentage points
as an estimate for the uncertainty in this number. The enthalpy in the off-gas was
taken from the energy balance as the difference between the total energy input to
the process and the enthalpy in cooling water, heat lost by radiation and convection
and enthalpy in the product (see e.g, Fig. 4.1). To estimate the thermal exergy in
the off-gas1, we multiplied the enthalpy in the off-gas with the ratio of the physical
exergy and the enthalpy content for an ideal gas:

Eph
off-gas =

(
1− T0

(T − T0)
ln
T

T0

)
∆Hoff-gas (4.2)

We took the off-gas temperature equal to 800 ◦C in both cases. The chemical
exergy in the off-gas is lost to the surroundings, thus it was considered as part of
the exergy destroyed in the furnace.

Thermodynamic data

The enthalpy of the carbon material was the weighted contribution from the fixed
carbon and the volatile matter contained in coal, charcoal and coke (VM1) and in
woodchips (VM2):

hfuel = XFChC +XVM1hVM1 +XVM2hVM2 (4.3)

where Xi was the weight fraction of fixed carbon and volatile matter in the carbon
material (see Table 4.2). Values for enthalpies and entropies needed in the calcula-
tions were found from HSC Chemistry R© 6.1 [54] for all components except for the
volatile matter VM1 and VM2. We took the values 10.6 and 4.03 kWh/kg for the
higher heating values of VM1 and VM2, respectively [22,55].

Standard chemical exergies for the elements were taken from Szargut et.al. [51]. Val-
ues for the formation Gibbs energies

(
∆fG

0
)
, were found from HSC Chemistry R© 6.1 [54].

Standard chemical exergies were given for a reference environment of T0 = 298 K
and p0 = 1.013 bar. HSC Chemistry R© 6.1 uses 1 bar as reference pressure for
thermodynamic data which is slightly different from the environmental pressure
of p0. This difference is neglected in the calculations. We estimated the specific

1In our previous work [78], we erroneously set the enthalpy in the off-gas equal to the heat

transfer rate Q̇ and estimated the thermal exergy in the off-gas from Eph
off-gas = (1 − T0/T )Q̇.

This procedure overestimates the thermal exergy flow in the off-gas.
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chemical exergy of the carbon material from the weighted contributions of exergy
from fixed carbon and volatile matter:

echfuel = XCe
ch
C +XVM1e

ch
VM1 +XVM2e

ch
VM2 (4.4)

We used the higher heating values given above as an estimate for the chemical
exergy of the volatile matter. With this approximation, we neglected T0∆S-terms
and also chemical mixing exergies of reactants and products in the combustion
reaction. Condensed silica fume (amorphous SiO2) is filtered off from the furnace
off-gas and is a valuable by-product in addition to the silicon. However, because
silica has low chemical exergy, we neglected this contribution in the calculations
(see Section 4.2.2).

Accuracy

The uncertainty specified for the results given in Section 4.3 stem from the variation
in the input data from the plant (see Table 4.2 and Section 4.2.2). This gives a
random error.

The higher heating value of the carbonaceous raw materials was estimated from
Eq. (4.3). In the calculations of exergy supplied with the raw materials, we ignored
the uncertainty in the absolute values of specific enthalpy and chemical exergy of
the carbon materials (see e.g. Eq. (4.3) and Eq. (4.4)). In Eqs. (4.3) and (4.4), we
neglected the effect of mixing and took the higher heating value as the chemical
exergy of the volatile matter. This gives a systematic error, but such an error is
not important for trend-investigations within one process.

Other sources of error were considered to be small and are therefore neglected. The
effect of neglecting quartz, limestone and moisture was in the order of 0.1 % of the
total exergy supplied to the furnace. The neglect of contributions from ashes was
supported by Song and co-workers [53]. The enthalpy and exergy in the neglected
slag and amorphous SiO2 was estimated to be less than 0.5 % of the total enthalpy
and exergy leaving the furnace. The assumption of a 100 % pure silicon product
resulted in an error of about 1 % in the product enthalpy, entropy and chemical
exergy.

4.3 Results and discussion

4.3.1 Energy balance of the silicon furnace

The Sankey diagram in Fig. 4.1 illustrates the energy balance for the silicon furnace
operated with charcoal (A1) and without charcoal (A2) in the feed of carbonaceous
raw materials. Figure 4.1 gives the energy content of each stream, as percentage of
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Figure 4.1: Sankey diagram illustrating the energy flows into and out of the silicon furnace
A operated with charcoal (A1) and without charcoal (A2) in the mixture of the carbona-
ceous raw materials. All numbers are scaled to one metric ton silicon produced. The
energy content of each stream is also given as the percentage of the total energy supplied
to the furnace. Raw materials include the electrodes.

the total energy supplied to the furnace in the raw materials and in terms of electric
power (the left-hand side of the figure). On the output side, there is thermal energy
flowing into the surroundings by radiation, convection and from sensible and latent
heat in the product (upper part of the figure), sensible and latent heat leaving
with the off-gas, the cooling water and as enthalpy in the silicon (central and lower
parts of the figure). The two cases differ by the raw materials used, and these are
specified in terms of fixed carbon, volatiles, and electrode materials, cf. Table 4.2.

The difference between the two cases is seen in the relative amount of energy in
the input streams. The electric energy required per metric ton silicon produced
varies, cf. Fig. 4.1. For a given process design, the silicon yield determines the
electric energy needed for the production of one metric ton silicon. A difference in
the silicon yield gives also a difference in the amount of fixed carbon required per
metric ton of silicon produced c.f. Table 4.2. Presence of additional volatiles means
extra energy added to the furnace without contribution to the furnace reduction
reaction, see Eq. (4.1). By chance, the same amount of energy was added to the
furnace per metric ton silicon produced for the two cases.

The Sankey diagram for furnace A can be compared with the corresponding di-
agram for the furnace B evaluated previously [78]. In furnace B [78], the raw
materials represented 54 %, and the electrical energy represented 46 % of the total
energy supplied. In the output streams of furnace B, silicon contained 34 % and
the enthalpy in the off-gas contained 45 % of the total energy supply. These results
differ from the numbers given in Fig. 4.1. The much smaller fraction of volatiles in
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B compared to A1 and A2 produces smaller energy content in the off-gas streams
of the B-furnace and gives a higher relative amount of energy in the product. The
energy analysis does not give a number for the potential or the limits for process
improvements regarding resource efficiency.

To summarize, we have seen that 32 % of the energy input was transferred to the
product, independent of the choice of carbonaceous raw materials used. The rest
was converted to thermal energy in various forms. The total amount of energy
supplied to the furnace was nearly the same in the two cases, but the composition
of the total energy supplied varied with the raw material used. This difference was
caused by a difference in the silicon yield. To address the energy quality, we shall
examine the exergy analysis results.

4.3.2 Exergy analysis and the overall resource utilization for
the silicon furnace

Table 4.3 gives the results of the exergy analyses of the silicon furnace operated
with charcoal (A1) and without charcoal (A2) in the mixture of carbonaceous raw
materials. Again, all numbers are scaled to one metric ton silicon produced, so
we can compare Fig. 4.1 to Fig. 4.2 and Table 4.3. The Grassman diagram in
Fig. 4.2 illustrates the characteristics of the exergy flows entering and leaving a
silicon furnace. Fixed carbon and electric energy are needed to produce silicon,
while volatiles and consumption of electrodes adds extra exergy to the process.
The exergy destruction includes exergy in cooling water and chemical exergy in the
off-gas. For today’s standard furnace operation, thermal exergy in the off-gas and
the product are not used and are included in the exergy destruction.

 Silicon 
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Off-gas 
To furnace reaction: 

Fixed Carbon  

and  

Electrcic power 
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Figure 4.2: A Grassman diagram illustrating the characteristics of the exergy analysis for
the industrial silicon furnace.
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Table 4.3: The exergy entering and leaving the furnace, together with the exergy destroyed
within the furnace per metric ton silicon produced for the two cases of raw materials.

Case A1:charcoal Case A2:no charcoal

(MWh) (%) (MWh) (%)

Total exergy input 28.6± 0.8 (100) 28.4± 0.4 (100)

Electric power 11.9± 0.4 (41.6) 11.21± 0.13 (39.5)

Fixed carbon 10.1± 0.3 (35.3) 9.44± 0.14 (33.2)

Volatiles 5.8± 0.4 (20.3) 7.0± 0.3 (24.6)

electrode 0.79± 0.04 (2.8) 0.74± 0.04 (2.6)

Exergy output:

Exergy in product silicon 8.4 (29.5) 8.4 (29.7)

Exergy destruction standard operation 20.2± 0.8 (70.6) 19.9± 0.4 (70.1)

Where exergy losses constitute:

Thermal exergy off-gass (800 ◦C) 7.0± 0.6 (24.5) 7.0± 0.3 (24.6)

Thermal exergy product 0.68± 0.01 (2.4) 0.68± 0.01 (2.4)

By comparing the results of furnace A to furnace B [78], and also to the ferro-
silicon furnace [77], we find a similar distribution of losses. Table 4.4 gives the
overall exergy efficiencies for furnace A and B. From this, we believe that an overall
exergy efficiency of 0.30, or 70 % losses, is representative for today’s standard
furnace operation. The thermal exergy in the off-gas is considerable, and are a
major target for potential improvement in all furnaces [22,23,48,77,79,80]. Furnace
B [78] was also evaluated for additional power production from the enthalpy in the
furnace off-gas, see Table 4.4. We see that the potential for further improvements
of the process is large, with a potential raise in the overall efficiencies by nearly
0.1 points. The thermal energy in the cooling water and in the product represents
other possible improvements together with the chemical exergy in the off-gas.

Table 4.4: Exergy efficiencies for the two industrial silicon furnaces A and B compared
to the theoretical process. A is the furnace evaluated in this work, B was evaluated
previously [78]. The error in the efficiency of Case B is ±0.01. Smaller errors apply to
the other cases.

Furnace A: Furnace A: Furnace B

charcoal no charcoal

Standard furnace operation 0.30 0.30 0.33

With power recovery - - 0.41

The main result of the energy and exergy analyses for furnace A, Figs. 4.1 and
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Table 4.3, are that the overall energy and exergy efficiencies do not depend on the
quality of the raw materials for the two cases. The energy and exergy efficiencies
are also not far from each other in value. This can partly be explained by the
common approximation, to use the higher heating values as an estimate for the
exergy values of the volatiles in the carbon material. Moreover the enthalpy value
and the exergy value for carbon are close, the electric energy is pure exergy and
the product has a high quality. The big difference between the energy and the
exergy analyses are seen on the output side. The exergy analyses quantify the cost
of the energy conversion taking place inside the furnace as well as the potential
improvements.

4.3.3 Establishing an exergy based metric for silicon produc-
tion

To better be able to compare the performance of different industrial furnaces, and
also to clarify the potential process improvement, we propose to use a more process-
dependent exergy efficiency. The overall exergy efficiency does not separate between
the two cases for Furnace A (see Table 4.4). For the silicon furnace, it is reasonable
to relate the furnace performance to the electric energy and the chemical exergy
in the fixed carbon. This is because the volatiles introduced with carbonaceous
raw materials add extra energy and exergy streams to the process in an industrial
furnace, but this contributes only to increase the energy content in the off-gas
and to larger exergy destructions due to combustion (and also possibly increase
the thermal exergy in the off-gas), c.f. Fig. 4.2. We therefore propose to use as
performance indicator, ε′, the following expression:

ε′ =
Ech

Si

Eel + Ech
FC

(4.5)

Here Ech
i is the chemical exergy of material stream i and Eel is the electric energy.

We name ε′ the silicon yield exergy indicator. The expression means that a high
silicon yield will give a high exergy efficiency. The expression fits with the goal of
the industry, to produce silicon with a high silicon yield and with as little electrical
energy as possible. The specific power consumption is used as a guideline for
furnace performance by the industry. The ε′ also takes into account the exergy in
the carbon needed in the reduction reaction, see Eq. (4.1). As we shall see, this
parameter is suitable to clarify 1) the furnace performance and 2) the potential for
improvements by comparing to the theoretical process established as a reference
in our previous work [78]. Also, by comparing ε′ to the overall exergy efficiency,
we can quantify the effect of the exergy of the volatiles and the consumption of
electrodes. Values for furnace A and B are given in Table 4.5 together with the
upper limit as determined from the theoretical process with a silicon yield equal to
one [78].

Comparing the indicator ε′, we see a clear difference between cases A1 and A2, in
favor of A2. Case A2 performs equal to B within the uncertainty. This corresponds
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Table 4.5: The silicon yield exergy indicator for the two industrial silicon furnaces A and
B, compared to the upper limit determined from the theoretical process for a silicon yield
(y) of one. A is the furnace evaluated in this work, B was evaluated previously together
with the theoretical silicon process [78]. The error in the efficiency of Case B is ±0.01.
Smaller errors apply to the other cases.

Theoretical: Furnace A: Furnace A: Furnace B

y = 1 A1:charcoal A2:no charcoal

Silicon yield

exergy indicator 0.51 0.38 0.41 0.40

with the differences seen in the specific power consumption given in Fig. 4.1 and
Table 4.3. The upper limit of 0.51 applies to a process with no loss in the electric
energy supply, no heat losses and no side-reactions and the industrial furnace will
never reach this limit. However, this upper limit could serve as a yardstick for
process improvements. Comparing the ε′ to the overall exergy efficiency (Tables 4.5
and 4.4), we see that volatiles and consumption of electrodes adds 8-11% to the
total exergy destroyed in the standard furnace operation. We conclude that the
indicator ε′ is suitable to distinguish between the operating performance for silicon
furnaces while the overall exergy efficiency quantifies the overall resource utilization
in the furnace.

4.4 Conclusions

We have evaluated the silicon furnace using a set of two exergy performance indica-
tors: the overall exergy efficiency and the silicon yield exergy indicator, introduced
in this work.

• The overall exergy efficiency quantifies the resource utilization in the silicon
furnace. The value (0.30) found in this work coincides with reported values
for exergy efficiencies, which indicates that an exergy destruction of about
70 % is representative for today’s standard furnace operation. The amount
of volatiles affects this value and this indicator alone fail to determine how
efficient the furnace produces silicon.

• The silicon yield exergy indicator considers only the electric power and the
fixed carbon as exergy input to the process. This indicator quantifies how
efficient the furnace produces silicon and gives values that coincides with the
specific power consumption.

The difference between the two indicators revealed that volatiles introduced with
the carbonaceous raw materials, together with the consumption of electrodes, ac-
counted for 8-11 % of the exergy destroyed in the present furnace. We conclude
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that both indicators are useful in the discussion of resource utilization and potential
improvements within this industry.
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Abstract

This paper presents a Seebeck-type solid state thermoelectric power generator unit,
designed to investigate the possible recovery of radiant waste heat at a silicon plant
in Norway where roughly 70% of the total input energy leaves the process as waste
heat. The unit is 0.5 m x 0.5 m and is built of 36 commercially available ther-
moelectric devices based on bismuth telluride p - and n - type semiconductors.
Thermoelectric devices directly convert fractions of a heat flux into an electric cur-
rent (and vice versa) and may therefore be convenient for recovery of waste heat
when the heat source is discontinuously available. The purpose of the thermoelec-
tric unit is to give a proof of principle of direct thermoelectric energy conversion on
a large scale. We present the initial test results for the generator. At an average
temperature difference between the heat reservoir and the heat sink of 98◦C, we
measured an open circuit potential of 23.44± 0.06 V and the matched load power
output was 39.4 W. At a temperature difference of 220◦C, we predict the genera-
tor open circuit potential to be 40.8 V, which corresponds to an efficient Seebeck
coefficient of 242 µV/K, and matched load power output to be 120 W.

5.1 Introduction

The world’s power demand increases, driven by population growth and increase
in living standards and simultaneously global warming is recognized as one of
our most serious environmental problems. According to the International Energy
Agency [81], the industrial sector accounted for approximately one third of the
total global power consumption in 2005. Increasing the energy efficiency of in-
dustrial processes thus represents a benign and substantial route for addressing
environmental concerns and energy security.

In accordance with the second law of thermodynamics, all real processes are as-
sociated with lost work which is energy being dissipated as heat to the surround-
ings [25]. Improving the energy efficiency of industrial processes is about finding
the process path associated with a minimum of lost work. The more evenly the
losses are distributed, the smaller are the losses [82,83]. In addition, exploiting the
unavoidable waste heat will contribute to improve the energy efficiency. The waste
heat may be utilized for heating purposes and/or it can be upgraded to work for
instance via some sort of heat engine.

Work can be extracted from a heat flux either directly or indirectly. The thermo-
electric power generator can be solid state and converts heat directly into electric-
ity. The solid state device is maintenance free, reliable, silent and adaptable for
a variety of temperature ranges. Direct conversion of heat into electricity may be
convenient when the heat source is not constantly available. In the indirect way, a
working fluid is heated and work is subsequently extracted from the working fluid.
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Figure 5.1: Schematic drawing of the (Ferro)silicon production process [22]. (Ferro)silicon
is commercially prepared by reduction of silicon dioxide with carbon in an electrical arc
furnace. The illustration shows the furnace surrounded by raw material and electrical
power supply systems, off-gas and heat recovery equipment systems, tapping, casting and
crushing.

Such systems includes variations of vapor power plants and gas power plants, see
e.g [18].

In this paper, we present a thermoelectric power generator unit based on com-
mercially available solid state thermoelectric devices which is designed to recover
radiant waste heat. The case study is the casting process at the Elkem Salten
silicon plant where energy dissipates as heat into the surroundings when the liquid
silicon is cooling down. In addition, silicon dioxide containing fume is also escaping
from the casting ladle during casting. One idea is to generate power from the heat
to power a suction fan for silicon dioxide fume.

5.1.1 The Elkem Salten case study

(Ferro)silicon is commercially prepared by reduction of silicon dioxide with carbon
in a submerged arc furnace (SAF), a schematic drawing illustrating the process is
given in Figure 5.1. The illustration shows the furnace surrounded by raw material
- and electrical power supply system, off-gas removal - and heat recovery equipment
system, tapping, casting and crushing. The SAF is the heart of the silicon plant.
The size of the furnace is determined by the electrical power, which can be in the
range from less than 10 MW to 45 MW. The raw materials, quartz and carbon, are
fed to the furnace at the top, and is referred to as the charge material. Production
of silicon is an energy intensive process, requiring temperatures above 1800 ◦C.
These temperatures are achieved by adding large amounts of electric energy. The
liquid silicon is tapped from the bottom of the furnace. After tapping, the liquid
silicon is refined by slag treatment or gas purging. Then the liquid silicon is poured
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into sui molds, allowed to cool down and then crushed to the desired particle sizes.

The off-gas from the furnace is captured into the gas-cleaning system and filtered.
The dust in the filter consists mainly of SiO2 particles, also referred to as condensed
silica fume, which can be used as filler material in concrete, ceramics, rubber etc.
Since the off-gas escapes from the furnace at a high temperatures (200 ◦C - 700 ◦C),
it is suitable for electric energy production using a steam turbine and generator
system.

Most plants use 11-13 kWh per kilogram of silicon metal produced [22]. In a 10
MW furnace, electrical energy accounts for about 45 % of the total energy supplied
to the process and chemical energy from the raw materials accounts for the rest.
About 70% of the total energy supplied to the process is dissipated as heat to the
surroundings. Energy leaves the process as thermal energy in the cooling water,
in the off-gas, by radiation and convection from the furnace and from the cooling
process of the liquid metal.

The liquid silicon is poured from the casting ladle into a mound. A total of 18 molds
are placed next to each other on a carousel, referred to as the casting carousel. The
height of the casting carousel from the floor and to the top of the mold is approx-
imately 1.60 m and its diameter is 17 m. A schematic drawing illustrating the
casting process and the casting carousel is given in Figure 5.2. At casting the
liquid metal is at a temperature of approximately 1450 ◦C. One casting ladle con-
tains about 8000-9000 kg of metal and casting of one ladle requires 25-35 minutes.
During casting, silicon dioxide containing fume escapes from the casting ladle and
contributes to indoor pollution of the silicon plant. The size of the suction fan
needed to suck off the fume, Pfan, has been estimated to be 24 kW.

Figure 5.2: Schematic drawing, illustrating the casting process and the casting carousel.

5.2 Seebeck-type solid state thermoelectric power
generator

Commercially available thermoelectric devices are solid state units based on semi-
conductors and are called thermoelectric modules. A pair of n- and p-type semi-
conductors, called a thermocouple, is the basic unit of a thermoelectric module.
A thermoelectric module consists of several basic units connected electrically in
series/and or parallel kept between two ceramic plates. The ceramic plates serves
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Figure 5.3: A schematic drawing showing a cut through of a typical thermoelectric module.
Two semiconductor pairs, each consisting of a p- and n-type semiconductor are connected
electrically in series and kept in between two ceramic plates. The semiconductor assembly
is kept in between a heat source and a heat sink and connected to an outer circuit with
an external load with resistance Rex.

both as constructional support and as electrical insulation. Figure 5.3 is a schematic
drawing showing a cut through of a typical thermoelectric module, kept between a
heat source and a heat sink.

The charge carriers in semiconductors (either electrons, e−, or holes, h+) and metals
are free to move and carry heat as well as charge. When a temperature gradient
is applied, the charge carriers migrate towards the cold end which results in a
potential. The potential for a thermoelectric module with N thermocouples in
series, is described by the following expression

E = Nα (TH − TC)−RI (5.1)

where the first term is the open circuit potential and is proportional to the temper-
ature difference between the hot and cold end. α is the Seebeck coefficient and is a
function of the materials properties and temperature, R is the internal resistance
of the module and I is the current. The power dissipated in an external load is

P = EI = Nα (TH − TC) I −RI2 (5.2)

By matching the external load resistance to the internal resistance of the module,
a maximum power output, Pmax, is generated

Pmax =
(Nα (TH − TC))2

4R
(5.3)

Several important conclusions can be drawn from Equation (5.3). Doubling the
temperature difference gives a quadruple power. Furthermore, increasing the effi-
cient Seebeck coefficient improves the maximum power quadratically. On the other
hand, doubling the amounts of thermocouples N only increases the maximum power
linearly as N and R are linear to each other. Because the factor N also requires
more material, developing a larger Seebeck coefficient, α, and designing the system
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Figure 5.4: The thermoelectric system for large power output consists of an array of
thermoelectric modules connected in series and parallel. The thermoelectric system is
connected to an outer circuit with an external load.

such that a higher temperature difference is obtained are the most efficient ways
to improve the Seebeck type thermoelectric power generators.

Numerous amounts of thermocouples are required for a large power output since
each couple contribute with a few µVK−1. Since it would be impractical to con-
struct a generator of thousands of thermocouples, a large power system is con-
structed from a number of modules. Figure 5.4 displays a schematic drawing of
a large power system consisting of six parallels each consisting of six modules in
series. The thermoelectric power generator is connected to an outer circuit with
an external load, Rex. In addition to the thermoelectric modules, a thermoelectric
power generator system requires a heat source and a heat sink.

The present thermoelectric power generator prototype is a square panel of dimen-
sions 0.5 m X 0.5 m and it consist of a heating block, 36 thermoelectric modules
and a heat sink.

The heating block will be directed towards the heat source and heated by thermal
radiation. It consists of 36 square-shaped units, 80 mm x 80 mm, made of 10 mm
thick aluminum plates. The front side of the units is planar while the back side of
the units is beveled so that the heat flux will be directed into the thermoelectric
modules. Figure 5.5 is a schematic drawing of the thermoelectric power generator
and a cut through of one part of the generator where the thermoelectric module
(TM) is kept between the heating block (HB) and the heat sink (HS) and thermo-
couples are included for measuring the heating block and heat sink temperature,
TH and TC respectively. The assembly is kept together by screws running through
the heat block and heat sink, this is not shown in Figure 5.5. The heat sink is
made of a 25 mm thick aluminum plate (0.5 m x 0.5 m) where water is circulating
in a copper pipe (10 mm in diameter) which is fixed in a channel milled into the
aluminum plate. We use tap water for cooling water1. The inlet and outlet cooling
water temperature is measured by PT-100 elements. The thermoelectric modules

1In Norway, water is not a scarcity and in the present case not considered further
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Figure 5.5: The thermoelectric power generator and a cut through depicting one thermo-
electric module (TM) kept in between one heating block (HB) and the heat sink (HS). The
heating block is heated by radiant heat (Q̇). The temperature is measured in the heating
block and the heat sink (TH and TC). The numbers 1 − 5 indicates the temperature
measurement locations in the generator.

used are based on bismuth telluride and they are of type TEP-1264-1.5 (Termo-Gen
AB, Sweden) and are square-shaped of size 40 mm x 40 mm. The effective area of
thermoelectric modules is then 0.0576m2. The maximum operating temperatures
for the hot side of the modules are 260◦C continuously and 380◦C intermittently
while 160◦C is the maximum temperature for the cold side. As already mentioned,
the thermoelectric modules are connected electrically in series of six and six se-
ries in parallel, see Figure 5.4. K-type thermocouples are used for measuring the
temperatures TH and TC. The thermocouples are inserted into holes (1 mm in
diameter). The heat block temperature, TH, is measured at five locations in the
panel indicated by numbers 1− 5 in Figure 5.5, while the heat sink temperature is
measured at the four locations indicated by numbers 1− 4.

5.3 Testing procedure and facilities

A steel plate covering the opening of a muffle furnace was used as a heat source
in the testing of the generator. The generator was brought in contact with the
steel plate and heated. The system was then left to stabilize and was assumed
to be stable when the temperatures were stable within ±3◦C. The polarization
curve, where the generator potential is plotted as a function of current is used
to describe the thermoelectric power generator performance. The generator was
connected to an external, electronic load (Agilent 6060B) and power supply (Agilent
EE3633A). The electronic load controls the thermoelectric power generator voltage.
The power supply running potentiostatically is used to boost the generator outer
circuit voltage. Polarization curves were obtained by keeping a constant generator
potential, E, for ten minutes at each potential. We changed the potential in steps
of 2.5 V and 2.0 V (in two different runs) from the open circuit potential to zero
potential.

We define an average temperature difference between the heating block and the
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heat sink in the generator

∆Tav =

∑5
i=1 THi,av

5
−
∑4
j=1 TCj,av

4
(5.4)

where THi,av is the average of the heating block temperatures measured at locations
i = 1- 5 and TCj,av is the heat sink temperatures measured at locations j =1 - 4,
see Figure 5.5.

The cooling water volume flow, V̇. is measured by a flow meter (CF Echo II), and
the thermal energy absorbed by the cooling water is calculated by

Q̇ = ρV̇ (Tw,o − Tw,i) (5.5)

where Tw,o and Tw,i are the cooling water outlet and inlet temperature, respectively.

5.4 Results and discussion

The performance data for the thermoelectric power generator are tabulated in
Table 5.1 and plotted in Figure 5.6 for the average temperature differences (defined
by Equation (5.4)) ∆Tav = 98◦C and ∆Tav = 65◦C. From the line slope of the
polarization curves, we find the generator internal resistance, R, to be 3.44± 0.02
Ω for ∆Tav = 98 ◦C and 3.28± 0.03Ω for ∆Tav = 65 ◦C.
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Figure 5.6: Thermoelectric power generator potential (circles) and power output (trian-
gles) as a function of current I for an average temperature difference ∆Tav = 98◦C ( (a)
) and ∆Tav = 65◦C ( (b) ).

By applying Equation (5.3) and by using the experimental determined generator
resistance and open circuit potential, we calculate the maximum power output to
be 39.4 W and 18.3 W for ∆Tav = 98 ◦C and ∆Tav = 65 ◦C, respectively. The
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Table 5.1: Current (I), thermoelectric power generator potential (E) and power output
(P ) for average temperature differences of 98◦C and 65◦C.

∆Tav = 98◦C ∆Tav = 65◦C

I/A E/V P/W I/A E/V P/W

0.00 ± 0.00 23.24 ± 0.06 -0.07 ± 0.06 0.00 ± 0.00 15.51 ± 0.02 -0.05 ± 0.02

0.21 ± 0.00 22.50 ± 0.02 4.79 ± 0.02 0.44 ± 0.01 14.02 ± 0.02 6.20 ± 0.02

0.93 ± 0.03 20.01 ± 0.00 18.53 ± 0.03 1.04 ± 0.00 12.00 ± 0.00 12.52 ± 0.00

1.64 ± 0.03 17.50 ± 0.00 28.71 ± 0.03 1.64 ± 0.00 10.01 ± 0.00 16.43 ± 0.00

2.35 ± 0.02 15.02 ± 0.00 35.32 ± 0.02 2.24 ± 0.01 8.02 ± 0.00 17.99 ± 0.01

3.08 ± 0.02 12.50 ± 0.00 38.44 ± 0.02 2.86 ± 0.02 6.00 ± 0.01 17.18 ± 0.02

3.79 ± 0.02 10.01 ± 0.00 37.97 ± 0.02 3.47 ± 0.02 4.01 ± 0.00 13.93 ± 0.02

4.53 ± 0.03 7.51 ± 0.00 33.99 ± 0.03 4.12 ± 0.00 2.00 ± 0.00 8.24 ± 0.00

5.27 ± 0.02 5.00 ± 0.00 26.35 ± 0.02

6.00 ± 0.02 2.52 ± 0.00 15.10 ± 0.02

6.75 ± 0.03 0.01 ± 0.00 0.09 ± 0.03

module area required to generate enough power for the suction fan ( Pfan = 24
kW) is then 36 m2 and 75.5 m2, respectively.

The temperature distribution in the heating block, and consequently the heat sink,
was observed to be highly non-uniform which was due to a non-uniform temper-
ature distribution in the steel plate covering the opening of the muffle furnace.
In addition, the contact pressure between the generator and the steel plate was
uneven resulting in different contact resistance towards heat transfer which also
contributed to the non-uniform temperature distribution. In order to reach the
potential power output for the generator, the temperature difference should be as
high as possible as well as evenly distributed [25]. In the casting area, however,
we expect a more uniform temperature distribution. This is because the incident
radiant flux is expected to be approximately constant across the panel as the panel
area is small compared to the casting area.

We have previously determined the performance of one thermoelectric module
(TEP-1264-1.5, Termo-Gen AB) exposed to a temperature difference [84], the open
circuit potential and corresponding temperature differences are given in Table 5.2.

Based on data given in Table 5.2, a uniform temperature difference between the
heating block and the heat sink in the present generator of 105 ◦C should result
in an open circuit potential of 19.2 V. For an average temperature difference of
98◦C, however, we measured 23.24± 0.06 V, this indicates that the actual average
temperature difference is higher.

If a uniform temperature difference of 220 ◦C is obtained, we expect an open circuit
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Table 5.2: Open circuit potential (EI=0) and corresponding temperature difference (∆T )
for one thermoelectric module

∆T/◦C EI=0/V

105 3.2 ± 0.1

165 5.4 ± 0.1

220 6.8 ± 0.1

potential for the generator of 40.8 V and a Pmax = 120 W. This estimation is based
on the open circuit potential measured for one module and the experimentally
determined internal resistance of the generator. Then the required module area for
generating Pfan would be approximately 12 m2.

The average thermal energy absorbed in the cooling water during the test was
2.6 kW, the experimental determined Pmax is about 1.5% of the average thermal
energy absorbed in the cooling water. Currently available solid state thermoelectric
materials have conversion fractions of typically 5 % of the total heat input. When
waste heat is the source, the cost of thermal input can be considered for free and the
low conversion fraction is no longer a serious drawback. However, as we are aiming
at recovering as much waste heat as possible, the search for more efficient systems is
necessary to make thermoelectric power generation a viable option. More efficient
systems are systems with larger Seebeck coefficients [24].

5.5 Conclusions

In this initial testing of the solid state thermoelectric power generator, we measured
an open circuit potential of 23.44±0.06 V and an internal resistance in the generator
of 3.44±0.02 Ω for an an average temperature difference between the heating block
and the heat sink of 98 ◦C. This gives a matched load power output of 39.4 W and
area of thermoelectric modules necessary to generate enough power to run the
suction fan is then estimated to be 36 m2.

If a uniform temperature difference of 220 ◦C is a achieved, the open circuit poten-
tial is estimated to be 40.8 V and the matched load power output 120 W. In this
case, the area of modules required to run the suction fan is 12 m2.

The thermoelectric power generator designed to recover radiant waste heat is built
up of solid state commercially available thermoelectric devices based on bismuth
telluride p - and n- type semiconductors. Their low conversion fractions suggests
development of other solid state thermoelectric energy convertors with a higher
temperature range and higher Seebeck coefficient.
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Abstract

Thermoelectric power generators are scalable and simple systems for recovering
waste-heat from the industry. We combined on-site measurements and a math-
ematical model to study the potential for power generation with this technology
from heat available from casting of silicon. We implemented a 0.25 m2 thermoelec-
tric generator (TEG), based on bismuth-tellurium modules, in the casting area of
a silicon plant. The measured peak power was 160 W m−2 and the correspond-
ing maximum temperature difference across the modules was 100 K. We predict a
large potential to increase the power generated beyond the measured values. For
a two-fold increase of the heat transfer coefficient at the cold side, and by moving
the generator closer to the heat source, we predict that the power output can reach
900 W m−2. By tailoring the design of the TEG to the conditions encountered
in the industrial facility, it is possible to generate more power with less thermo-
electric material. We provide guidelines on how to design thermoelectric systems
to maximize the power generation from waste heat given off from silicon during
casting.

6.1 Introduction

The access to electrical power is a premise to the welfare of modern human beings.
Accordingly, with the stipulated population growth and increase in welfare, the
power production must continue to grow, however in appropriate ways [85]. The
power supply for a modern society must deal with production, storage and distribu-
tion and must come from diverse sources. To meet the future need of power supply
requires that we also deal with the concept of energy quality. Electric energy is
for instance of greater value than thermal energy. Heat at high temperatures is of
greater value than at lower temperatures. Heat on demand is of greater value than
intermittent and distributed heat. Thermoelectric generators represent a scalable
and robust technology to convert waste-heat to high quality electricity. In this
paper, we consider the implementation of thermoelectric generators in the industry
where intermittent high quality heat is available alongside with a power demand.

Thermoelectric generators (TEGs) convert a thermal potential (temperature dif-
ference) directly to an electric potential (voltage) when heat passes through the
generators [86]. To our knowledge this effect was first observed in the early 19th
century by Seebeck [87]. The Seebeck effect occurs when two different charge
conductors (e.g., p- and n-type semiconductors) are coupled in series via two con-
nections (A-B-A) and when the connections are at different temperatures (A-B
at T1 and B-A at T2). As long as the temperatures T1 and T2 deviate, we can
measure an electric potential in the circuit. This potential is proportional to the
temperature difference and the slope is the Seebeck coefficient, α, of the pair of
conductors. TEGs are scalable systems, ranging from micro-watts to kilo-watts
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applications [88,89]. These systems can be regarded as planar heat engines that re-
ceive a larger amount of heat at a high temperature and deliver a smaller amount of
heat to a heat sink at a lower temperature. The difference is electric work available
for external use. From a thermodynamic perspective, these thermoelectric gener-
ators cannot (like any other heat engine) convert more heat to electric work than
the largest possible entropy production multiplied with the temperature where the
heat is delivered [18]. The advantage of thermoelectric generators are their size
(plates of a few millimeters), scalability, fairly simple constructions (no moving
parts), weight (used for mobile applications) and flexibility (fitting to intermittent
heat sources) [90].

There are many materials available for use when it comes to thermoelectric gen-
erators. Those most commonly referred to are inorganic, and are applicable for
temperatures ranging from up to 400 ◦C (BiTe-based, αpn ∼ 0.2-0.3 mV/K), up to
800 ◦C (PbTe/PbSe-based) or up to 1100 ◦C [90]. One obvious goal in the devel-
opment of thermoelectric generators is to have a large Seebeck coefficient (α) for
the materials. This is shown to work for conducting organic systems [91,92] as well
as for membrane and super-capacitor systems [93–95]. Recently, Børset et al. [96]
and Kang et al. [97] reported very high Seebeck coefficients (1.3 mV > α >0.9
mV) using molten carbonate cells reversible to carbon dioxide and oxygen for the
temperature range above 400 ◦C.

To develop TEGs requires more than just high Seebeck coefficients [90,98,99]. Cost,
energetically and financial, obviously have to be taken into account. On the ener-
getic side, the figure of merit ZT is frequently used to characterize the capability
of a material to convert heat to electricity [90] and should be as large as possible
to obtain a high conversion efficiency. The parameter includes the material’s See-
beck coefficient, electrical conductivity and the thermal conductivity (measured at
zero electrical current). Fiscal costs are related to raw material costs, purification
and assembly of the TEG module in addition to the auxiliary system (cooling and
heating system) [98,99]. For some materials the main cost lies in purifying raw ma-
terials, (which can be up to a factor of 20) whereas for other systems the assembly
is the cost driver, albeit in the end the module needs to be as cheap as possible.
One aspect that is often optimized in addition to the ZT -parameter is the module
fill-factor (fAm), i.e. the fraction of the cross section in a thermoelectric module
that is filled with active material, and the conductor thickness [98, 99]. There is
a complex interplay between thermal and electrical properties, both dependent on
cross-sectional areas and thicknesses of the conductors, and the optimum design
is a trade-off of these properties [99]. A high temperature difference is beneficial
to power generation, and can be obtained by reducing the cross-sectional areas of
the conductors and by increasing the thicknesses. At a given conductor thickness,
the thermal conductivity of the thermoelectric module can be reduced by reducing
the fill-factor, but lowering the filling degree too much will make the temperature
differences across the TEG module increase to an extent that the materials cannot
sustain and thus lowering the feet length is required. This means that if correctly
optimized one can have more power for less material. We shall further discuss this
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possibility in Sec. 6.4.

Regardless of the TEG module end cost, one must always make sure not to operate
the TEG outside the temperature range where it can be irreversibly damaged or
destroyed. Many materials have been tested and evaluated with respect to per-
formance from a ZT, module feet length and filling degree parametric point of
view [98, 99], but very few studies look into actual implementation outside the
laboratory [99,100].

Several works have studied thermoelectric generators from a theoretical perspec-
tive [101–109], through a combination of theory and laboratory experiments [110–
112] or through laboratory experiments [113, 114]. In this work, we shall take the
next step toward industrial applications of thermoelectric generators by combining
on-site experiments and simulations to investigate the potential of this technology
for power generation from heat available from casting of silicon. In silicon produc-
tion, silicon is cast in batches and heat is sporadically available. A TEG could
thus provide the power needed during the casting process. We first implement a
0.25 m2 TEG in a silicon plant. We then establish a stationary (time-average)
mathematical model and verify that this captures the main characteristics of the
experiments. The experimental set-up establishes a base case for the model and
provides realistic input parameters to the model. We next use the model to discuss
which configuration and design that gives maximum power generation and waste
heat recovery.

The outline of the paper is as follows: In Sec. 6.2 we give the details of the thermo-
electric generator, the casting situation and the testing facilities. The experimental
set-up establishes a base case for the model. We then describe the mathematical
model, the model parameters applicable to the experimental set-up and give the
calculation details in Sec. 6.3. In Sec. 6.4 we discuss first the experimental results
and compare the model predictions to the measured data to verify that the model
captures the experimental results. We then use the model to study how changes
in design and location affect the power output and reveal a significant potential
to tailor the design of thermoelectric generators to recover more waste heat from
silicon casting and simultaneously use less material. In Sec. 6.5 the conclusions
sum up the work.

6.2 Experimental

In this section we give the details of the thermoelectric generator [100], the casting
process, testing facilities and testing procedure.
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6.2.1 System description

A thermoelectric energy generator was constructed consisting of 36 thermoelec-
tric modules based on bismuth tellurium (TEP-1264-1.5, Thermonamic, China).
The TEP-1264-1.5 module consisted of 126 pairs of p- and n-type semiconduc-
tors connected electrically in series and kept between two ceramic plates (electri-
cally non-conductive material in Fig. 6.4). The module was square-shaped of size
40 mm x 40 mm. Thus, for 36 thermoelectric modules the total surface area was
0.0576 m2. The modules were arranged in a six by six pattern, connected electri-
cally in series of six (Ns = 6), and six series were connected in parallel (Np = 6),
see Fig. 6.1.

R
ex

 

module 

Figure 6.1: The thermoelectric energy generator consisted of an array of 36 thermoelectric
modules, connected electrically in series of six (Ns) and six series connected in parallel
(Np). The thermoelectric system is connected to an external circuit with and external
load Rex.

In addition to the thermoelectric modules, the generator consisted of a heating
block and a cooling block; the modules were sandwiched between them. The heat-
ing block and the cooling block were made of aluminum because aluminum has high
thermal conductivity, good machinability and it is easily accessible. The heating
block was made of 36 square-shaped units (10 mm thick), one for each thermo-
electric module. Each unit’s surface was 80 mm x 80 mm on the side facing the
heat source, while the surface was 49 mm x 49 mm for the side in contact with
the thermoelectric module. The purpose of this design (see Fig. 6.2) was to di-
rect the heat flux into the thermoelectric modules. The cooling block was made
of a 25 mm thick aluminum plate (0.5 m x 0.5 m) where water was circulating
in a copper pipe (10 mm in diameter and it was 3.2 m long). The copper pipe
was fixed in a channel which was milled into the aluminum plate. We used tap
water for cooling (6.0± 0.5)◦C and measured the inlet and the outlet temperature
with PT100 elements. The cooling block gave support to the thermoelectric en-
ergy generator construction. The thermoelectric modules were assembled between
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Figure 6.2: The thermoelectric power generator and a cut through, showing one thermo-
electric module (TM) kept between the cooling block (CB) and the heating blocks (HB).
The HBs are heated mainly by radiant heat (J ′q). The temperature is measured in the
HB and the CB ( Thb and Tcb, see Fig 6.4). The numbers 1 − 5 indicate thermocouple
locations.

the heating block and the cooling block, using screws (4 mm in diameter) running
through the heating block and the cooling block. The screws were not insulated
and thus represent a possible heat leakage. We used two screws per heating block
unit.

Figure 6.2 shows a schematic drawing of the thermoelectric energy generator (left)
and a cut through the generator (right). The cut-through shows one thermoelectric
module (TM) kept between one heating block unit (HB) and a part of the cooling
block (CB). We used K-type thermocouples to measure the heating block and the
cooling block temperatures, Thb and Tcb, respectively, see Fig. 6.2 and Fig. 6.4. The
thermocouples were inserted into holes (1 mm in diameter). Five thermocouples
were included in the heating block, indicated by numbers 1 − 5 in Fig. 6.2. Four
thermocouples were included in the cooling block, indicated by numbers 1 − 4.
The thermoelectric generator was heated by radiant heat. Because aluminum has
a relatively low emissivity coefficient (ε = 0.04 − 0.09 for non-oxidized aluminum
[115]), we painted the front side of the heating block black with high temperature
paint.

6.2.2 The casting situation and testing facilities

At the plant, silicon was cast from a ladle containing 8000-9000 kg of silicon into
molds placed next to each other on a rotating ring named the casting carousel.
When one mold was filled with silicon, the carousel rotated so that silicon could be
poured into the next mold until the ladle was emptied. To cast one ladle took 25-
35 minutes and occurred roughly every second hour. In the ladle, the temperature
of the silicon was 1450 ◦C. Figure 6.3 shows the casting area and the thermoelectric
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Figure 6.3: The casting area at the silicon plant and the thermoelectric generator installed
in the casting area.

generator installed in the casting area. Next to the casting carousel, a 40 m2 large
wall is put up to shield sections of the plant from radiant heat given off from the
silicon during casting. A window was cut out of this wall and the thermoelectric
generator was placed in this window, see Fig. 6.3. During casting, high quality
thermal energy was transferred from liquid silicon at temperature Tm, see Fig 6.4,
to the front side of the thermoelectric energy generator, mainly by radiant heat
transfer. The radiant heat flux into the generator depended on the amount of
silicon cast and the temperature of the silicon and varied throughout and between
the casting periods. We estimated the air temperature inside the plant, Tsurr,h in
Fig. 6.4, to 15 ◦C.

6.2.3 Testing procedure

The thermoelectric energy generator was installed in the casting area for a period
of 40 hours. During this period, the cooling water was flowing continuously and the
temperatures were measured every fifth second. We defined an average temperature
difference between the heating block and the cooling block side of the thermoelectric
modules as:

∆Tav =

∑5
i=1 Thb,i

5
−
∑4
j=1 Tcb,j

4
= Thb,av − Tcb,av (6.1)

Here, Thb,i is the heating block temperature measured at locations i =1 - 5 and
Tcb,j is the cooling block temperature measured at locations j =1 - 4, see Fig. 6.2.

The generator was connected to a varying external, electronic load (Thurlby Thandar
Instruments LD300, Rex in Fig. 6.1). The electronic load controlled the generator
electric potential, see Eq. (6.12). A LabView 2009 program regulated the electronic
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load and logged the external resistance, the generator potential and the current.
Because the radiant heat flux into the generator varied throughout a casting pe-
riod, the average temperature difference, Eq. (6.1), and thus the electric potential,
Eq. (6.12), were never stable (see Fig. 6.3a below). Therefore, we manually read
the voltage every thirtieth second from the start of each casting period. When the
voltage was stable within ±0.5 V for two readings or more, we activated the elec-
tronic load. The resistance was changed in steps of 0.5 Ω from 39.5 to 0 Ω. Because
of highly transient temperature conditions, the load was regulated to measure for
one second at each step.

We used polarization curves to describe the thermoelectric energy generator per-
formance. A polarization curve is the electric potential plotted as a function of the
electric current (see Eq. (6.12) and Fig. 6.6a). The generator power output was
calculated from the corresponding values of the external load and the current, see
Eq. (6.2), and plotted as a function of the current.

6.3 The mathematical model of the thermoelec-
tric generator

The thermal energy source in the present case has a transient behavior. We estab-
lish a stationary (time-average) model representation of the thermoelectric gener-
ator to examine how changes in the design influences the performance. We assume
one dimensional heat transfer, which implies that all surfaces normal to the heat
transfer direction are isothermal, and we neglect thermal and electric contact re-
sistances and take the material properties to be temperature independent.

One unit in the thermoelectric generator model recapture (1/36) part of the gen-
erator described above. Each unit in the model (see Fig. 6.4) consists of one
thermoelectric module kept between aluminum plates (Al2 and Al3). The module
is made of N pairs of p- and n-types semiconductors (N = 3 in Fig. 6.4) connected
electrically in series by copper strips and kept between two plates of aluminum ox-
ide. The semiconductors are separated by an electrically non-conductive material
which we take to be air (hereafter referred to using subscript is). There are two
layers of aluminum at the left hand side of the module (Al1 and Al2) and one layer
at the right hand side of the module (Al3). The layers Al1 and Al2 make up the
heating block in the experimental set-up while Al3 is the cooling block (compare
Figs. 6.2 and 6.4). The generator has Ns modules connected in series and Np series
are connected in parallel (c.f. 6.1).

We measured the power produced by the thermoelectric generator P as the power
dissipated in a load with resistance Rex. The steady-state energy balance of the
whole generator is:

P = RexI
2
tot = NsNpA

(
J ′q,in − J ′q,out

)
= ∆φtotItot (6.2)
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Figure 6.4: A cut through of one building block in the solid state thermoelectric generator
model.

where J ′q,in and J ′q,out are the heat flux into and out of the generator at surfaces at
positions x0 and x5 (see Fig. 6.4), A is the cross-sectional area of one unit, ∆φtot

is the generator terminal voltage and Itot is the outer circuit current which relates
to the current through each series of modules as Itot = NpIs. We assume the heat
fluxes to be uniform across the system’s surface area.

6.3.1 Boundary conditions

High quality thermal energy
(
NpNsAJ

′
q,in

)
is transferred through radiation from

the heat source (molten silicon) at temperature Tm to the surface at x0 (see
Fig. 6.4). By taking both radiative and convective heat transfer into account,
the heat flux into the generator is [116] (at x0):

J ′q,in = cradσ
(
T 4

m − T 4
sh

)
+ hwh (Tsurr,h − Tsh) (6.3)

where σ is the Stefan-Boltzmann constant. The parameter crad describes the radia-
tive properties of the arrangement and hwh is the convective heat transfer coefficient
for the surface at x0. The air surrounding this surface has the temperature Tsurr,h.
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The heat flux out of the generator at x5 is:

J ′q,out = Ucb (Tcb − Tcw) (6.4)

where Ucb is the cooling block overall heat transfer coefficient.

6.3.2 Transport equations

The flux equations describing the transport of heat and charge through each semi-
conductor are [24]:

J ′q,i = −λi
dT

dx
+
S∗i T

F
ji (6.5)

ji = − S
∗
i

Fri

dT

dx
− 1

ri

dφ

dx
(6.6)

where subscript “i” refers to either the p- or the n-type semiconductor, λi is the
thermal conductivity, F is Faraday’s constant, ri is the electrical resistivity and
S∗i is the transported entropy of the charge carrier. The transported entropies are
functions of the material properties as well as the temperature and their sign can
vary [117]. Equation (6.5) states that heat can be transported both by conduction
and with the electric current. According to Eq. (6.6) we can use a temperature
gradient to generate an electric potential gradient and an electric current. When
there is no transport of charge, transport of thermal energy is by conduction only
and Eq. (6.5) reduces to Fourier’s law:

J ′q = −λ dT
dx

(6.7)

6.3.3 Temperature profiles

We use the energy balance to establish an expression for the temperature profiles
for the semiconductors and the electrically non-conducting materials. We have
the steady state energy balance for a volume element, assuming one-dimensional
transport:

∂

∂x

(
J ′q,i

)
=

(
−∂φ(x)

∂x

)
ji (6.8)

We find an expression for the gradient in electric potential from Eq. (6.6) and
introduce this with Eq. (6.5) into the energy balance Eq. (6.8). The energy balance
for each semiconductor becomes:

∂

∂x

(
−λi

dT (x)

dx
+
S∗i T (x)

F
ji

)
= rij

2
i +

S∗i
F
ji
dT (x)

dx
(6.9)

We assume constant material properties (λi, S
∗
i and ri) and use the boundary

conditions T (x2) = Th and T (x3) = Tc to solve Eq. (6.9) (see Fig. 6.4). At steady
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state conditions, we can then express the temperature profiles in the semiconductors
as:

Ti(x) = −1

2

ri

λi
j2
i x

2 +

[
(Tc − Th)

δi
+

1

2

ri

λi
j2
i δi

]
x+ Th (6.10)

Here, δi is the thickness of semiconductor i. Similarly, we find a linear temperature
profile for the electrically non-conducting materials:

Tis(x) =
(Tc − Th)

δis
x+ Th (6.11)

6.3.4 Thermoelectric power generation

From the energy balance for the thermoelectric converter, see Eq. (6.2), consisting
of Np modules in parallel and Ns modules in series, we find the expression for the
electric power produced by the thermoelectric system:

P = RexI
2
tot = ∆φtotItot = Ns

[
Nαpn (Th − Tc)−

(
rn
δn
An

+ rp
δp
Ap

)
Is

]
Itot

(6.12)
Here, the expression in the brackets at the right hand side equals the electric po-
tential generated by one thermoelectric module, ∆φm. At zero current, the electric
potential is proportional to the temperature difference across the semiconductors
and it is lowered due to ohmic resistance when I 6= 0. As we shall see, since the
current also carries heat due to coupling (see Eqs. (6.5)-(6.6)), it reduces the tem-
perature difference. We neglect the ohmic resistance in the metal conductors, in the
external leads and the contact resistances since their electrical resistances are low.
The proportionality constant, αpn, is the Seebeck coefficient of the semiconductor
pair, defined as:

αpn =

(
S∗p − S∗n

)
F

=

[
∆φ

(TH − TC)

]
I=0

(6.13)

The electric potential is generated because there is a difference in the transported
entropies of the charge carriers in the semiconductors. At reversible conditions
(I = 0), the potential equals the difference between the heat absorbed reversibly at
the hot side and the heat liberated reversibly at the cold side divided by Faraday’s
constant (neglecting the Thomson effect).

The magnitude of the current is set by the external resistance Rex. From Eqs. (6.2)
and (6.12), with Itot = NpIs, we express the current through each series as:

Is =
NsNαpn(Th − Tc)

NpRex +NsN(rp
δp
Ap

+ rn
δn
An

)
(6.14)

We aim to maximize the power output (Eq. (6.2)) by varying the system design.
Changing the design will affect the temperature profile in the system, and we need
to solve the energy balance.
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6.3.5 Model parameters

Table 6.1: The cross-sectional areas Ai and thicknesses δi and for the parts that constitute
one unit in the model of the thermoelectric generator (Fig. 6.4).

Property Dimension Value

A = AAl1 = AAl3 m2 6.94 · 10−3

AAl2 = AAl2O3
= Am m2 1.60 · 10−3

Ap = An = Apn m2 2.25 · 10−6

δAl1 m 4.7 · 10−3

δAl2 m 5.3 · 10−3

δAl2O3 m 0.8 · 10−3

δCu m 0.5 · 10−3

δp = δn = δpn m 1.5 · 10−3

Tables 6.1 and 6.2 give model parameters that applies to the experimental set-up
(base case) and the casting situation. The cross-sectional areas (Ai) and thicknesses
(δi) applied to all layers in the generator model (Fig. 6.4) are given in Table 6.1. All
values are chosen to recapture the generator described in Sec. 6.2. With Ns = Np =
6, the model of the thermoelectric generator consists of thirty six model units (one
unit is pictured in Fig. 6.4). The model unit cross-sectional area A is (1/36) part of
the cross-sectional area of the thermoelectric generator (0.25m2, see Fig. 6.2). The
cross-sectional area of one thermoelectric module in the model (Am) is the same
as for those used in the experimental set-up. The difference A− Am = Aair. This
gap is filled with air.

The ratio of the module cross-sectional area (Am) and the total cross-sectional area
(A) is the fractional area:

fA =
Am

A
(6.15)

It relates to the fill-factor of the thermoelectric module:

fAm =
2NApn

Am
(6.16)

Values for the heat transfer coefficients hwh, crad and Ucb (see Eqs. (6.3) and (6.4))
as well as temperatures applicable to the thermoelectric generator and the casting
situation, are given in Table 6.2 together with materials transport properties.

We estimated the convective heat transfer coefficient hwh from the average Nusselt
number, Nu, for natural convection from a vertical plate, at the surface temper-
ature Tsh = 200 ◦C and with the characteristic length Lc = 0.5 m, to air at the
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Table 6.2: The thermal conductivities for the layers in the model in Fig. 6.4, the heat
transfer properties and temperatures that applies to the base case representation of the
casting situation.

Property Dimension Value

λAl W m−1K−1 177 [115]

λAl2O3
W m−1K−1 36 [115]

λCu W m−1K−1 401 [115]

λp = λn = λpn W m−1K−1 1.4 [118]

λair W m−1K−1 0.034 [115]

rp = rn = rpn ohm m 2 · 10−5

αpn µV K−1 300± 4

crad - 0.0269± 0.0012

hwh W m−2K−1 6

Ucb W m−2K−1 105± 47

Tm
◦C 1400 ◦C

Tsurr,h
◦C 15 ◦C

Tcw
◦C 6 ◦C

surroundings temperature Tsurr,h = 15 ◦C, see Figs. 6.2 and 6.4. We found the Nus-

selt number from the correlation Nu = 0.59Ra1/4 [115] where Ra is the Rayleigh
number. The surface temperature Tsh was equal to the maximum in the average
heating block temperature, Thb,av (see Eq. (6.1)), from the measurements in the
casting area at the silicon plant. Thus, the value given in Table 6.2 is an average
of the maximum value reached during a casting period.

We estimated the parameter crad from the energy balance across the thermoelectric
energy generator, Eq. (6.2), when no power was dissipated in the external load
(P = 0). The heat absorbed by the generator was described by Eq. (6.3), where
A was the generator cross-sectional area (0.25 m2), while the heat leaving the
generator was:

(
AJ ′q,out

)
= UA∆Tav (6.17)

Here U = (102± 3.2) W/(m2K) is the overall heat transfer coefficient of the ther-
moelectric generator. This was determined from steady state experiments, similar
to the experiments reported in [100]. We used Tm = 1400 ◦C, Tsurr,h = 15 ◦C and
Tsh = Thb,av. As inputs to the calculation of crad, we used ∆Tav and Thb,av from
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temperature measurements for P = 0. The temperature of the heat source, Tm, var-
ied through a casting period while the value estimated for crad reflects the casting
situation for a constant heat source temperature (Tm = 1400 ◦C). The parameter
crad reached a maximum during each of the casting periods. The value given in
Table 6.2 is the average peak value from seven casting periods. The uncertainty in
crad represents the variation between the seven casting periods.

We estimated the convective heat transfer coefficient hcw from Eqs. (6.4) and (6.17).
We used Tcs = Tcb,av and Tcw was the average of the cooling water inlet and
outlet temperature. The large uncertainty in hcw is due to the accuracy in the
temperatures measured with the K-type thermocouples in the heating block and
the cooling block.

We estimated the material properties αpn and rpn for steady state measurements,
similar to the experiments reported in [100]. The Seebeck coefficient, from the
slope of the open circuit potential plotted versus the average temperature difference
(see Eq. (6.1)), was (300± 4) µV/K. The slope of the polarization curves gave an
electrical resistivity equal to 2·10−5 Ωm. This value includes the contact resistances
and the electrical resistances in the electrical leads. The thermal conductivity was
λpn = 1.4 W/(m K) [118].

6.4 Results and discussion

We first discuss in Sec. 6.4.1 the results obtained for the experimental set-up in-
stalled in the casting area in the silicon plant (c.f. Fig. 6.3) which defines the base
case. The experimental results are next compared to the predictions of the math-
ematical model in Sec. 6.4.2. We then use the model to evaluate the potential of
improving the performance of the TEG in Sec. 6.4.3.

6.4.1 On-site measurements

The temperature difference across the semiconductors in the thermoelectric mod-
ules determines the potential for thermoelectric power generation (see Eqs. (6.2)
and (6.12)). In the casting area, the radiant heat dominated the heat flux into
the generator (see Eq. (6.3)) and determined the temperature difference across the
modules (see Fig. 6.2). Figure 6.5a shows the variation in the average tempera-
ture difference ∆Tav (see Eq. (6.1) and Fig. 6.2) throughout one casting period.
The variation is due to fluctuations in the radiant heat hitting the surface of the
generator caused by variation in the amount and temperature of the silicon in the
course of the casting. Around 12 minutes into the casting, the average temperature
difference reached a maximum of about 100 K and was stable at this value for some
minutes before it decreased, stabilized at a lower value and then dropped off at the
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Figure 6.5: a) The average temperature difference between the heating block and the
cooling block for the thermoelectric generator, see Eq. (6.1), as a function of time for
one casting period at the silicon plant. During this casting period, we activated the
electronic load once as indicated in the figure. Also, the calculated temperature difference
for the model of the thermoelectric generator when Itot = 0 is included. b) The predicted
temperature difference, between the heating block and the cooling block, as a function of
the electric current for the model of the thermoelectric generator.

end of casting. The shape of this curve shown in Fig. 6.5a was typical for all casting
periods.

Figures 6.6a and 6.6b show the generator polarization and power curve obtained by
activating the electronic load (Rex in Eq. (6.2)) at the time indicated in Fig. 6.5a.
For a constant temperature drop across the semiconductors, we expect a linear
polarization curve according to Eq. (6.12). The polarization curve in Fig. 6.6a
is, however, not perfectly linear. This may be caused by fluctuations in ∆Tav

(Fig. 6.5a), as discussed above. Also, non-uniform temperatures in the heating
and cooling block could contribute to this. The maximum power was 40.5 W or
162 W m−2, taking the cross sectional area of the converter into account (0.25 m2).
Both the generator design and its location relative to the heat source can be utilized
to enhance the performance of the generator as we shall discuss further in Sec. 6.4.3.

6.4.2 Comparing the model and the experimental results

We adapted the model to the TEG using the base case parameters described in
Sec. 6.3.5. The model of the TEG gives a time-average description, where the
boundary conditions we have used in the model correspond to the maximum in
Fig. 6.5a. Figure 6.7 shows the temperature profile at I = 0 through the generator.
We observe that the largest temperature drop is across the semiconductor layer
and that Thb ≈ Th and Tcb ≈ Tc (see also Fig. 6.4). In the model, we consider one-
dimensional heat flow only and heat flow parallel through the thermoelectric module
and the two air layers parallel to this. The central layer in the module consists of
alternating layers of semiconductors and air, both have low thermal conductivities
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Figure 6.6: a) The thermoelectric generator electric potential, ∆φtot, as a function of the
electric current Itot. The solid line is the polarization curve predicted by the stationary
model. The circles represent the polarization curve obtained from the experiment run
during the casting period in Fig. 6.3a. b) The electric power, P , produced by the ther-
moelectric generator per square meter of the generator (0.25 m2) plotted as a function of
the electric current Itot. The solid line is the electric power predicted by the stationary
model. The circles represent the electric power obtained from the experiment run during
the casting period in Fig. 6.3a.

compared to the neighboring layers (see e.g., Table 6.2 for values). Thus we expect
the temperature drop to be largest across this layer which is also beneficial for
power generation. A variation in the module size, or the cross-sectional areas of
the semiconductors, (i.e. the fractional areas, see Eqs. (6.15) and (6.16)) determines
this temperature drop.

The model predicted ∆Tav to be 115 K at I = 0 which is 15 % above the experimen-
tal maximum value of 100 K (c.f. Fig. 6.5a). The overall heat transfer coefficient (U ,
see Eq. (6.17)) of the TEG as predicted by the model was around 10 % lower than
the experimentally determined value (90 compared to 100 W m−2 K−1). A source
of inaccuracy was that in the model, we neglected heat leakage via the screws run-
ning through the heating and cooling blocks and considered only one-dimensional
heat transfer by conduction. For two screws of stainless steel, we estimate the heat
flow through the screws from Fourier’s law (Eq. (6.7))to account for about 8 % of
the heat flow through the generator with no screws (5 W compared to 60 W for
∆T = 100 K). In this estimate, we assumed that the screws were made of stainless
steel with thermal conductivity of 20 W m−1 K−1, thickness of 10 mm and a diam-
eter of 4 mm. Thus this heat leakage most likely explains the difference between
the overall heat transfer coefficient predicted by the model and the experimentally
determined value.

Figure 6.5b shows the temperature difference across the modules as a function of
current. This was found by solving the energy balance for a varying external load
Rex. The model predicted a 20 % reduction in ∆Tav by going from zero current to
6.2 A, i.e. at ∆φtot = 0. This reduction is caused by the thermal energy moved
reversibly with the current from the high to the low temperature side of the con-
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Figure 6.7: The temperature as a function of position through the system as predicted by
the model for I = 0. The different layers in the model are indicated, c.f. Fig. 6.4.

ductors i.e. the Peltier heat, c.f. Eq. (6.5). A reduction in ∆Tav was also observed
experimentally when the electronic load was activated (see Fig. 6.5a), however,
this reduction was smaller than predicted by the model. In the experiments, we
measured for only one second for each value of the external resistance Rex (see
Sec. 6.2.3) and the conditions were non-stationary which most likely explains this
difference.

The polarization curve predicted by the model reproduced well the curve obtained
from the measurements, however, the prediction from the model was slightly steeper
(Fig. 6.6a). The voltage depends on the temperature difference and the current as
expressed by Eq. (6.12). As discussed above, the temperature difference decreased
as the current increased. Thus both terms in Eq. (6.12) contribute to the slope of
the polarization curve. Since we have used a stationary state model, the modest
difference between the model and the experimental results is most likely due to the
transient behavior of the silicon casting process.

From the model, we predicted the maximum power to be 157 W m−2 (Pmax in
Fig. 6.6b) which is in good agreement with the experimentally determined value
of 162 W m−2. The power generated at the so-called matched load conditions
(Pmatch), i.e. when the electrical resistance in the external load is equal in mag-
nitude to the system’s electrical resistance, is often taken as the maximum power.
According to Fig. 6.6b, Pmax is slightly larger than Pmatch and the corresponding
current is slightly smaller for Pmax than for Pmatch. However, the difference is small
and we shall take Pmax = Pmatch in the following.

From the discussion above, we conclude that the steady-state model captures to a
good accuracy the heat transfer characteristics and the experimentally determined
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polarization curve of the TEG. We shall therefore next use the model to study the
potential for improvement.

6.4.3 Strategies for improving the performance of the TEG

We first discuss how we can increase the power generated by the system (Pmatch)
by increasing the heat transfer coefficients crad and Ucb (see Eqs. (6.3) and (6.4)),
but keeping within temperature-limits of the thermoelectric modules.

Next we discuss how we can further increase the power generated by the system by
also reducing the fractional area fA (see Eq. (6.15)). By exceeding the tempera-
ture limits of the materials the thermoelectric module will degrade and eventually
stop functioning. The BiTe based thermoelectric modules applied in the current
experimental set-up had upper limits of 380 and 160 ◦C for the hot and cold side
respectively. We discuss the improvements within these limits. In the experiments,
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Figure 6.8: The effect obtained by the generator at matched load conditions (Pmatch)
as a function of the parameter crad. Here c0rad is the value that applies to the base
case (experimental setting). The solid line represents the results for Th,av ≤ Th,max and
Tc,av ≤ Tc,max. The dotted line represents results where Th,av ≥ Th,max and Tc,av ≥ Tc,max

where Th,max = 380 ◦C and Tc,max = 160 ◦C is the maximum hot side and cold side
operating temperature of the BiTe-based thermoelectric modules. In Fig. a) the cooling
block overall heat transfer coefficient was Ucb= U0

cb = 105 W m−2K−1 and in b) we used
Ucb = 2U0

cb.

the position of the thermoelectric generator relative to the heat source (molten
silicon, see Fig. 6.3) limited the thermal energy flux into the generator (Eq. (6.3))
and thus the power generated. By moving the generator closer to the heat source,
and/or by changing its angle relative to the silicon surface, we can increase the
heat flux into the generator and thus the power generated (Fig. 6.8a). To increase
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the heat flux by a factor 1.5, keeping all other parameters constant, increases the
power generated by a factor of 2.2, from 160 to 350 W m−2, without exceeding the
operating temperature limits for the thermoelectric modules applied.

In the experimental set-up, the copper pipe-aluminum block contact area limited
the heating block overall heat transfer coefficient Ucb (see e.g., Sec.6.2). To double
the contact area means to double the U0

cb value applicable to the experimental
set-up (base case) which we believe is well within reach. Then we could increase
the heat influx by a factor 2.5 and generate 900 W m−2, without exceeding the
temperature limits for the thermoelectric modules. We shall use Ucb = 2U0

cb below
to investigate how we can further improve the power output by optimizing the
cross-sectional area of the modules, expressed as the fractional area (fA). Thus,
the strategy for maximum power generation is to ensure as good heat transfer as
possible with the cooling-pipes at the cold end of the TEG, and simultaneously
ensure that the position of the TEG is sufficiently close to the heat source without
compromising the temperature-limits of the materials.

We varied the parameter crad. For each value we numerically determined the frac-
tional area (fA, see Eq. (6.15)) that gave the largest power at matched load con-
ditions (Pmatch). The fractional area was defined as the ratio of the total thermo-
electric module area to the system’s surface area.

Figure 6.9 shows the matched load power (top), the fractional area (middle) and
the temperature difference across the semiconductors ∆Tav = Thb − Tcb (bottom)
as a function of crad. The solid lines represent the results that fulfill the operating
temperature limits for both the hot and cold side of the thermoelectric module.
The dashed lines are the results that violate the temperature limits.

The diagram in Fig. 6.9 is to be read by drawing vertical lines from bottom to the
top. For instance, at crad = c0rad (indicated by the vertical line) the diagram shows
that the system could produce around 400 W m−2, by reducing the fractional area
from 0.23, as applies to the base case, to less than 0.1. That is, by reducing the
number of thermoelectric modules by 50 % we can double the power output. The
gray box in the diagram indicates the range where we could reduce the fractional
area compared to the current experimental set-up.

Surprisingly, by tailoring the design of the TEG to the conditions encountered in
the industrial facility, it is possible to generate more power with less thermoelectric
material. The fractional area could even be reduced further, if the materials could
sustain higher operating temperatures. When crad is increased beyond c0rad, we need
to increase the fractional area to fulfill the temperature limits. At crad/c

0
rad = 2.5

the fractional area equals the fractional area for the experimental set-up. Beyond
this limit, we need to increase the fractional area compared to the base case to
fulfill the temperature limits.

The diagram in Fig. 6.9 shows the generator fractional area that maximize the
matched load power output for a given location relative to the heat source, i.e.
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Figure 6.9: The matched load power (top), the system fill factor fA (middle) and the
average temperature difference across the semiconductors (bottom) all plotted as a func-
tion of crad relative to c0rad (experimental conditions). The solid line represents the results
for Th ≤ Th,max and Tc ≤ Tc,max. The dotted line represents results where Th, > Th,max

and/or Tc > Tc,max where Th,max = 380 ◦C and Tc,max = 160 ◦C is the maximum hot
side and cold side operating temperature of the BiTe-based thermoelectric modules. The
cooling block overall heat transfer was 2U0

cb.

for a given crad value. The diagram also shows that employing materials that
can sustain higher temperatures is beneficial to further enhance the potential for
power generation. Based on the materials we have used (bismuth-tellurium based
modules), we estimate that it is possible to recover as much as 900 W m−2 by
enhancing the design and location of the thermoelectric generator.

6.5 Conclusions

In this work, we combined on-site experiments and a steady-state mathematical
model to investigate the potential of thermoelectric power generation from heat
available during casting of silicon. We implemented a 0.25 m2 thermoelectric power
generator (TEG) based on BiTe-modules in the casting area of a silicon plant and
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performed on-site measurements. The measured peak power was 160 W m−2 and
the maximum temperature difference across the modules was 100 K. The model
revealed a significant potential to enhance the TEG performance beyond the ex-
perimental values through design and location relative to the heat source.

The strategy for maximum power generation is to ensure as good heat transfer with
the heat sink at the cold end of the TEG, and simultaneously ensure a sufficiently
heat flux into the TEG without compromising the temperature-limits of the mate-
rials. Based on the materials we have used (bismuth-tellurium based modules), we
estimate that it is possible to generate as much as 900 W m−2 by enhancing the
design and location of the thermoelectric generator.

Additionally, by tailoring the design of the TEG to the conditions encountered in
the industrial facility, it is possible to generate more power with less thermoelectric
material which is beneficial both from an economical perspective as well as from a
resource use perspective. In the experimental set-up, the ratio of the cross-sectional
area of thermoelectric modules to the system’s surface area, the fractional area, was
0.23. This study showed that by reducing the number of modules by 50 % could
more than double the power output from the generator (400 versus 160 W m−2).

Thermoelectric generators are scalable and simple systems that provide an op-
portunity to generate power from waste heat that is sporadically available like in
casting of silicon, where we estimate that the thermoelectric generators with the
BiTe technology have the potential to generate up to 900 W m−2.
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Abstract

The Seebeck coefficient is reported for thermoelectric cells with gas electrodes and
a molten electrolyte of one salt, lithium carbonate, at an average temperature
of 750 ◦C. We show that the coefficient, which is 0.88 mV K−1, can be further
increased by adding an inorganic oxide powder to the electrolyte. We interpret the
measurements using the theory of irreversible thermodynamics and find that the
increase in the Seebeck coefficient is due to a reduction in the transported entropy
of the carbonate ion when adding solid particles to the alkali carbonate. Oxides of
magnesium, cerium and lithium aluminate lead to a reduction in the transported
entropy from 232 ± 12 to around 200 ± 4 J K−1 mol−1. This is of importance for
design of thermoelectric converters.

7.1 Introduction

Renewable energy technologies are high on the global research agenda as one of the
means to meet energy security and the global warming challenge [119–121]. Ther-
moelectric power generators produce electricity directly from heat via the Seebeck
effect. The power can be generated from various heat sources and with no moving
parts. The devices are expected to take part both in primary power production
and to be able to improve the overall energy efficiency of existing plants [122,123].
Most of the research activity has been concentrated on the use of semiconduc-
tors [90,122], with the aim to increase the efficiency of the thermoelectric materials
itself. However, the successful deployment depends also on the cost per watt pro-
duced [98,99].

High thermoelectric conversion efficiency, as measured by the so-called figure of
merit, is obtained when the system has a high Seebeck coefficient, a low thermal
conductivity and a low electrical resistivity [86]. The Seebeck coefficient is directly
related to the Peltier heat, through irreversible thermodynamic theory, see e.g.,
Agar [124], de Groot and Mazur [125] or Førland et.al [126]. The Peltier heat is the
reversible heat change at the interfaces when charge is transferred from one phase
to another. Semiconductors have Seebeck coefficients of typically 200 µV K−1, but
gigantic values have been reported, e.g. 45 mV K−1 in strongly correlated semicon-
ductor FeSb2 [127], 850 µV K−1 for a two-dimensional electron gas in SrTiO3 [128]
and 450 µV K−1 at 900 K for SrTiO3/SrTi0.8Nb0.2O3 superlattices [129]. In elec-
trochemical systems, the Seebeck coefficient can be much larger, when the entropy
change of the electrode reaction is large. Especially for cells involving complex
formation or with gas electrodes. For example, Bonetti et.al. [130] reported a See-
beck coefficient near 7 mV K−1 for non-aqueous electrolytes at low temperatures
(30-40 ◦C). For systems with ionic liquids, Abraham and co-workers reported See-
beck coefficients of 1.5-2.2 mV K−1. For molten salts, Flem et.al [131] reported
Seebeck coefficients up to 1.8 mV K−1 for oxygen electrodes in an electrolyte with
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molten cryolite and oxides at 960 ◦C. Jacobsen and Broers [132] reported values
around 1.2 mV K−1 at 800-1150 K for equimolar mixtures of alkali carbonates and
gas electrodes. Sales and co-workers explored capacitive membrane technology for
thermal energy harvesting from small temperature differences [95]. There are two
main reasons why we find it interesting to investigate electrochemical systems as
potential thermoelectric power generators: 1) the potential for large Seebeck coeffi-
cients combined with 2) the possibility to avoid the use of toxic and rare elements.
Pursuing this pathway, we aim to find a safe and potentially cheap thermoelectric
power generator.

We seek electrochemical systems with higher Seebeck coefficients than semicon-
ductors, targeting heat recovery in the metallurgical industry [100]. In this indus-
try, heat is available at temperatures from 1600 ◦C and down to room tempera-
ture [22,49,78]. We have chosen to investigate carbonates and electrodes reversible
to carbonate ions as candidate systems as they are stable liquids at intermittent
temperatures (400 ◦C to 800 ◦C). The choice was motivated by the early results
for mixtures of alkali carbonates by Jacobsen and Broers [132]. Alkali carbonates
are used as electrolytes in molten carbonate fuel cells and have been studied ex-
tensively since the 1960’s. Thus, for systems development, we expect to draw on
this knowledge.

Here, we combine theoretical and experimental studies and start to build system-
atic knowledge about the Seebeck coefficient. We apply the method of irreversible
thermodynamics to establish the transport equations for the system. This the-
ory has progressed over the last few years to be able to deal with heterogeneous
systems [24]. Yet, few applications of this new method have been made to thermo-
electric phenomena. The transport equations give a framework that helps to define
conditions that gives well defined experiments. Also, these equations give informa-
tion on temperature profiles and electric potential profiles as well as a framework
suitable for optimization of a working unit. We express the Seebeck coefficient
in terms of the thermodynamic entropies of the components and the transported
entropies of the charge carriers. While a few models exist to explain the reversible
heat effect, or the transported entropies of semiconductors, models are not avail-
able for the transported entropy of ions. Over the years, the transported entropy
of an ion has most often been compared to the thermodynamic entropy of an ion.
The difference between the two is the Eastman entropy. Lists have been made of
single electrode heats, for one or two-component electrolytes, but we think it is fair
to say that there is as of yet no detailed model able to predict the magnitude of
the transported entropy.

Jacobsen and Borers [132] added powder of magnesium oxide to the liquid mixtures
of two or three alkali carbonates, giving a more viscous electrolyte easier to handle.
We choose to start simple with a single alkali carbonate as electrolyte, pure lithium
carbonate. A series of inorganic compounds is next introduced in the molten car-
bonate, MgO(s), CeO2(s) and LiAlO2(s). The addition of a powder in the solid
state does not alter the expression for the Seebeck coefficient, but it does have
an impact on the value of the coefficient, caused by variations in the transported
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entropy of carbonate ions. The presence of LiAlO2(s), but not CeO2(s), alters the
symmetry of the carbonate ion [133, 134]. We use MgO(s) to be able to compare
with earlier results [132]. We also considered to add SiO2, but this was not feasible
as SiO2 greatly enhance the decomposition of lithium carbonate [135].

The paper is organized as follows. In the theoretical part, we divide the total cell
into five subsystems. For each subsystem we establish the entropy production and
give the flux equations that follow from this. From the flux equations, we find the
contribution from the subsystems to the cell’s Seebeck coefficient. Next, we report
the experimental technique along with measurements that verify and confirm the
reliability of the technique used. We see that the large Seebeck coefficient for the
single component electrolyte can be enhanced by making use of a dispersion of par-
ticular solid inorganic oxides. The additive leads to a reduction in the transported
entropy of carbonate ions.

7.2 Theory

7.2.1 System description

Consider the conversion of thermal energy into electric energy in two cells with
electrodes reversible to the carbonate ion:

Au (s, T s,a) |CO2 (g) ,O2 (g) |Li2CO3 (l) |CO2 (g) ,O2 (g) |Au (s, T s,c) (LC)

Au (s, T s,a) |CO2 (g) ,O2 (g) |Li2CO3 (l) ,XO (s) |CO2 (g) ,O2 (g) |Au (s, T s,c)
(LC-XO)

Here the cells labels refer to the electrolyte used, LC designate pure molten lithium
carbonate while LC-XO is a dispersion of molten lithium carbonate and an oxide
(XO) in the solid state, where XO represents the oxides MgO, CeO2 or LiAlO2.
The cells have two carbon dioxide|oxygen electrodes, kept at temperatures T s,a and
T s,c. The electrode gases are bubbled over electron conductors of gold, immersed
in an electrolyte of uniform composition. Jacobsen and Broers [132] used platinum
electrodes, but we use gold electrodes. Both platinum and gold have proven to be
stable, reproducible and reversible in molten carbonates [136]. The value of the
Seebeck coefficient is not affected by the choice of electrode material, given that the
electrode reaction is the same, as the transported entropy of the electron is small
and negligible in both metals. We shall see below that the presence of the oxide XO
in the electrolyte will have no effect on the theoretical expression of the Seebeck
coefficient, but will change the value of the coefficient even if its solubility in the
electrolyte is negligible. The addition of oxide could affect the solubility of the
gases in the electrolyte, however, only the gas state of carbon dioxide and oxygen
enters the overall electrochemical reaction. This is why cells LC and LC-XO can
be used to learn about the transported entropy of the carbonate ion.
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The overall electrochemical reaction at the left-hand side is [137]:

1

2
CO2−

3 → 1

2
CO2(g) +

1

4
O2(g) + e− (7.1)

while the opposite reaction takes place at the other side of the cell.

To facilitate the theoretical description, we divide cells LC and LC-XO into five
subsystems, consisting of three homogeneous phases and two interfaces; the anode
conductor (a), the two electrode surfaces (s,a and s,c), the electrolyte (e) and the
cathode conductor (c). The symbols and notation are illustrated in Fig. 7.1a.

                                                                           

a) b) 

Figure 7.1: A schematic picture of the cell (a) and a cross section of the experimental cell
with electrodes (b). In a) we show the five subsystems of the cell and the notation used for
transport properties. The first superscript refers to the phase in question, and the second
to the neighboring phase. A ∆ with one subscript, i, denotes the difference across phase
i. A ∆ with two subscripts, i, k, denotes the value in phase k minus the value in phase i.
In b) we show a cross section of the cell used in the experiments. The electrodes consist
of a gold wire which is point-welded to a gold plate (the electrode surface). We used a
five bore Al2CO3 as insulation for thermocouples and electrodes, cross-section shown in
the figure.

To establish the expression for the Seebeck coefficient, we need an expression for
the emf measured between two Cu wires attached to the Au conductors at room
temperature (T a,o = T a,o = T 0) when the two electrodes are at temperatures T s,a

and T s,c. The Seebeck coefficient is defined as the potential difference divided
by the temperature difference between the electrodes in the limits j → 0 and
T s,c − T s,a = ∆T → 0:

αS ≡
(

∆φ

∆T

)
j→0,∆T→0

=
∆aφ+ ∆cφ

∆T
+

∆a,eφ+ ∆e,cφ

∆T
+

∆eφ

∆T
(7.2)

where we used that the measured emf is the sum of the potential difference across
each subsystem and that the electrodes are thermostatted, i.e. T a,e = T s,a = T e,a

and T e,c = T s,c = T c,e, c.f. Fig. 7.1a. We shall find an expression for ∆φ from non-
equilibrium thermodynamics theory for heterogeneous systems as outlined in [24].
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7.2.2 Application of non-equilibrium thermodynamics

We shall evaluate the contribution from each subsystem to the cell potential, and
hence the Seebeck coefficient, see Eq. (7.2). For each subsystem we establish the
entropy production and give the flux equations that follow. From the flux equations
we find the expression for the potential difference that enters the Seebeck coefficient
for cells LC and LC-XO. The equations for the Au(s) conductors (a and c in
Fig. 7.1a) have been given elsewhere (see e.g., chapter 9 in [24]). The equations for
the electrode surfaces (s,a and s,c) and the electrolyte (e) have not been established
before.

The conductors connecting the cell

By integrating the expression for the electric potential from the temperature of
the surroundings, T 0, to the electrode temperature T s,a on the left hand-side, and
from the electrode temperature on the right-hand side, T s,c, to T 0, we find the
contributions from the conductors to the Seebeck coefficient (see chapter 9 in [24]):

∆aφ+ ∆cφ

∆T
= − 1

F
S∗e (7.3)

Here S∗e is the transported entropy of the electron, this was assumed constant in
the temperature interval ∆T . The origin of this expression will be explained below,
in the section describing the electrolyte.

The electrode surfaces

The surfaces (s,a and s,c in Fig. 7.1a) can be regarded as independent thermody-
namic systems. The thermodynamic properties of the surface are then described
by excess densities, as explained e.g. by [24] (chapter 5). The excess entropy pro-
duction in the anode surface (s,a) has contributions from heat fluxes into and out
of the surface, from fluxes of oxygen and carbon dioxide out of the surface, from a
flux of lithium carbonate into the surface, from the electric current density across
the surface and the electrochemical reaction in the surface (see Eq. (7.1)):

σs,a = J ′a,e
q ∆a,s

(
1

T

)
+ J ′e,a

q ∆s,e

(
1

T

)
− 1

T s,a
Je,a

O2
∆s,eµO2,T (T s,a)

− 1

T s,a
Je,a

CO2
∆s,eµCO2,T (T s,a)− 1

T s,a
Je,a

Li2CO3
∆s,eµLi2CO3,T (T s,a) (7.4)

− 1

T s,a
j∆a,eφ+ rs

(
− 1

T s,a
∆nG

s,a

)
Here J ′q is the measurable heat flux and Jj is the flux of component j, µj,T is
the chemical potential of component j evaluated at constant temperature T , j is
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the electric current density and ∆a,eφ is the potential drop across the surface.
Figure 7.1a gives further explanations of the notation. With thermostatted elec-
trodes, we have constant temperature across each surface (i.e. for s,a we have
T a,e = T s,a = T e,a). We assume also chemical equilibrium for adsorbed compo-
nents (i.e. µs,a

j = µe,a
j ). Both conditions apply to reversible conditions (σs,a = 0).

We measure the emf when a very small electric current is passing the electrode,
and the surface reaction rate is rs = j/F . For σs,a = 0 the potential drop across
the anode surface is:

∆a,eφ = − 1

F
∆nG

s,a (7.5)

Here ∆nG
s,a has contributions from the neutral gas components CO2 and O2 to

the electrode reaction:

∆nG
s,a =

1

2
µs,a

CO2
(T s,a) +

1

4
µs,a

O2
(T s,a) (7.6)

We introduce Eq. (7.6) into Eq. (7.5) and express the potential drop across the
anode surface in terms of the chemical potentials of the neutral components:

∆a,eφ = − 1

F

(
1

2
µs,a

CO2
(T s,a) +

1

4
µs,a

O2
(T s,a)

)
(7.7)

The same analysis applies to the other electrode surface. The total contribution
from the electrode reactions to the cell potential is then:

∆a,eφ+ ∆e,cφ = − 1

F

[
1

2

(
µs,a

CO2
(T s,a)− µs,c

CO2
(T s,c)

)
+

1

4

(
µs,a

O2
(T s,a)− µs,c

O2
(T s,c)

)]
= − 1

F

(
1

2
SCO2 +

1

4
SO2

)
(T s,c − T s,a) (7.8)

We used the relation (∂µj/∂T )p,ni
= −Sj to obtain the last equality. We shall

evaluate Sj for the average cell temperature. The contribution from the surfaces
to the Seebeck coefficient (Eq. (7.2)) is:

∆a,eφ+ ∆e,cφ

∆T
= − 1

F

(
1

2
SCO2 +

1

4
SO2

)
(7.9)

One-component electrolyte

The electrolyte of cell LC is pure molten lithium carbonate and the pressure is
constant throughout the system. Thus, only two thermodynamic forces contribute
to the entropy production in the electrolyte (e): the thermal force and the gradient
in the electric potential. The entropy production is:

σe = J ′eq

(
∂

∂x

1

T

)
+ j

(
− 1

T

∂φ

∂x

)
(7.10)
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The flux equations for transport of heat and charge in the electrolyte follow from
the entropy production:

J ′eq = Le
qq

(
− 1

T 2

dT

dx

)
+ Le

qφ

(
− 1

T

dφ

dx

)
(7.11)

j = Le
φq

(
− 1

T 2

dT

dx

)
+ Le

φφ

(
− 1

T

dφ

dx

)
(7.12)

The coefficients (L’s) depend on state variables, but are independent of the forces.
They are related through the Onsager relations as Lqφ = Lφq. The coefficients are
phenomenological and must therefore be determined from experiments. We solve
for dφ/dx from Eq. (7.12), integrate across the electrolyte for j ≈ 0, and express
the contribution from the electrolyte to the Seebeck coefficient as:

∆eφ

∆T
= − πe

TF
(7.13)

where F is Faraday’s constant and we took the ratio πe/T constant over the tem-
perature interval. The Peltier coefficient of the electrolyte, πe, describes the heat
transported with the current at uniform temperature and composition (i.e. at
reversible conditions):

πe ≡
(
J ′eq
j/F

)
dT=0,dµT=0

= F
Lqφ

Lφφ
=

(
T (Je

S − SLi2CO3
JLi2CO3

)

j/F

)
dT=0,dµT=0

(7.14)
where Je

S is the entropy flux in absence of a flux of Li2CO3 when charge is trans-
ported in the electrolyte.

We need a more detailed expression for πe. This can be found from the definition in
Eq. (7.14), by considering the entropy balance of a volume element in the electrolyte
at reversible conditions (isothermal conditions). To describe the movement of ions
in the electrolyte(Li+ and CO2−

3 ) and the component (Li2CO3) we need a frame
of reference. We follow the general procedure outlined in Ref. [138] and take either
the cations or the anions as the frame of reference, i.e. tLi+ = 0 or tCO2−

3
= 0 (see

Fig.7.2). This gives two equivalent expressions for the Peltier coefficient, because
both the ∆φ and the ∆T in Eq. (7.13) are independent of the frame of reference.
The transference coefficient of the lithium carbonate is defined as:

tLi2CO3 ≡
(
JLi2CO3

j/F

)
dT=0,dµT=0

=
Le

qφ

Le
φφ

(7.15)

In a cation frame of reference [138], the transport number of the carbonate ion is
unity and the transference coefficient of the salt, tLi2CO3

= 0. Then, all entropy, or
equivalently, heat, is transported by the carbonate ion and the Peltier coefficient
can be expressed by the transported entropy of the carbonate ion:

πe = −T 1

2
S∗

CO2−
3

(7.16)
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Figure 7.2: The charge transport taking place in cells LC and LC-XO by transference
of 1F positive charges from left to right inside the cell. The transport number ti is the
fraction of current carried by the ion i.

Here the convention used for transport of charge gives the minus sign (c.f. Fig. 7.2).

In an anion frame of reference [138], the transport number of the lithium ion is
unity and the transference coefficient tLi2CO3

= 1/2. From Eq. (7.15) the Peltier
coefficient then equals the difference between the entropy transported with Li+,
S∗

Li+
, and the entropy transferred with Li2CO3:

πe = T (S∗Li+ −
1

2
SLi2CO3) (7.17)

As discussed above Eqs. (7.16) and (7.17) must be identical and we find the relation
between the transported entropy of the ions and the thermodynamic entropy of the
Li2CO3:

S∗
CO2−

3
+ 2S∗Li+ = SLi2CO3

(7.18)

The relation between transported entropies and thermodynamic entropies was al-
ready shown, see e.g., Agar [124], de Groot and Mazur [125] and Førland et.al [126].

Dispersions of lithium carbonate and an inorganic oxide

Inorganic oxides in the solid state can be added to molten lithium carbonate elec-
trolyte, as in cell LC-XO, without altering the form of the theoretical description
of the cell emf. We take MgO as an example to see that this statement is true.
An equilibrium can be established between MgO(s) and CO2(g) in the melt to give
MgCO3(l) according to Eq. (7.19)

MgO (s) + CO2 (g) 
 MgCO3 (l) (7.19)

Van Velden [139] studied the equilibrium between alkali-magnesium carbonate
melts, carbon dioxide gas and magnesium oxide. The mole fraction of MgCO3(l) in
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the carbonate melt was about 0.12 at 450 ◦C and 0.03 at 750 ◦C, when the melt was
an equimolar mixture of lithium-, sodium-, and potassium carbonate [139]. Large
lithium content and high temperature reduced the MgCO3 content in the melt,
favoring the MgO(s)-phase. We therefore expect a very small amount of MgCO3

in the molten Li2CO3 in the presence of MgO(s). This was also the case when
we investigated. Nevertheless, the electrolyte of cell LC-XO has for the conditions
used here two chemical components.

However, as long as the solid phase of MgO(s) exists, there is only one inde-
pendent component according to the Gibbs phase rule. The chemical potential
of MgCO3(l) is dictated by the equilibrium (7.19) and the gas pressure. The
chemical potential of MgO(s) is

(
µMgO,T (s) = µ0

MgO,T (s)
)
. Then, with equilib-

rium in Eq. (7.19) and dpCO2
= 0, dµ2,T = dµMgCO3,T = 0. This, together

with the Gibbs-Duhem relation for the electrolyte, gives (n1dµ1,T + n2dµ2,T = 0),
dµLi2CO3,T = dµ1,T = −n2dµ2,T /n1 = 0. Therefore, the expression for the entropy
production will be the same as the entropy production for the one-component
system, Eq. (7.10). This gives the same expression for the Seebeck coefficient of
cells LC-XO and LC. What will change, as we shall see, is the value of the transport
coefficients.

The same reasoning applies to all the oxides used in the present cell. We shall
investigate the oxides MgO(s), CeO2(s) and LiAlO2(s).

7.2.3 The Seebeck coefficient of cells LC and LC-XO

We add the contribution from the five subsystems to the Seebeck coefficient for
the cells LC and LC-XO, see Eq. (7.2). We choose the cation frame of reference
for the electrolyte and add Eqs. (7.3), (7.9) and (7.13). At reversible conditions,
the choice of frame of reference for the mass fluxes will not have an impact on the
expression for the potential drop across the surface. The result is:

αS =
∆φ

(T s,c − T s,a)

= − 1

F

[
1

2
S0

CO2
+

1

4
S0

O2
− R

2
ln puCO2

− R

4
ln puO2

−
(

1

2
S∗

CO2−
3
− S∗e,Au

)]
(7.20)

where we assumed ideal gas and used the relation Sj = S0
j + ln puj for the en-

tropies of the gases. In the Eq. above puj is the fraction of the partial pressure

and the standard pressure p0 of component j and S0
j is the partial molar entropy

of component j at temperature T and standard pressure p0. The entropies and
the transported entropies are generally functions of temperature. In the experi-
ments, we keep the average temperature constant and use ∆T < 20 ◦C to avoid
temperature corrections. The entropies of the components vary less than 1 % with
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a 20 degree temperature variation, which is negligible compared to the experimen-
tal accuracy. From Eq. (7.20), and known values of the entropies, the gas partial
pressures and the transported entropy of the electron in gold we can calculate the
transported entropy of the carbonate ion. We do this in Sections 7.4.2 and 7.4.3. A
positive ∆φ means that the system produces work from the temperature difference
between the electrode surfaces, or that heat flows from the high temperature to the
low temperature. In this situation, the temperature difference ∆T = T s,c − T s,a

is negative and consequently the Seebeck coefficient is negative for a system that
produces work.

From Eq. (7.20), we can predict the pressure variation of the Seebeck coefficient.
For a fixed value of the oxygen pressure, we have:(

dαS
d ln puCO2

)
puO2

=
R

2F
= 0.043 mV K−1 (7.21)

7.3 Experimental

An experimental routine was made to establish the measurement procedure, and to
learn about the effect on the transported entropy of carbonate ion in a dispersion.
As external agents were added MgO, CeO2 and LiAlO2.

7.3.1 Materials

Lithium carbonate (Li2CO3) with purity > 99 %, magnesium oxide (MgO) with
purity > 99 %, cerium oxide (CeO2) with purity > 99.9 % and lithium aluminate
(LiAlO2, lot number: 21804PRV) were acquired from Sigma Aldrich. Chemicals
were used without further purification. The specific surface areas of all oxides are
given in Table 7.1.

Pre-made gas mixtures of oxygen and carbon dioxide were obtained from Yara
Praxair. Three gas mixtures were used containing 66 % CO2 and 34 % O2, 20 %
CO2 and 33 % O2, 7.3 % CO2 and 33 % O2, the rest was He(g). Experiments
were performed in a controlled atmosphere of N2(g) of purity ≥ 99.999%. The
gas mixtures was exposed to 1 bar pressure in the surroundings, meaning that the
total pressure in the cell (the sum of the partial pressures) was constant and always
equal to 1 bar.

Gold was obtained from K.A. Rasmussen, Norway. Alumina tubes and crucibles
were acquired from MTC Haldenwanger, Germany.
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7.3.2 Apparatus

All experiments were performed in a standard laboratory vertical tubular furnace
[140]. The cell, shown in detail in Fig. 7.1b, consisted of an Al2O3 crucible, with
electrodes immersed in a molten carbonate electrolyte. Each gold electrode was
inserted into the center bore (diameter 2.3 mm) of a 5-bore Al2O3 tube and the
gold sheet was point-welded to the wire. The thermocouple (Pt-Pt10%Rh) was
inserted into two of the other holes (diameter 0.75 mm) and the junction was
positioned as near as possible to the gold sheet. Gas was supplied through the
bores of the ceramic tube. The temperatures and cell emf were recorded every
third second by a data acquisition unit (Agilent, 34972A).

7.3.3 Procedure

The electrolyte was either pure lithium carbonate or a dispersion electrolyte of
Li2CO3 and one of the oxides MgO, CeO2 or LiAlO2. For all dispersions, the
volume fraction of the liquid phase was 0.62. The dispersion electrolytes were
prepared by mixing the Li2CO3 with the oxide powder by hand in a mortar. The
lithium carbonate or the mixture were pre-heated more than 48 hours at 200 ◦C in a
muffle furnace. After drying, the electrolyte was melted under nitrogen atmosphere
at 750 ◦C in the vertical tube furnace and kept at this temperature for at least 48
hours to ensure stable conditions. Next, the gas mixture (in most cases with the
composition 66 % CO2 and 34 % O2) was passed through the 5-bore ceramic tube
for at least 5 hours before the experiment started. At the start of each experiment,
we adjusted the gas flow rate to give stable measurements. A slow flow rate,
adapted for good gas-metal-electrolyte contact was used. With SEM-imaging, we
visually inspected the solidified electrolyte of cell LC-MgO. These pictures showed
homogeneously distributed particles of grain size around 1-2 µm.

The experiment started when the temperatures and the electric potential were sta-
ble. A temperature difference (∆T ) was established between the electrodes by
positioning them at different heights in the crucible. The average cell tempera-
ture was kept at 750 ◦C and the temperature difference was always smaller than
20 ◦C, to avoid the need for temperature corrections in the Seebeck coefficient.
The electromotive force between the electrodes was measured as a function of the
temperature difference, by gradually first increasing and then decreasing the tem-
perature difference, see Figs. 7.3 and 7.4. After an equilibration period of 10-20
min, the cell was again stable, and a measurement with a new temperature differ-
ence was done. Recordings were made over time to make sure that the situation
was stable, and to eliminate effects of minor instabilities or drift due to voltage
fluctuations in the mains. The technique demonstrated in these figures was used
to obtain the Seebeck coefficient.

From Figs. 7.3 and 7.4, we see that the presence of MgO has a certain stabilizing
effect on the voltage recordings.
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Figure 7.3: The measured potential difference (∆φ) that follow from variations in the
temperature difference (∆ T) as a function of time, in the cell LC. The electrodes were of
gold, the average temperature was 750 ◦C, pu

CO2
= 0.66 and pu

O2
= 0.34.
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Figure 7.4: The measured potential difference (∆φ) and the measured temperature dif-
ference (∆ T), c.f. 7.3, as a function of time for the cell LC-MgO.The electrodes were of
gold, the average temperature was 750 ◦C and pu

CO2
= 0.66 and pu

O2
= 0.34.
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The voltage fluctuation is larger in the first case giving a higher uncertainty com-
pared to the cases when inorganic powder was added. Adding particles to the
liquid increase the effective viscosity and prevents convection, resulting in more
stable conditions.

We estimated the accuracy (a double standard deviation) from repeated measure-
ments. For cell LC, the Seebeck coefficient was determined for three different gas
flows (i.e. different outlet pressures from the gas bottle). This gave a double stan-
dard deviation of ±0.06 mV K−1. For cell LC-XO one series of measurements was
reproduced three times, replacing the electrolyte between each experiment. The
uncertainty, ±0.02 mV K−1, was larger than the double standard deviation from
linear regression.

In a parallel study, we used also platinum as electrode material [97]. Within the
accuracy of the experiment, the two metals gave the same Seebeck coefficient.

7.3.4 Solubility of magnesium oxide in lithium carbonate
with carbon dioxide present

We did an independent measurement to determine the solubility of magnesium ox-
ide in lithium carbonate when carbon dioxide was present, see Eq. (7.19). Pellets of
magnesium oxide was added to the lithium carbonate. The gas was supplied at the
bottom of the crucible, bubbling over the pellets in contact with lithium carbonate.
Samples were collected from the molten phase and analyzed for magnesium con-
tent (ICP-MS). As reference, we took a sample from the molten lithium carbonate
when no magnesium oxide was present. This test confirmed that magnesium oxide
is only slightly soluble in lithium carbonate at our conditions, increasing from 0.007
to 0.013 wt%.

7.4 Results and discussion

7.4.1 The Seebeck coefficient determination

Figures 7.5 and 7.6 give the emf plotted vs the temperature difference between
the electrodes for cells LC and LC-XO with MgO(s) and CeO2(s). The values are
averages of values measured over a period in time when the potential was stable.
We found the Seebeck coefficients (αS, see Eq. (7.2)) as the slopes of these and
similar plots. The coefficients obtained in this manner are given in Table 7.1.

The lines in Figs. 7.5 and 7.6 do not cross the origin, meaning that there is a bias
potential between the electrodes. The value of the Seebeck coefficient is, however,
not affected by any stable, systematic error in the absolute potential. Janz and
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Figure 7.5: The measured potential difference (∆φ) as a function of the temperature
difference between the electrodes (∆T ) in cell LC. The electrodes were of gold, the average
temperature was 750 ◦C, pu
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= 0.66 and pu
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= 0.34.
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Figure 7.6: The measured potential difference (∆φ) as a function of the temperature
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Saegusa [136] reported stable bias potentials of the order ± 5 mV after an initial
aging period for an O2/Au electrode in molten carbonates at 600 ◦C. Borucka and
Sugiyama [137] reported the time stability to be within ± 2 mV for the equilibrium
potentials of O2/CO2/Au electrodes in molten carbonates. In our experiments,
the thermocouples were positioned close to, but not at the electrode surface. A
systematic difference between the measured and actual surface temperature may
therefore also arise. This may give a systematic error in the Seebeck-coefficient, as
the real temperature difference differs from the measured. Based on the observed
Seebeck coefficients, 1 mV off-set corresponds to a constant temperature off-set
bias of 1 K. This is around 2 % of the overall temperature range. Also, any
small variation in gas concentration or surface concentration is represented by the
bias potential and does not affect the results for the Seebeck coefficient. Aging of
electrodes could cause a drift, but this was not observed.

As shown by Eq. (7.21), the slope of a plot of the Seebeck coefficient versus the
ln puCO2

is 0.043 mV K−1 for the electrode reaction in Eq. (7.1). The plot shown in
Fig. 7.7 confirms the expected theoretical slope of Eq.7.21, within the accuracy of
the experiment and thus the electrode reaction. This allowed us to use Eq. (7.20) to
analyze the contributions to the Seebeck coefficient and to calculate the transported
entropy of the carbonate ion (see Sections 7.4.2 and 7.4.3).

-3 -2 -1 0

-1.2

-1.1

-1.0


S
 /
 m

V
K

-1


S 

= (-1.050 ± 0.007) + (0.055 ± 0.004)lnp
u

CO
2

lnp
u

CO
2

 

  

Figure 7.7: The Seebeck coefficient for cell LC-MgO as a function of the partial pressure
of CO2, keeping the partial pressure of oxygen constant at 0.33 bar. The electrodes were
of gold and the average temperature was 750 ◦C. The line represents the linear regression.
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7.4.2 The transported entropy of the carbonate ion in pure
lithium carbonate

From Eq. (7.20), we calculated the transported entropy of the carbonate ion. Stan-
dard entropies of the CO2(g), O2(g) and lithium carbonate at 750 ◦C were 271, 244
and 309 J K−1 mol−1 (HSC chemistry). The transported entropy of the electron in
the gold conductor was 0.4 J K−1 mol−1 [141]. With this, we calculated the trans-
ported entropy of the carbonate ion for the cells LC and LC-XO, see Table 7.1
for results. The largest value was obtained for pure molten lithium carbonate,
232± 12 J K−1 mol−1.

Table 7.1: The Seebeck coefficient (αS) and the transported entropy of the carbonate ion.
The uncertainty in the calculated result stems from independent measurements. XO is
the added oxide in cell LC-XO and the surface area is determined by BET analysis.

Cell αS S∗
CO2−

3

XO surface area

mV K−1 J K−1 mol−1 m2 g−1

LC −0.88± 0.06 232± 12 -

LC-MgO −1.04± 0.02 201± 4 120

LC-CeO2 −1.05± 0.02 200± 4 4

LC-LiAlO2 −1.00± 0.02 209± 4 1

The transported entropy is an energy carried along with the charge carrier, an
energy of a type that draws from order-disorder transitions as the charge is carried
along. The carbonate ion has rotational degrees of freedom in the carbonate melt
which can be influenced by the surroundings [142]. This property could therefore
be connected to a high value of the transported entropy.

7.4.3 The transported entropy of the carbonate ion in a dis-
persion

We see from Table 7.1 that the transported entropy of the carbonate ion decreases
substantially when solid MgO or another oxide is added to the electrolyte. The
smaller transported entropy is compatible with a larger value of the Seebeck coef-
ficient. From the point of view of applications, a smaller value is therefore most
interesting. The factors that affect the variation are therefore of interest.

It is clear from the theoretical derivations, that the sole reason for the variation
in the transported entropy of carbonate ion comes from the fact that the liquid
electrolyte is included in a dispersion. The fact that gold and platinum electrodes
gave the same Seebeck-coefficient, see [97], excludes an impact of the electrode
material. The electrode reaction is the same in the presence and absence of the
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oxide in the electrolyte. The electrode reaction shows furthermore the expected
dependence on the partial pressure of carbon dioxide. From the BET surface of
all oxides (see Table 7.1) and SEM imaging, it seems clear that the molten lithium
carbonate is not in a bulk state inside the dispersions.

Given that the presence of LiAlO2(s), but not CeO2(s), alters the symmetry of
the carbonate ion [133, 134], one would expect a variation in the transported en-
tropy of the carbonate ion between the two dispersions. The results 200 and
209 J K−1 mol−1 differ within the uncertainty in the results, but barely so. If
the ability to polarize leads to an increasing value, the results indicate that LiAlO2

has the highest polarizing ability of the oxides used. Also, LiAlO2 had the smallest
BET surface area, see Table 7.1.

Blinov et al. [143] calculated the transported entropy of lead ion in mixtures with
alkali chlorides, and found a value, affected by the field strength of the alkali metal,
or the polarizing power. The transported entropy of lead ion was larger in the
presence of Li+ than of Cs+. This variation can be said to support our finding.
The more polarizing the surroundings are, the larger is the number of states to
explore upon transport, and the higher becomes the value of transported entropy.

Capillary effects are expected in the dense dispersions. Mizuhata et.al. [144] found
that the enthalpy of melting of Li2CO3 was reduced with 50-80 % of the normal
value by including the salt in a dispersion with LiAlO2. Reductions in the freezing
point could also be seen [144]. The reductions were dependent on the ratio of
molten carbonate and the total surface area of the solid phase. A lowering of the
enthalpy of melting, indicates that the entropy of the liquid phase becomes lower.
The value of the entropy of the salt in the porous material will therefore differ
from the bulk value. The relation in Eq. (7.18) can be used to argue why S∗

CO2−
3

obtains a reduction. Janz and co-workers [145] reported an enthalpy of melting
of 44.8 kJ mol−1 and the melting point 726 ◦C for pure Li2CO3. For a 50 %
reduction in the enthalpy of melting for the pure salt, this gives a reduction of
22 J K−1 mol−1 in the entropy at 750 ◦C. The observed reduction is from 232
to 209 J K−1 mol−1 or 23 J K−1 mol−1. The lowering in the entropy of the
salt, compatible with a more ordered structure inside the dispersion, can explain
the lowering in the transported entropy of the carbonate ion seen in Table 7.2.
The numbers are, however, uncertain and there could also be an increase in the
transported entropy of the lithium ion.

The values from the BET experiments show that addition of the solid phase cre-
ates extra surfaces in the system, varying with the grain size of the powders added.
Such added surface is likely to have an impact on the electrical and thermal con-
ductivity of the melt, properties which play an important role in the figure of
merit. Introducing the electrically non-conducting solid phase to the system lowers
the electrical conductivity. Mizuhata et. al. [144] reported electrical conductivi-
ties increasing exponentially with the volume fraction of the molten carbonate. A
non-linear increase indicates that the surface, introduced with the particles, give
a contribution to the conductivity. The solid phase will most likely also affect the
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Table 7.2: Thermodynamic and transported entropies at 750 ◦C. The thermodynamic en-
tropy applies to a bulk liquid. The transported entropy of lithium is found from Eq. (7.20)
with measured values of the Seebeck coefficient.

cell SLi2CO3 S∗
CO2−

3

S∗
Li2+

J K−1 mol−1 J K−1 mol−1 J K−1 mol−1

LC 309 232 ± 12 39 ± 12

LC-LiAlO2 287* 209 ± 4 39*

*Estimated

thermal conductivity. At the end, a possible successful system for thermoelectric
power generation do also depend on other concerns such as safety and cost.

7.5 Conclusions and perspectives

We have measured for the first time the Seebeck coefficient of an electrochemical
cell with gas electrodes reversible to the carbonate ion, and a molten lithium car-
bonate in the absence and presence of an inorganic oxide. In the pure electrolyte,
the coefficient was 0.88 mV K−1, rising to 1.04 mV K−1 for the dispersion. The
transported entropy of carbonate ion varied from 232 to 200 J K−1 mol−1, possi-
bly due to a decreasing polarizing environment and an ordering of the salt in the
dispersion of the oxide.

The cheap materials, and the potential to further increase the Seebeck coefficient,
in combination with a good overall electric conductivity, make the material types
suitable candidates for electrochemical energy conversion in the future. In this con-
text more systematic experiments are needed to optimize conditions for conversion.
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Abstract

We report Seebeck coefficients of electrochemical cells with molten carbonate mix-
tures as electrolytes and carbon dioxide|oxygen electrodes. The system is relevant
for use of waste heat and off-gases with concentration of carbon dioxide differ-
ent from air, as for example in the metallurgical industry. The coefficient is -
1.25 mV K−1 for a nearly equimolar mixture of lithium and sodium carbonate
with dispersed magnesium oxide at 750 ◦C, one bar total pressure and a pressure
ratio of carbon dioxide to oxygen of 2:1. The value is slightly lower when sodium
is replaced by potassium. The theoretical expression of the Seebeck coefficient was
established using the theory of non-equilibrium thermodynamics. We used this
expression to predict an increase to -1.4 mV K−1 when lowering the gas partial
pressures to 0.015 and 0.2 bar, respectively, for carbon dioxide and oxygen, a gas
composition that can represent that of the off-gases from a silicon furnace which
we are concerned with. The absolute value of the Seebeck coefficient increases by
0.2 mV K−1 when the cell average temperature increases from 550 to 850 ◦C. The
presence of a second component in the electrolyte increases the coefficient signifi-
cantly above the values obtained with one component, compatible with a lowering
of the transported entropy of the carbonate ion. A concentration cell, using the
off-gas from the silicon furnace as anode gas and air as cathode gas, will add 0.14
V at 550◦ C to the absolute value of the potential. The series construction has the
potential to offer a power density at matched load conditions in the order of 0.5
kW m−2.

8.1 Introduction

We are pursuing an investigation of electrochemical cells with cheap ionic conduc-
tors and gas electrodes, for the purpose of thermoelectric power production from
industrial waste heat [96]. The Seebeck effect, the electric potential produced by a
temperature difference between the electrodes, originates from the reversible heat
changes connected with the electrode reactions and with the charge transport in
the electrolyte, see e.g., Agar [124]. So far, research on thermoelectricity has con-
centrated on semiconducting materials [122, 146], but prospects of larger Seebeck
coefficients, combined with potentially cheaper, more benign and environmentally
friendly materials, is now motivating research on ion-conducting materials [92,147].

We are targeting waste heat recovery from the metallurgical industry, in particular
from the production of silicon [100]. Thermal energy is here available from 1600 ◦C
down to room temperature [22, 49, 78]. In addition, these industries are often
emitting carbon dioxide at a different composition than the surrounding air, thus
representing an additional power source [148]. Our candidate system is a molten
alkali carbonate cell with carbon dioxide|oxygen electrodes. It has earlier been
studied in connection with fuel cells and has a large Seebeck coefficient. Values
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around -1.20 mV K−1 was measured for molten binary and ternary mixtures of
alkali carbonates in the range 530 to 880 ◦C [132]. An electrochemical cell operating
in this temperature window, can therefore utilize a large temperature difference, as
well as the potential energy present in the off-gas.

We have recently examined the cell with pure lithium carbonate as the electrolyte
[96]. It was shown, that the electrode reaction (the conversion of carbon dioxide to
carbonate ion), contributed largely to the Seebeck coefficient. Also important was
the addition of an inorganic powder to the melt, enhancing the Seebeck coefficient
significantly, and lowering simultaneously the transported entropy of the carbonate
ion. A possible explanation of this, was the lowering of the entropy of the salt in the
dispersion of the solid [144]. Here, we expand on these studies [96] by using binary
mixtures of molten alkali carbonates. Two-component electrolytes have not been
investigated for thermoelectric energy conversion since the early investigations of
Jacobsen and Broers [132].

In terms of non-equilibrium thermodynamic theory, the Seebeck effect originates
from the coupling of heat and charge transfer. This theory gives a framework from
which experiments can be defined [149]. It must be used to derive the relation
between the Seebeck coefficient and the Peltier heat, as well as other relations
between transport properties. For instance, one can find from the invariance of the
entropy production that the thermodynamic entropy of one salt is equal to the sum
of transported entropies of the ions in a one-component electrolyte [96, 124–126].
Electrochemical systems have been evaluated with non-equilibrium theory in the
past, see e.g., Agar [124] and Førland et. al. [126], but the theory is now able to
deal with electrode surfaces more directly, see [24]. We shall use the method as
developed for heterogeneous systems in Section 2.2 [24]. Readers not interested in
theoretical details can skip the derivations in 2.2 and go directly from Section 2.1
(System description) to the equations used to interpret the experimental results,
see Sections 8.2.3 and 8.2.4.

8.2 Theory

8.2.1 System description

Consider a cell with gas electrodes, reversible to the carbonate ion, held at different
temperatures:

Au (T s,a) |CO2 (g) ,O2 (g) |(Li,M)2CO3 (l) ,MgO (s) |CO2 (g) ,O2 (g) |Au (T s,c)
(LMC-MgO)

The label LMC-MgO refers to a dispersion of a binary alkali carbonate and mag-
nesium oxide, where LMC designate the binary alkali carbonate mixture. The L
refers to lithium ion and the M to either sodium- or potassium ion and C to car-
bonate ion. The mixture is a eutectic one, providing a relatively low melting point
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(compositions are given in Table 8.1). The molten electrolyte is mixed with mag-
nesium oxide powder (45wt% : 55wt% MgO) and the result is a dispersion of MgO
particles in the carbonate electrolyte. The cell has two carbon dioxide|oxygen elec-
trodes, kept at different temperatures T s,a and T s,c, immersed in the electrolyte.
The electrode gas is in contact with a metal conductor, here of gold, and we use
the same gas composition at both electrodes. The electrochemical reaction at the
left-hand side electrode is [132]:

1

2
CO2−

3 (l)→ 1

2
CO2(g) +

1

4
O2(g) + e− (8.1)

The reverse reaction takes place at the right-hand side. We divide the cell into five
subsystems; the left and right electronic conductors (a and c), the two electrode
surfaces (s,a and s,c) and the electrolyte (e). The notation is illustrated in Fig. 8.1a.
Figure 8.1b shows a cross section of the cell.

                                                                           

a) b) 

Figure 8.1: A schematic picture of the cell (a) and a cross section of the experimental cell
with electrodes (b). This illustration is adopted from [96] In a) we show the five subsystems
of the cell and the notation used for transport properties. The first superscript refers to
the phase in question, and the second to the neighboring phase. A ∆ with one subscript,
i, denotes the difference across phase i. A ∆ with two subscripts, i, k, denotes the value
in phase k minus the value in phase i. In b) we show a cross section of the cell used in the
experiments. The electrodes consist of a gold wire which is point-welded to a gold plate
(the electrode surface). We used a five bore alumina tube as insulation for thermocouples
and electrodes. A cross section of this tube is shown above the electrode in the figure.

The Seebeck coefficient is the measured potential difference divided by the tempera-
ture difference between the electrodes in the limits j → 0 and T s,c−T s,a = ∆T → 0.
We measure the emf of LMC-MgO between two Cu wires attached to the Au wires
at room temperature (T a,o = T c,o = T 0, see Fig. 8.1a). The cell emf is the sum of
the potential difference across each subsystem:

∆φ = φc − φa = ∆aφ+ ∆a,eφ+ ∆eφ+ ∆e,cφ+ ∆cφ (8.2)

The Seebeck coefficient and its various contributions are accordingly:

αS ≡
(

∆φ

∆T

)
j→0,∆T→0

=
∆aφ+ ∆cφ

∆T
+

∆a,eφ+ ∆e,cφ

∆T
+

∆eφ

∆T
(8.3)
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where we assumed constant temperature across each surface, i.e. T a,e = T s,a = T e,a

and T e,c = T s,c = T c,e, c.f. Fig. 8.1a. We establish below the expressions for αS.
The results are given in Sections 8.2.4 and 8.2.3.

8.2.2 Application of non-equilibrium thermodynamics

The general procedure to find the thermoelectric potential from this theory is to
determine the subsystem entropy production and the flux equations that follow
from this. The equations for the metallic conductors (a and c), are well known,
so we repeat only the final equation. The electrode surfaces and the electrolyte
have more complicated expressions, not given before. We will hence treat these
subsystems in more detail, starting with the entropy production.

The conductors connecting the cell

By integrating the expression for the electric potential from the temperature of
the surroundings, T 0, to the electrode temperature T s,a on the left hand-side, and
from the electrode temperature on the right-hand side, T s,c, to T 0, we find the
well-known contributions from the conductors to the cell potential, see e.g. [24]:

∆aφ+ ∆cφ

∆T
= − 1

F
S∗e (8.4)

Here S∗e is the transported entropy of the electron, this was assumed constant in
the temperature interval, and F is Faraday’s constant.

The electrode surfaces

The excess entropy production in the anode surface (s,a) has two terms related to
heat transfer across the surface, four terms related to possible lack of equilibrium
for adsorption of gases or salts, one term due to the electric power and one to the
electrochemical reaction [24]:

σs,a = J ′a,e
q ∆a,s

(
1

T

)
+ J ′e,a

q ∆s,e

(
1

T

)
− 1

T s,a

(
Je,a

O2
∆s,eµO2,T + Je,a

CO2
∆s,eµCO2,T

)
− 1

T s,a
(Je,a

1 ∆s,eµ1,T + Je,a
2 ∆s,eµ2,T ) (8.5)

− 1

T s,a
(j∆a,eφ+ rs∆nG

s,a)

where J ′q is the measurable heat flux, Jj is the flux of component j, j is the cur-
rent density and subscripts 1 and 2 refer to Li+- and M+-carbonate, respectively,
∆nG

s,a is the reaction Gibbs energy expressed in terms of neutral components.
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See [24] and Fig. 8.1a for further explanation of the notation. When the elec-
trodes are thermostatted, we have constant temperature across the surface (i.e.
T a,e = T s,a = T e,a) and with chemical equilibrium for adsorbed components (i.e.
µs,a

j,T = µe,a
j,T ), only the last two terms remain. For reversible conditions σs,a = 0,

and the reaction rate is rs = j/F . The electrode potential jump is simply:

∆a,eφ = −∆nG
s,a/F (8.6)

There are only two contributions to ∆nG
s,a ; from the production of CO2 and O2

at the electrode see Eq. (8.1). This gives:

∆a,eφ = − 1

F

(
1

2
µs,a

CO2
(T s,a) +

1

4
µs,a

O2
(T s,a)

)
(8.7)

The same analysis applies to the right-hand surface. The total contribution from
the electrodes to the cell potential is then:

∆a,eφ+ ∆e,cφ

∆T
= − 1

F

(
1

2
SCO2 +

1

4
SO2

)
(8.8)

We used the relation (∂µj/∂T )p = −Sj to obtain the last equality. Again we have
taken the entropy to be constant in the temperature interval, and shall evaluate Sj

at the average of the electrode temperatures.

Contribution from the electrolyte

The entropy production is the sum of the products of the conjugate fluxes and
forces in the system. The electrolyte has three (neutral) components: the two
molten alkali carbonates and the magnesium oxide powder in the solid state. The
oxide has a constant chemical potential since it is present in the solid state, and
does not contribute to the entropy production. The carbon dioxide and oxygen gas
can dissolve in the electrolyte, but since the partial pressures of oxygen and carbon
dioxide are constant throughout the system, it does not contribute to the entropy
production. The chemical potential gradients of the two remaining components
are related by Gibbs-Duhem’s equation, dµ1,T = −x2dµ2,T /x1. There are then
three independent driving forces in the entropy production: one thermal driving
force( ddz

1
T ), one component driving force (− 1

T
dµ2,T

dz ) plus the force containing the

gradient in electric potential (− 1
T
dφ
dz ):

σe = J ′eq

(
d

dz

1

T

)
+ J2

(
− 1

T

dµ2,T

dz

)
+ J1

(
x2

x1

1

T

dµ2,T

dz

)
+ j

(
− 1

T

dφ

dz

)
= J ′eq

(
d

dz

1

T

)
+

(
J2

x2
− J1

x1

)(
−x2

T

dµ2,T

dz

)
+ j

(
− 1

T

dφ

dz

)
(8.9)

= J ′eq

(
d

dz

1

T

)
+ J21

(
−x2

T

dµ2,T

dz

)
+ j

(
− 1

T

dφ

dz

)
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The mole fractions are x2 = xM2CO3
= nM2CO3

/ (nLi2CO3
+ nM2CO3

) and x1 =
1 − x2. The flux J21 is the flux of M2CO3 relative to the flux of Li2CO3, each
weighted by the respective mole fraction, so the second term on the right hand side
describes the energy dissipated by inter-diffusion of the components.

From Eq. (8.9), we write the flux equations for transport of heat, mass and charge
in the electrolyte as:

J ′eq = Le
qq

(
− 1

T 2

dT

dz

)
+ Le

qµ

(
−x2

T

dµ2,T

dz

)
+ Le

qφ

(
− 1

T

dφ

dz

)
(8.10)

J21 = Le
µq

(
− 1

T 2

dT

dz

)
+ Le

µµ

(
−x2

T

dµ2,T

dz

)
+ Le

µφ

(
− 1

T

dφ

dz

)
(8.11)

j = Le
φq

(
− 1

T 2

dT

dz

)
+ Le

φµ

(
−x2

T

dµ2,T

dz

)
+ Le

φφ

(
− 1

T

dφ

dz

)
(8.12)

The coefficients (L’s) depend on the local state variables (e.g., temperature and
pressure), but are independent of the forces. All forces contribute to each flux in
the electrolyte. The coefficients describe the contribution from the force to the flux
and they are related through the Onsager reciprocal relations as Lij = Lji.

From Eq. (8.12) we express the gradient in the electric potential, at any time, as:

dφ

dz
= − πe

TF

dT

dz
− t21

F
x2
dµ2,T

dz
− rej (8.13)

where the gradient terms may vary with time due to thermal diffusion. In Eq. (8.13),
πe is the Peltier coefficient of the electrolyte, t21 is the transference coefficient con-
nected with the relative flux J21 and re is the electrical resistivity of the electrolyte.
The Peltier coefficient is defined as the heat transported reversibly with the current:

πe ≡
(
J ′eq
j/F

)
dT=0,dµT=0

= F
Le

qφ

Le
φφ

=

(
T (Je

S − (J2S2 + J1S1))

j/F

)
dT=0,dµT=0

(8.14)

where we expressed the measurable heat flux in terms of the entropy flux Je
S and

the entropy flux caused by the flux of the components to obtain the last equality.
The transference coefficient is the number of moles transferred per mole electric
charge:

t21 ≡
(
J21

j/F

)
dT=0,dµT=0

=

(
t2
x2
− t1
x1

)
= F

Le
µφ

Le
φφ

(8.15)

where the coefficients t2 and t1 are, respectively, the transference coefficients of
M2CO3 and Li2CO3. In a mixture of uniform composition (i.e. at initial time)
dµ2,T = dµ1,T = 0. We integrate Eq. (8.13) across the electrolyte, from T s,a to
T s,c at j ≈ 0, and express the contribution from the electrolyte to the Seebeck
coefficient at initial time (indicated by t = 0) as:(

∆φe

∆T

)
t=0

= − πe

TF
(8.16)
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As stated in the Introduction, we obtain a relation between the Seebeck coefficient
and the Peltier heat using an Onsager relation. We took the ratio πe/T to be
constant across the temperature interval. From Eq. (8.14), we can interpret this
ratio as an entropy related to transport of charge in the electrolyte.

A stationary state will develop, with a balance between the chemical and the ther-
mal driving force. This is called Soret equilibrium. The stationary state condition
gives J2 = J1 = J21 = 0, and the emf measurement has j ≈ 0. Then, from
Eq. (8.11), we find that the balance condition reads:

−x2
dµ2,T

dz
=
q∗

T

dT

dz
(8.17)

where the heat of transfer for the interdiffusion of M2CO3 and Li2CO3, q∗, is
defined as:

q∗ ≡
(
J ′eq
J21

)
dT=0,j=0

=

(
Le
qµ −

Le
qφL

e
φµ

Le
φφ

)
(
Le
µµ −

Le
µφL

e
φµ

Le
φφ

) (8.18)

We introduce Eqs. (8.17) and (8.15) into Eq. (8.13) and integrate across the elec-
trolyte for j ≈ 0. The contribution from the electrolyte to the Seebeck coefficient
at stationary state (Soret equilibrium, indicated by ∞) is:(

∆φe

∆T

)
∞

= − 1

F

(
πe

T
−
(
t2
x2
− t1
x1

)
q∗

T

)
(8.19)

Here we took both ratios πe/T and q∗/T to be constant across the temperature
interval. The ratio q∗/T , may be interpreted in terms of enthalpy changes across
the layer [24].

We need a more explicit expression for the Peltier coefficient, πe. This can be
found from the entropy balance of a volume element in the electrolyte at reversible
conditions (isothermal and uniform concentrations). We use the definitions of the
Peltier and the transference coefficients, Eqs. (8.14) and (8.15), to express the
Peltier coefficient in terms of transported entropies of the carbonate ion and the
cations L+ and M+. This will give a relation between the transported entropies
of the ions, the thermodynamic entropy of the salt and the heat of transfer in the
binary mixture.

The oxide MgO is only slightly soluble in the electrolyte [139], meaning that it is
fair to neglect Mg2+ and O2− as charge transporters. All transport of charge is
then taking place by three ions and the sum of transport numbers equals unity,
tCO2−

3
+ tM+ + tLi+ = 1. The transference coefficients of components 1 and 2 (see

Eq. (8.15)) require a definition of the frame of reference for the mass fluxes, and
we choose the wall frame of reference [138]. The transference coefficient can be
interpreted by the transport numbers of the cations, see Fig. 8.2, as follows:

t1 = tLi2CO3
=

1

2
tLi+ t2 = tM2CO3

=
1

2
tM+ (8.20)
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Δφ 

Au Au 

e- 
e- 

𝑡M+  
𝑡CO32−  

𝑡Li+ 

Ts,a Ts,c 
T0 T0 

1F 

e- e- 

Li2CO3 - M2CO3 

Figure 8.2: A schematic drawing of the cell, illustrating transport of ions in the electrolyte.

We introduce these into Eq. (8.14), and find πe of the electrolyte from the balance
of reversible effects:

πe

T
= −1

2
S∗

CO2−
3

+tM+(S∗M+ +
1

2
S∗

CO2−
3
− 1

2
S2)+tLi+(S∗Li+ +

1

2
S∗

CO2−
3
− 1

2
S1) (8.21)

With Eqs. (8.19) and (8.21), we find the contribution from the electrolyte to the
Seebeck coefficient at J21 = 0 as:(

∆φ

∆T

)
∞

= − 1

F

(
−1

2
S∗

CO2−
3

+ tM+(S∗M+ +
1

2
S∗

CO2−
3
− 1

2
S2 −

1

2x2

q∗

T
) (8.22)

+tLi+(S∗Li+ +
1

2
S∗

CO2−
3
− 1

2
S1 +

1

2x1

q∗

T
)

)
Because the electric potential is independent of the frame of reference used for
the mass fluxes, the sums in the parentheses must be zero (cannot depend on the
transport numbers). We obtain:

tM+(S∗M+ +
1

2
S∗

CO2−
3
− 1

2
S2)+tLi+(S∗Li+ +

1

2
S∗

CO2−
3
− 1

2
S1) =

(
t2
x2
− t1
x1

)
q∗

T
(8.23)

We introduce this into Eq. (8.21) and find the contribution from the electrolyte at
uniform composition:(

∆φe

∆T

)
t=0

= − 1

F

(
−1

2
S∗

CO2−
3

+

(
t2
x2
− t1
x1

)
q∗

T

)
(8.24)

At Soret equilibrium, the expression for the one-component electrolyte applies,
c.f. [96]: (

∆φe

∆T

)
∞

= − 1

F

(
−1

2
S∗

CO2−
3

)
(8.25)
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8.2.3 The Seebeck coefficient of cell LMC-MgO at initial
conditions

According to the procedure above, the Seebeck coefficient at uniform melt compo-
sition (short times) is:

αS,0 = − 1

F

[
1

2
SCO2

+
1

4
SO2

+ S∗e −
1

2
S∗

CO2−
3

+

(
t2
x2
− t1
x1

)
q∗

T

]
(8.26)

Equation (8.23) gives a relation between the transported entropies of the ions:

2(S∗M+ − S∗Li+) = S2 − S1 + (
tM+

x2
− tLi+

x1
)
q∗

T
(8.27)

This gives

S∗
CO2−

3
+ 2S∗M+ = S2 +

t2
x2

q∗

T

S∗
CO2−

3
+ 2S∗Li+ = S1 −

t1
x1

q∗

T
(8.28)

The two terms on the right hand side in Eq. (8.28) are unique for the two-component
system. The entropy of a component in a mixture depends on the composition; for
ideal mixtures Sj = S0

j − R lnxj. In a one-component system, S∗
CO2−

3

+ 2S∗
M+ =

SM2CO3
[96].

The time to reach stationary state conditions can be estimated. Tyrrell [150] gives
an expression for the time dependency of the Seebeck coefficient, valid for one
degree of freedom for diffusion like here:

αS,t − αS,0

αS,∞ − αS,0
= 1− 8

π2
exp (− t

Θ
) (8.29)

Here Θ is the ’characteristic time’, which governs the rate at which the station-
ary state equilibrium is established for a constant ∆T . The characteristic time is
defined by:

Θ =
h2

π2D12
(8.30)

Here π is the mathematical constant, h is the actual distance between the electrodes
through the porous material and D12 is the interdiffusion coefficient. The tortuosity
is here unknown, so we can only use Eq. (8.30) to give an order-of-magnitude
estimate of Θ. With h = 5 cm (the distance used in the experiments) and D12 =
10−7 m2s−1 Θ = 14 h. With h = 10 cm, Θ = 28 h and it takes 5Θ to achieve 99.5 %
of the stationary state value. A distance between the electrodes larger than 10 cm
may be relevant in our system, meaning that the stationary state needs more than
five days to establish itself. This means that Eq. 8.26 is relevant for interpretation
of a measurements that lasts a few hours. It also means that an experiment must
be carried out over more than a day, in order to be able to probe a Soret effect.
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8.2.4 The Seebeck coefficient of cell LMC-MgO at stationary
state

We add the contributions to the Seebeck coefficient from the five subsystems;
Eq. (8.4), Eq. (8.8) and Eq. (8.25) and obtain the Seebeck coefficient for J21 = 0
(Soret equilibrium):

αS,∞ = − 1

F

[
1

2
SCO2

+
1

4
SO2

+ S∗e −
1

2
S∗

CO2−
3

]
(8.31)

This expression is exactly the same as the expression obtained for the one-component
system [96]. We will use Eq. (8.31) to calculate the transported entropy of the car-
bonate ion from measured values of (αS)∞, using knowledge of the transported
entropy of the electron and of the equation of state for the gases, see Section 8.4.3.

With the entropy relation for ideal gases (dSj = Cp,jdT/T − Rdpj/pj), we express
the temperature variation in the Seebeck coefficient as:(

dαs

d lnT/T r

)
pCO2 ,pO2

= − 1

F

(
1

2
Cp,CO2 +

1

4
Cp,O2 + τe −

1

2
τCO2−

3

)
(8.32)

where T r is any reference temperature (we take 298 K), Cp,j and τ are, respec-
tively, the heat capacity of component j and the Thomson coefficient of the charge
carriers. The Thomson coefficient can in principle be positive or negative [151].
The variation in αs with the partial pressures of carbon dioxide and of oxygen are
(ideal gas): (

dαs

d ln pCO2
/p0

)
T,pO2

=
R

2F
= 0.043 mV K−1 (8.33)

(
dαs

d ln pO2
/p0

)
T,pCO2

=
R

4F
= 0.022 mV/ K−1 (8.34)

Here p0 is the standard pressure of 1 bar. The absolute value of αs will increase
with decreasing partial pressures.

8.3 Experimental

The experimental set-up was described in [96], see also Fig. 8.1b.

An initial study was first made to assess the state of the experiment. The time-
stability of the Seebeck coefficient was investigated by recording the development
of the Seebeck coefficient over 8 hours, and by recording one temperature difference
and the corresponding potential over a period of 5 days.

In the first of these experiments the electrodes were initially kept at the same tem-
perature. The electrode positions were fixed at a distance of about 5 cm. An extra
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Table 8.1: The composition of the electrolytes, as given by molar fractions xj, and the
corresponding melting point temperature (Tm) [152].

Cell Electrolyte xLi2CO3 xNa2CO3 xK2CO3 Tm

LNC-MgO (Lix1
Nax2

)2CO3 0.53 0.47 - 500 ◦C

LKC-MgO (Lix1
Kx2

)2CO3 0.62 - 0.38 488 ◦C

heating element, placed under the crucible, was used to produce a temperature
difference between the electrodes. This heating element was made of resistance
wire wrapped around the walls of an alumina tube. An alumina disk was placed
on top of the element to avoid short-circuiting. The total resistance of the wire
was 30 Ω. A k-type thermocouple was placed near the heating element to control
the power supply. A temperature difference evolved when power was added to the
extra heating element. When the emf and ∆T reached a stable value, the power
supply to the heating element was again turned off. In the long-term experiment
lasting 5 days, the electrode positions were fixed, and the temperature difference
kept constant.

The Seebeck coefficients were next measured at stationary state (Soret equilib-
rium) conditions. Gold and platinum were used as electrode materials, and molten
carbonate mixtures with Na+ or K+ were studied in combination with Li+. Ta-
ble 8.1 gives the composition of the electrolytes used in the experiments and the
mixture’s melting point temperature. The gas composition were varied as shown
in Table 8.2. Lithium carbonate (Li2CO3) with purity > 99 %, sodium carbonate
(Na2CO3) with purity ≥ 99 %, potassium carbonate (K2CO3) with purity ≥ 99 %
and magnesium oxide with purity > 99 % were obtained from Sigma Aldrich. All
chemicals were used without further purification. Premade gas mixtures of carbon
dioxide and oxygen were purchased from Yara Praxair unless other supplier (AGA)
is specified.

Table 8.2: Composition of the gas mixtures used in the experiments.

Gas mixture CO2(%) O2(%) He(%)

1 66 34 0

2(AGA) 7.3 0.1 92.6

3 7.3 3.7 89

4 7.3 10 82.7

5 7.3 33 59.7

6(AGA) 7.3 80 12.7

7 20 33 47
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Dispersions of the binary alkali carbonates (see Table 8.1) and MgO(s) were pre-
pared according to the procedure described in [96]. After drying, the electrolyte
was melted at a constant temperature in the vertical tube furnace and kept at this
temperature for at least 48 hours to ensure stable conditions. All experiments were
performed in a Nitrogen atmosphere. No deterioration of the alumina crucible or
the alumina tubes were observed after the experiment.

The average temperature of the experiment was either 550, 650, 750 or 850 ◦C.
The temperature difference was always smaller than 20 ◦C, to avoid the need of
temperature corrections in the Seebeck coefficient. The gas mixture (in most cases
with the composition 66 % CO2 and 34 % O2) was passed through the 5-bore
ceramic tube for at least 5 hours before the experiment started. A slow flow rate,
adapted for good gas-metal-electrolyte contact was used. The presence of the
solid magnesium oxide prevented convective mixing, but allowed in principle a
concentration gradient to be formed in the temperature gradient (Soret effect).

In all experiments, the temperature and electric potential were measured every
third second. The experiment started when the temperatures and the electric
potential were stable. The measured potential, at a given temperature and for a
given gas mixture, were plotted against the temperature difference. The Seebeck
coefficients were the slopes of these plots, see e.g., Fig. 8.5. For the cell LNC-MgO,
one series of measurements was reproduced three times, by replacing the electrolyte
completely between each experiment. The uncertainty, ±0.02 mV K−1, obtained by
this reproduction of measurements, was larger than the double standard deviation
from linear regression.

8.4 Results and Discussion

8.4.1 The time-evolution

We discuss first the time-dependency of the Seebeck coefficient for cell LMC-MgO,
and conclude from the measurements that we can use the stationary state expres-
sion (Eq. (8.31)) to interpret the results. For experiments that we consider to
be at initial times (up to 8 hours), the measured potential variation was all the
time proportional to the temperature variation, see Fig. 8.3 for results from cell
LNC-MgO.

The long-term experiment over 5 days, did not alter the potential within the ac-
curacy of the experiments, see Fig. 8.4. Gas is slowly bubbling through the cell
at the electrodes, but this will not prevent a Soret equilibrium to form in the
electrolyte with dispersed oxide. (In the absence of the solid oxide in the binary
carbonate mixture, it was not possible to obtain a stable value.) The lack of an
observed time-dependence of the Seebeck coefficient supports the possibility that
the term involving q∗ in the Seebeck coefficient is negligible, c.f. Eq. (8.26), and
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Figure 8.3: The measured emf ∆φ and temperature difference ∆T for cell LNC-MgO for
the initial time conditions. The electrodes were gold and pCO2 = 0.66 and pO2 = 0.34
bar.
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Figure 8.4: The measured ∆φ and temperature difference ∆T for cell LNC-MgO for the
long-term experiments. The electrodes were platinum, the average temperature 550 ◦C
and pCO2 = 0.66 and pO2 = 0.34 bar.
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that Eq. (8.31) can be used to interpret the results. This shall be done in the
following.

8.4.2 Stationary state

Seebeck coefficients for binary mixtures of alkali carbonate electrolytes are shown
under various conditions in Figs. 8.5 - 8.7 and in Table 8.3. The values are all larger
than those obtained with pure lithium carbonate and for dispersions of lithium
carbonate with inorganic powders (-0.88 to -1.05 mV K−1 [96]). Before we discuss
these encouraging results, we report on other tests on the cell’s performance.

Effect of electrode material

To test the influence of the choice of electrode materials, gold was replaced by
platinum. The mechanism of the electrode reaction can vary slightly between the
metals, since oxide layers are more easily formed on platinum [136,153]. The results
for the Seebeck coefficient, shown in Fig. 8.5, are the same within the accuracy of
the experiment, compare -1.17 to -1.15 ± 0.02 mV K−1. This fact means that
the electrode reaction is most probably the same on both electrodes, and that the
transported entropies of the electrons are close to each other. According to the
literature, they are both small, around 0.4 J K−1 mol−1 for Au at 730 ◦C [141] and
around 2 J K−1 mol−1 for Pt at 730 ◦C [154].

-30 -20 -10 0 10 20 30

-40

-20

0

20

40

-30 -20 -10 0 10 20 30

-40

-20

0

20

40

Δ
φ

/ 
m

V

Δ T / K

B

Gold electrode

Δφ =(0.23 ± 0.07)-(1.172 ± 0.005)ΔT  

  

 

 

A

Pt electrode

Δφ = (-16.3 ± 0.2) - (1.15 ± 0.01)ΔT  

Figure 8.5: The measured potential versus the temperature difference across the cell LNC-
MgO(s) for Au(s) (A) and Pt(s) (B) electrodes. The average temperature was 550 ◦C
and the electrode gas partial pressures pCO2 = 0.66 pO2 = 0.34. The equations are the
linear regressions (dotted lines) and the accuracy is a double standard deviation from the
regression analysis.
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The two electrode materials differ in their bias potential, as can be seen from
Fig. 8.5. A bias potential can arise due to small differences in the metal surface in
two electrodes of the same kind. The difference is larger for two platinum electrodes
(here 16 mV) than for two gold electrodes (here 0.23 mV). Even if most results
for platinum gave a lower value than this, they were on the average larger than
for gold. This confirms our expectation that the platinum surface is less inert in
molten alkali carbonates [136,153]. The formation of an oxide layer may disturb the
measurements and the correlation with the theory. We continued the investigations
using the most inert material, gold.

Effect of pressure - and temperature variations

In view of the discussion above on possible side reactions, we investigated the
pressure and temperature variations of the Seebeck coefficient of the cell LNC-
MgO. The pressure variation is shown in Figs. 8.6 and 8.7.

As shown in Section 8.2.4, Eqs. (8.33) and (8.34), the slope of the Seebeck coeffi-
cient versus ln pj/p

0 is fixed, for a given electrode reaction. The electrode reaction
(Eq. (8.1)) gives the theoretical slopes 0.043 and 0.021 mV K−1 for a varying par-
tial pressure of carbon dioxide or oxygen gas, respectively. The experimentally
determined values of 0.048 ± 0.004 mV K−1 and 0.0134±0.005 (see Figs. 8.6 and
8.7) confirm the electrode reaction within the uncertainties of the experiment. This
enables us to use Eq. (8.31) to predict the Seebeck coefficient with respect to varia-
tions in the partial pressures of carbon dioxide and oxygen (see below). Lower gas
partial pressures gives an increase in the absolute value of the Seebeck coefficient
(makes it more negative).

The temperature variation of the Seebeck coefficient, as determined from a plot
of the Seebeck coefficient versus the logarithm of the temperature, see Eq. (8.32),
gave a negative slope of -0.60±0.07 mV K−1. When we raise the cell average
temperature from 550 to 850 ◦C, we increase the absolute value of the Seebeck
coefficient by 0.2 mV K−1.

8.4.3 The transported entropy of the carbonate ion

Table 8.3 shows the data collected for the Seebeck coefficient and the calculated
transported entropy of the carbonate ion for all cells investigated. For the sake
of comparison with cell LC-MgO, reported previously [96], we show the results
for the cell average temperature 750 ◦C. We calculated the transported entropy of
the carbonate ion from Eq. (8.31). Standard entropies of the gases were 271 and
244 J K−1 mol−1 (750 ◦C, HSC Chemistry) for CO2 and O2, respectively, and the
transported entropy of the electron in the gold conductor was 0.4 J K−1 mol−1 [141].

The Seebeck coefficient increases significantly in absolute value by adding sodium
or potassium to the lithium carbonate. This is due to a reduction in the transported
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Figure 8.6: The Seebeck coefficient as a function of the partial pressure of carbon dioxide
pCO2 for the cell LNC-MgO. The electrodes were Au(s), the average temperature were
550 ◦C and the pO2 = 0.33 bar. The equation is the linear regression, shown by the dotted
line, and the uncertainty is the double standard deviation from the regression analysis.
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Figure 8.7: The Seebeck coefficient as a function of the partial pressure of oxygen pO2 for
the cell LNC-MgO. The electrodes were Au(s), the average temperature was 550 ◦C and
the pCO2 = 0.073 bar. The equation is the linear regression, shown by the dotted line,
and the uncertainty is the double standard deviation from the regression analysis.
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Table 8.3: The Seebeck coefficient (αS) and the transported entropy of the carbonate
ion for all electrolytes. The electrodes were gold, the partial pressures pCO2 = 0.66 and
pO2 = 0.34 bar and T is the average of the electrode temperatures. Data for the single
carbonate system were reported in [96]. The uncertainty is a double standard deviation,
estimated from measurements repeat.

Cell T αS S∗
CO2−

3

◦C mV K−1 J.K−1 mol−1

LC-MgO 750 −1.04± 0.02 201± 4

LKC-MgO 750 −1.13± 0.02 184± 4

LNC-MgO 750 −1.25± 0.02 161± 4

entropy of the carbonate ion, see values given in Table 8.3. Jacobsen and Broers
[132] reported Seebeck coefficients of -1.14 to -1.20 mV K−1 for dispersions of binary
and ternary equimolar mixtures of alkali carbonates with magnesium oxide. Their
values compare well to our results. However, they concluded, from variations in
their measured values, that the Seebeck coefficient was independent of the melt
composition investigated, while we find that there is a dependency (see Table 8.3).
Here, the cell LNC-MgO gave the largest Seebeck coefficient. The cell LKC-MgO
was here not an equimolar mixture, which may explain the deviation from the
results of Jacobsen and Broers. Also their experimental procedure differed from
this study: they collected only one set of temperature data and potential data at
each temperature and decomposed the data with a multiple regression analysis. We
determined the Seebeck coefficient from plots of the emf ∆φ versus the temperature
difference, at constant average cell temperature. They reported values for the
temperature range (530-880 ◦C), while we report for a given average temperature
and find that there is a temperature variation. More experiments, together with a
fundamental theoretical understanding of the transported entropy, are required to
elucidate on the effect of melt composition.

Our previous study [96] showed that adding a solid inorganic phase to the pure
lithium carbonate significantly reduced the value of S∗

CO2−
3

. We concluded that

this was due to a reduction in the entropy of the lithium carbonate (SLi2CO3
),

caused by the presence of the solid particles in the dispersion. In this study, we
see that introduction of larger cations to the system further decreases the value of
S∗

CO2−
3

. Below, we discuss two factors that can affect the value of the transported

entropy.

For the binary mixtures, the molar entropy of the component in the mixture and the
heat of transfer limit the values of the transported entropies (see the relations given
in Eq. 8.28). The molar entropy of a component is generally larger in a mixture
compared to the pure component value. Using the ideal mixture approximation,
Sj = S0

j − R lnxj with SLi2CO3 = 309 J K−1 mol−1 and mole fractions given in
Table 8.1, we estimated the entropy of lithium carbonate in the two binary mixtures
to raise 4 or 5 J K−1 mol−1 above the pure-component value. This trend is opposite
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to that of the transported entropy of carbonate ion. Above, we concluded that the

term containing the heat of transfer in Eq. (8.26),
(
t2
x2
− t1

x1

)
q∗

T , is small. This

could well be because difference in the transference coefficient of the two salts is
small,

(
t2
x2
− t1

x1

)
, not necessarily q∗. If so, the term involving the heat of transfer

in Eq. (8.28) could be responsible for the lowering of the sum of the transported
entropies of the two ions (the left-hand side of the relations in Eq. (8.28)). Then,
the heat of transfer is positive and cause the transported entropy of the carbonate
ion to be lower in the binary mixture than in the pure lithium carbonate.

The relations in Eq. (8.28) limit the values of the transported entropies of the ions
in the mixture, but what determines the distribution between the cations and the
anions? The local structure in the melt may affect the answer, with enthalpic as well
as entropic effects. Introduction of larger cations affects the melt structure. Studies
have shown [155,156] that the addition of sodium or potassium to the pure lithium
carbonate introduces changes in the short-range structure of the melt. Tissen et.
al [155] found from molecular dynamics simulations, that introduction of sodium
or potassium in the lithium carbonate increased the distance between carbonate
ions in the melt [155]. Moreover, the association Li+-CO2−

3 was tightened while
the association M+-CO2−

3 was loosened compared to the pure carbonates. Clearly,
more theoretical and experimental efforts, are both needed to understand the nature
of the transported entropy.

8.4.4 Practical perspectives

We have seen above that cells with alkali carbonates and gas electrodes gives See-
beck coefficients in the order of -1 mV K−1. Furthermore, we have found that the
value of the coefficient depends on melt composition, temperature and composi-
tion of the electrode gas. The addition of either sodium or potassium carbonate,
together with an inorganic powder, to the molten lithium carbonate enhances the
Seebeck coefficient. To generate a large potential, a large temperature difference
between the electrodes are required. By using mixtures as electrolytes, we open up
for this possibility, as they have lower melting points compared to the pure com-
ponents and thus allows a larger range of operating temperatures. A temperature
difference of 200 degrees across a single cell, will therefore represent 0.2 V.

The cell LMC-MgO can not only utilize waste heat, but also off-gases containing
carbon dioxide and oxygen. We have found that a lowering of the gas partial pres-
sures of carbon dioxide and oxygen, increases the Seebeck coefficient. The off-gas
from a silicon furnace contains CO2, O2, N2, H2O and various other components.
By using the off-gas, containing 1.5 % CO2 and 20 % O2, as electrode gas on the two
sides, we estimate from Eq. (8.31) with the ideal gas relation and data in Table 8.3,
that the Seebeck coefficient for cell LNC-MgO at 750 ◦C rises to -1.4 mV K−1. The
contribution to the single cell thermoelectric potential becomes 0.30 V for a ∆T of
200.
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The off-gas from the silicon furnace, at a different composition than air, has an
additional potential for power production. Consider using a concentration cell in
series with the thermoelectric cell LMC-MgO at the lower temperature of the cell.
The additional potential can be calculated from the expression for a concentration
cell

∆φconc = −RT
F

ln
p

1/2
CO2,a

p
1/4
O2,a

p
1/2
CO2,c

p
1/4
O2,c

(8.35)

To use furnace off-gas as anode gas (a) and air as cathode gas (c) at 550 ◦C,
enhances the cell potential by 0.14 V using the same materials and utilizing the
chemical exergy of the off-gas. For the thermoelectric and the concentration cell in
series, this gives an order of magnitude of 0.5 V when ∆T = 200 K. We propose
therefore a system for thermoelectric energy conversion that also can benefit from
off-gases containing CO2.

Much work remains before such an idea can be realized. The potential for work
delivery is only one of many considerations. The internal power losses and materials
properties and costs are also essential [98]. A first evaluation of the performance
of a thermoelectric cell is often done by calculating the figure of merit, where
the electrical, σ, and thermal, λ, conductivity at zero current also enters [37], see
however [147] for electrochemical cells. The dimensionless figure of merit is:

ZT =
α2

Sσ

λ
T (8.36)

A high ZT means that a high conversion from thermal to electric energy is likely.
In order to estimate ZT , we used the electrolyte values for the thermal and electric
conductivity, since we believe that the electrolyte values dominate the values for the
whole device. The cell LC has λLC = 1 W m−1 K−1 [157] while cells LC-MgO and
LNC-MgO has λeffective = 0.60λLC + 0.40λMgO, where λMgO was 18 W m−1 K−1

(at 400 ◦C) [158], and 0.60 and 0.40 was the volume fraction of the liquid and the
MgO, respectively. The electrical conductivities of the dispersions were set as 80 %
of the values of the alkali carbonates (this was estimated from [144]). Values for
ZT is shown in Table 8.4.

Without having done any optimization, it is encouraging to observe that the LC
cell obtains a value of 0.34. This can be compared with various solid state thermo-
electric materials [99]. For materials suitable for a hot side temperature of 800 ◦C,
they reported that a lead telluride compound gave ZT = 1.45 at 425 ◦C. Culp
reported ZT = 0.8 at 800 ◦C for n-type Sb-doped MNiSn (M= Ti, Zr, Hf ) [159].
The addition of the inorganic powder significantly increases the Seebeck coefficient.
At the same time it seems to reduce the ZT . More knowledge is needed on how the
Seebeck coefficient varies with the amount and type of solid phase, and also how
the inorganic phase affects the electrical and thermal conductivity. The composi-
tion of the alkali carbonate mixture dictates the operating temperature range and
determines the melt conductivity [160], and it would be interesting to also study
further the Seebeck coefficient as a function of composition.
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Table 8.4: Measured Seebeck coefficients for three cells, electrical and thermal conductiv-
ities for the alkali carbonates are from [161,162].

cell T αS σ λ ZT
◦C mV K−1 ohm−1 cm−1 W m−1 K−1

LC 750 −0.88± 0.06 4.24 1 0.34

LC-MgO 750 −1.04± 0.02 3.4* 7.8 0.05

LNC-MgO 750 −1.25± 0.02 2.2* 7.8 0.05

*80 % of the value for the molten alkali carbonate with no added solid

We finally estimate the power density P/A of the thermoelectric device in combi-
nation with the concentration cell at matched load conditions from [100]:

P/A =
1

4

(αs∆T + ∆φconc)
2

rl
(8.37)

Using cell LNC-MgO as example, we use the Seebeck coefficient and electrical
resistivity (r = σ−1) as given in Table 8.4. Again we assume that the electrolyte
gives the largest contribution to the resistance. With an electrolyte thickness (l) of
5 mm, and ∆T = 100 K, we obtain a power density of 0.8 kW m−2. Assuming that
losses during operation can halve this value, one should expect a power density
with an order of magnitude of 0.5 kW m−2.

8.5 Conclusions

We have reported theoretical and experimental results for a system which can be
interesting for thermoelectric energy conversion. The system is described with
non-equilibrium thermodynamics. Seebeck coefficients up to -1.4 mV K−1 can be
realized with molten carbonate mixtures as electrolytes and electrode gas compo-
sition like that of the off-gases from the silicon furnace. A single thermoelectric
converter, operating with a difference of 200 K, yields 0.30 V. By adding a concen-
tration cell operating on off-gases and air, an additional 0.14 V can be added to the
cell emf. This idea might be relevant for commercial exploitation as a wide range
of industrial processes have off-gases of composition different from air, containing
carbon dioxide and oxygen. A figure of merit near 0.3 and a power density near
0.5 kW m−2 seem within reach already. Much work remains to be done to optimize
these factors.
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Chapter 9

Concluding remarks

In this work, exergy analyses were established for the silicon furnace to quantify
the thermodynamic losses in the process and to quantify the potential for ther-
modynamic improvement (Chapters 3 and 4). Thermoelectric power generation
from heat released from silicon during casting applying established semiconductor
technology was studied in Chapters 5 and 6. Cells with molten carbonates were
studied as potential candidates for thermoelectric energy conversion in Chapters 7
and 8.

9.1 Exergy analyses of the silicon furnace

In Chapters 3 and 4 exergy analyses were established to map the current status
of the exergy consumption, exergy losses and exergy destruction in the industrial
silicon furnace. The main conclusions from these studies were:

• the specific exergy consumption was in the range 25-28 MWh per metric ton
silicon produced while the specific (electric) power consumption was in the
range 11.2-11.9 MWh per metric ton silicon produced. The specific exergy
consumption did not vary systematically with the specific power consumption
due to variations in additional exergy introduced with the carbon materials.

• the combustion of by-product gases from the furnace reaction and volatiles,
introduced with the carbon material, were the major sources for exergy de-
struction in the silicon furnace, together with the ohmic losses in the electric
power supply system. The thermal energy in the off-gas represented the
largest exergy loss. The combustion of volatiles accounted for around 10 %
of the exergy destruction in the furnaces.
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• the overall exergy efficiency, defined as the ratio of the exergy in the product
to the exergy supplied to the furnace, quantifies the overall resource utiliza-
tion, and the total losses, in the silicon furnace. This work concludes that
exergy efficiencies of 0.30, or an exergy destruction of 70 %, is representative
for today’s standard furnace operation (no power recovery).

• the overall exergy efficiency was estimated to increase from 0.30 to 0.40 with
power recovery from thermal exergy in the off-gas. From a resource efficiency
point of view, these numbers demonstrates clearly that the co-generation of
power should be today’s standard for all silicon furnaces.

• the silicon yield exergy indicator considers only the electric power and the
fixed carbon as exergy input to the process. This indicator quantifies how
efficient the furnace produces silicon and gives values that coincide with the
specific power consumption. The theoretical process provided an ideal upper
limit of 0.51 for this indicator that can serve as a yardstick for the industrial
furnaces. Values around 0.40 applied to the industrial furnaces.

9.2 Thermoelectricity

The exergy analyses revealed that thermal energy in the off-gas constitute the major
exergy loss from the silicon furnace. As discussed above, a steam-turbine system
can be used to exploit this and significantly enhance the overall exergy efficiency
of the silicon furnace. Thermoelectric generators were discussed in Chapters 5 to
8 as a technology that can exploit other heat losses, and can thus be seen as a
supplement to recovery of thermal energy in the off-gas.

In Chapters 5 and 6, thermoelectric power generation from heat released from
silicon during casting were demonstrated with a 0.25 m2 based on bismuth-tellurium
technology:

• the generator was implemented in the casting area at a silicon plant. The
measured peak power was 160 W m−2 and the maximum temperature differ-
ence across the modules was 100 K.

• a mathematical model of the generator installed in the casting area pre-
dicted that it is possible to generate as much as 900 W m−2 based on BiTe-
technology, by improving the design and moving the generator closer to the
heat source.

For this special application, the heat was available sporadically as casting occurred
at intervals. The thermoelectric generator could for instance power equipment
needed during the casting operation. Thermoelectric generators are simple systems
that provide an opportunity for recovery of heat released from silicon during casting.
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Chapters 7 and 8 provided fundamental studies of thermoelectric energy conversion
in cells with molten carbonates:

• the theory of non-equilibrium thermodynamics was used to describe the en-
ergy conversion in the cell, and combined with the experimental results, this
created the basis for systematic knowledge of the Seebeck coefficient for these
systems.

• The measured Seebeck coefficients of these cells were in the range 0.88-
1.25 mV K−1, the higher value applied to a binary mixture of carbonates.

• these cells offer also a possibility to exploit the chemical exergy in off-gases
with partial pressures of carbon dioxide and oxygen that deviates from the
atmospheric composition. This can be achieved by adding a concentration
cell operating on such off-gases and air.

• The series construction has the potential to offer a power density at matched
load conditions in the order of 0.5 kW m−2.

On the basis of this, it was concluded that the proposed system is a promising
candidate for thermoelectric energy conversion and the system can also exploit
chemical exergy in off-gases containing carbon dioxide and oxygen. Such systems
may be relevant for a large span of processes that both produce excess heat and
emit carbon dioxide.

9.3 Further work

The exergy analyses and the studies of the molten carbonate cell now published
open up for further work on both topics. Some suggestions are discussed below.

In the published exergy analyses, the total exergy destruction in the furnace in-
cluded chemical exergy in the off-gas, thermal exergy in the cooling water and the
heat loss through the furnace wall. A more detailed analysis can provide details on
the different contributions the total exergy destruction and shed light on the exergy
potential of these streams. This knowledge is relevant to the possible implementa-
tion of the molten carbonate cell. The theory of non-equilibrium thermodynamics
can be included in this detailed mapping.

It would be interesting to perform an exergetic life cycle assessment. The concept
of exergy can also be included into the framework of life cycle assessment [163].
Such analyses calculates the exergy destruction of a product from cradle to grave,
including raw materials and energy resources to produce the product and to produce
the process equipment in addition to exergy destruction related to waste streams.
Such analyses can for instance be used to evaluate the use of different raw materials
resources with respect to sustainability.
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From the studies now published of the molten carbonate cell it is clear that more
efforts, both experimentally and theoretically, are needed to elucidate on the real
potential of this system. First, the conditions that give large Seebeck coefficient
should be elaborated on and the interplay between this coefficient and the electrical
and thermal conductivity should be further studied. Next, electrolyte compositions
that give a lower melting point should be searched for and seen in combination with
the foregoing point. Then, the design of a practical system should be evaluated.
These are just some of many tasks that remain to understand the full potential of
this technology. Moreover, the concept of exergetic life cycle assessment should be
used to evaluate the sustainability of such a system.
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