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Abstract

Non-equilibrium molecular dynamic (NEMD) simulations have been used to study heat and mass transfer across a vapor–liquid interface
for a one-component system using a Lennard-Jones spline potential. It was confirmed that the relation between the surface tension and the
surface temperature in the non-equilibrium system was the same as in equilibrium (local equilibrium) [A. Røsjorde, D.W. Fossmo, S. Kjelstrup,
D. Bedeaux, B. Hafskjold, J. Colloid Interface Sci. 232 (2000) 178]. Interfacial transfer coefficients were evaluated for the surface, which expressed
the heat and mass fluxes in temperature and chemical potential differences across the interfacial region (film). In this analysis it was assumed that
the Onsager reciprocal relations were valid [A. Røsjorde, S. Kjelstrup, D. Bedeaux, B. Hafskjold, J. Colloid Interface Sci. 240 (2001) 355]. In this
paper we extend the number of simulations such that we can calculate all four interface film transfer coefficients along the whole liquid–vapor
coexistence curve. We do this analysis both for the case where we use the measurable heat flux on the vapor side and for the case where we
use the measurable heat flux on the liquid side. The most important result we found is that the coupling coefficients within the accuracy of the
calculation are equal. This is the first verification of the validity of the Onsager relations for transport through a surface using molecular dynamics.
The interfacial film transfer coefficients are found to be a function of the surface temperature alone. New expressions are given for the kinetic
theory values of these coefficients which only depend on the surface temperature. The NEMD values were found to be in good agreement with
these expressions.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In non-equilibrium thermodynamics, each thermodynamic
force Xi is a linear function of all the conjugate thermodynamic
fluxes

(1)Xi =
n∑

j=1

RijJj .

Following Onsager, the matrix of resistivities Rij is symmetric.
These resistivities can in general be functions of the state vari-
ables, like for instance the temperature and the pressure, but not
of the forces. The Onsager relations simplify transport prob-
lems by reducing the number of phenomenological coefficients
needed to describe the process. In the study of the properties of
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surfaces it is therefore of great importance to verify their valid-
ity.

In homogeneous systems the Onsager relations have been
verified both experimentally [3] and by non-equilibrium mole-
cular dynamics (NEMD) [4]. For the surface such a verification
has not yet been given, however. In the present paper we will
address this problem. We consider the vapor–liquid interface
in a one-component system. We consider only transport across
and not along the surface, so all fluxes and forces are in the di-
rection normal to the surface.

Non-equilibrium molecular dynamics (NEMD) simulations
is a technique to compute transport properties of classical
many-body system. A model for the intermolecular potential is
used. With these simulations, we can directly study variations
of the temperature, pressure and density across the vapor–liquid
interface and, important for our present purpose, get the sur-
face tension and the resistivity coefficients for the transfer of
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heat and mass across the surface. In general, NEMD simula-
tions are virtual experiments in which one can apply, not only
normal conditions, but also rather extreme conditions, which
cannot be realized in experiments. The computational results
can be used to test theoretical results and the assumptions be-
hind these. Experiments have been done, which confirm the
presence of a temperature difference across the liquid–vapor
interface. In experiments the problem becomes at least two-
dimensional. Phenomena like convection may occur. We refer
to Ward et al. [5] and references therein. For a detailed analy-
sis of the various theoretical descriptions and their application
to the experiments we refer to Bond et al. [6].

Røsjorde et al. [1,2] studied condensation of Lennard-Jones
spline particles using molecular dynamics simulations. Simon
et al. [7] considered the case of more complicated particles
(octane), while Kjelstrup et al. [8] and Tsuruta et al. [9–11]
considered the longer ranged cut-off Lennard-Jones potentials.
In most of these simulations the surface temperature T s was
defined using the average kinetic energy of molecules in the in-
terface area. Both [1] and [7] found good agreement between
the surface tension γ (T s) from non-equilibrium simulations
and the surface tension from equilibrium simulations at the
same temperature. This verified that the surface is in local equi-
librium. An important conclusion that can be drawn from this
result is that the surface as described by excess densities is
a separate thermodynamic system not only in equilibrium but
also in non-equilibrium systems. This fact is a central assump-
tion in the description of the non-equilibrium thermodynamics
of such surfaces [12,13].

Assuming Onsager’s reciprocal relations, Røsjorde et al. [2]
calculated the interface film transfer coefficients which describe
heat and mass transfer across a surface. Along the coexistence
curve the values of these coefficients were found to agree well
with the values predicted by kinetic theory [14–18] for temper-
atures not too close to the critical temperature. The agreement
with kinetic theory was for a simple fluid with a Lennard-Jones
spline potential. For more complicated particles [7] and longer
range potentials [8] such agreement was not found.

Due to the time-consuming nature of the simulations, only a
very limited number of simulations were done by Røsjorde et
al. [1,2] and by Simon et al. [7]. In the analysis of the data it was
therefore not possible to verify the validity of the Onsager re-
lations. In non-equilibrium thermodynamics the validity of the
Onsager reciprocal relation is an essential point. The fact that
these relations were not verified in these simulations was very
unsatisfactory. It is the objective of this paper to do so. For this
purpose we have now done more simulations so that we are able
to address this issue.

To determine the interface film transfer coefficients, linear
force–flux equations derived from non-equilibrium thermody-
namics shall be used. An important result of the paper is that
even for temperature gradients that are extremely large, a sat-
isfactory description of the simulation data is found with these
linear relations. There is absolutely no need to use nonlinear
relations, as may be needed for other systems [19].

Another important finding is that we find that all interface
film transfer coefficients for the surface can be given in terms
of the temperature of the surface or alternatively as a function
of the surface tension alone. This simplifies the description and
again establishes that the surface is a separate thermodynamic
system with its own transport properties.

The paper is organized as follows: In Section 2 we dis-
cuss the derivation of equations for transport of heat and mass
through the surface. In addition to the equations given in our
earlier work [1,2] using the measurable heat flux in the vapor
close to the surface, we now also give equivalent equations
using the measurable heat flux in the liquid close to the sur-
face. New expressions are given for the interface film transfer
coefficients of the surface which are obtained from kinetic the-
ory. These new expressions depend only on the temperature of
the surface, as they should, using the property of local equilib-
rium, and are found to be more appropriate than expressions
used previously [2]. The details of our simulations and inves-
tigation procedure are presented in Section 3. Sections 4, 5
and 6 contain the results, a discussion and conclusions, respec-
tively.

2. Transport equations for the surface

2.1. The excess entropy production rate for the surface

In the study of stationary states using molecular dynamics
simulations we average over the time. On the molecular scale
of Ångstroms these averages vary smoothly through the sur-
face. In this way we obtain the profiles of, for instance, the
temperature and the density through the surface. On a more
macroscopic scale of microns some variables appear to change
discontinuously across a phase boundary. Not only the den-
sity but also the temperature can have a surprisingly large jump
across a surface on this scale.

In a macroscopic description not only the homogeneous
phases but also the surface are separate thermodynamic sys-
tems. The properties of the surface are found by calculating
excess densities and energies. Bedeaux and Kjelstrup [20–22]
derived the excess entropy production rate per unit of surface
area in a one component system and they found:

(2)σ s = J
′g
q �

(
1

T

)
− J

1

T l
�μT

(
T l).

Here J
′g
q is the measurable heat flux from the vapor into

the surface and J is the mass flux through the surface. The
thermal driving force �(1/T ) and chemical driving force
−�μT (T l)/T l are respectively1

Xq = �

(
1

T

)
= 1

T l
− 1

T g ,

(3)X
g
μ = − 1

T l
�μT

(
T l) = − 1

T l

(
μl(T l) − μg(T l)).

The vapor was taken on the left-hand side and the liquid on
the right-hand side in Eqs. (2) and (3). The notation � gives

1 In Table 3 in our second paper [2] we listed the forces given in Eq. (3) rather
than those given by the definitions in Eq. (10) of that paper.
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the difference of a variable in the liquid minus the one in the
vapor, both close to the surface. The temperatures T g and T l

are the temperatures of the vapor and the liquid close to the
surface. The chemical potential for the liquid and the vapor, μl

and μg, are both evaluated at the temperature of the liquid close
to the surface, T l. The subscript T indicates that this difference
is taken at the same temperature.

Using the energy balance the measurable heat flux on the
liquid side of the surface is given by

(4)J ′l
q = J

′g
q + �vapHJ,

where �vapH = H g − H l is the enthalpy of evaporation and
�vapH is positive. Substituting Eq. (4) into Eq. (2) one obtains
for the entropy production rate

(5)σ s = J ′l
q �

(
1

T

)
− J

1

T g �μT

(
T g),

where we used the thermodynamic identity

(6)H g�

(
1

T

)
= 1

T l
μg(T l) − 1

T g μg(T g)
and the same equality for the liquid in order to obtain Eq. (5)
from Eq. (2). Equation (5) contains the chemical driving force
at the temperature of the vapor

(7)Xl
μ = − 1

T g �μT

(
T g) = − 1

T g

(
μl(T g) − μg(T g)).

The expressions for the chemical forces X
g
μ and Xl

μ are
given above to linear order in the temperature difference across
the surface. In view of the rather extreme temperature differ-
ences considered in the simulations, we will also take a contri-
bution along which is of the second order in this difference. We
clarify how we calculated the chemical forces in Appendix A.

In the derivation of the above equations the surface is located
following Gibbs [23] by choosing a so-called dividing surface.
The values of the fluxes, the temperatures and the chemical po-
tentials in the liquid and the vapor close to the surface are the
extrapolated values of these quantities from the liquid and the
vapor to this dividing surface [12]. In the non-equilibrium mole-
cular dynamics simulations we found that one may distinguish
a region with a finite thickness in which the particles are neither
in the liquid or in the vapor. Extrapolation of the various quanti-
ties into this layer to for instance the equimolar surface is found
to give values which have a larger computational error than the
values of these quantities taken in positions just outside the in-
terface region. It has been shown that the above equations are
equally valid for the differences across the finite layer and the
fluxes just outside this layer. These quantities are not identical
to the extrapolated values. In practice the differences are usu-
ally small. The two descriptions can also be transformed into
each other. We refer to Johannessen et al. [24] for this transfor-
mation.

2.2. The linear force–flux relations for the surface

Non-equilibrium thermodynamics gives linear relations be-
tween the thermodynamic driving forces and the heat and mass
fluxes. In the vapor they are

∇
(

1

T

)
= r

g
qqJ′g

q + r
g
qμJ,

(8)− 1

T
∇μT = r

g
μqJ′g

q + r
g
μμJ,

where vectors are indicated by bold symbols. Subscript T indi-
cates that the differentiation is carried out for a constant tem-
perature. Two main resistivities are r

g
qq and r

g
μμ and the cross

resistivities are r
g
μq and r

g
qμ. According to the Onsager rela-

tions, r
g
μq = r

g
qμ. We will consider only fluxes and gradients in

the direction normal to the surface. The gradient ∇ can there-
fore be replaced by d/dx, and only the x-component of the
fluxes is unequal to zero. Similar linear relations, in which all
the g’s should be replaced by l’s, are valid for the liquid.

For the surface it follows from Eq. (2) that the linear re-
lations between the thermodynamic forces and the conjugate
fluxes is given by

(9a)Xq = �

(
1

T

)
= r

s,g
qq J

′g
q + r

s,g
qμJ,

(9b)X
g
μ = − 1

T l
�μT

(
T l) = r

s,g
μq J

′g
q + r

s,g
μμJ,

where r
s,g
qq and r

s,g
μμ are the two main film resistivities for the

surface and r
s,g
qμ and r

s,g
μq are the coupling film resistivities for

the surface. We use the notation film resistivities for the surface
or interface film resistivities to indicate that they give the in-
verse temperature and chemical potential differences across the
surface with a finite thickness. When we use the extrapolated
values at the dividing surface, we will use the notation excess
resistivities for the surface or interface excess resistivities. If we
express the fluxes in terms of the forces we replace resistivities
by conductivities. And when we refer to either resistivities or
conductivities, we use coefficients.

In Eqs. (9) we deviate from expressions given earlier [1,2]
in two ways. In the first place there is a sign difference in the
film resistivities and in the second place the forces have been
divided by the temperature of the liquid. One sees from this
equation that condensation and evaporation not only gives a dif-
ference in chemical potential, but also a difference in the inverse
temperature across the surface. It is therefore not correct to ne-
glect such differences as is habitually done. According to the
Onsager relations, r

s,g
μq = r

s,g
qμ . An interesting coefficient is the

heat of transfer q∗s,g for the vapor side of the surface which is
defined by:

(10)q∗s,g ≡
(

J
′g
q

J

)
�T =0

= − r
s,g
μq

r
s,g
qq

.

From Eq. (5) it follows that the linear relation between the
thermodynamic forces and the conjugate fluxes may alterna-
tively be given by

(11a)Xq = �

(
1

T

)
= rs,l

qqJ ′l
q + rs,l

qμJ,

(11b)Xl
μ = − 1

T g �μT

(
T g) = rs,l

μqJ ′l
q + rs,l

μμJ,
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where r
s,l
qq and rs,l

μμ are the two main film resistivities for the

surface and r
s,l
qμ = r

s,l
μq are the coupling film resistivities for

the surface. Substitution of Eq. (4) into Eqs. (9), using Eq. (6)
and comparison with Eqs. (11) gives the following relations be-
tween the interface film resistivities:

rs,l
qq = r

s,g
qq ,

rs,l
qμ = rs,l

μq = r
s,g
qμ − �vapHr

s,g
qq ,

(12)rs,l
μμ = r

s,g
μμ − 2�vapHr

s,g
μq + (�vapH)2r

s,g
qq .

The heat of transfer q∗s,l for the liquid side of the surface is
defined by:

(13)q∗s,l ≡
(

J ′l
q

J

)
�T =0

= − r
s,l
μq

r
s,l
qq

.

Using Eq. (13) it follows that

(14)q∗s,g − q∗s,l = �vapH.

This equation shows most clearly that one violates thermody-
namical laws by assuming that all the cross coefficients are
zero.

In kinetic theory expressions have been derived [14–16] for
the thermodynamic forces in terms of the fluxes in evaporation
and condensation. These results can be used to find the follow-
ing expressions for the interface film resistivities [17]:

(15a)r
s,g
qq

(
T s) = 1.27640

R(T s)2cg(T s)

√
M

3RT s ,

(15b)r
s,g
μq

(
T s) = r

s,g
qμ

(
T s) = 0.54715

T scg(T s)

√
M

3RT s ,

(15c)r
s,g
μμ

(
T s) = 4.34161R(σ−1

c (T s) − 0.39856)

cg(T s)

√
M

3RT s ,

where cg(T s) is the density of a vapor in coexistence with a
liquid at the temperature of the surface. We refer to these coef-
ficients as interface film resistivities rather than interface excess
resistivities because they describe the changes across the Knud-
sen layer, which is also a layer with a finite thickness. For
the condensation coefficient σc(T

s) values between 0.1 and 1.0
have been reported [18]. Furthermore, M is the molar mass and
R is the gas constant. In our simulations we evaluate T s. In
Eqs. (15) we deviate from expressions we gave earlier [1,2] by
replacing all temperatures by the temperature of the surface.
Also, the vapor concentration is now calculated as the value in
phase equilibrium, at the temperature of the surface. While this
only leads to small corrections in the value of the coefficients,
the coefficients are now a function of the temperature of the
surface alone. The advantage of Eqs. (15) is that we can now
calculate the values predicted by kinetic theory given the tem-
perature of the surface and cg(T s), as found from equilibrium
simulations, alone. It is no longer necessary to use T l, T g and
cg from the non-equilibrium simulation, as we did in our previ-
ous work. We shall find the above expressions to be useful. The
predictions from kinetic theory for the heat of transfer on the
vapor side of the surface is:

(16)q∗s,g(T s) = −0.42867RT s.
The reason to modify the predictions of kinetic theory for
the interface film resistivities to contain only the temperature
of the surface, is to make them dependent only on the state
of the surface. According to the property of local equilibrium
these coefficients should only depend on the state of the surface
and this is accomplished in this way. This property is required
in a proper description of the surface using non-equilibrium
thermodynamics. In our analysis of the results of the NEMD
simulations, this modification works well and as such our re-
sults support the validity of local equilibrium.

3. Non-equilibrium molecular dynamics simulations

The basis of our non-equilibrium molecular dynamics simu-
lations was described elsewhere [4,25]. Here we shall only give
a brief description of this method.

3.1. Model and simulation details

We simulated 4096 argon-like particles interacting with the
pairwise additive intermolecular Lennard-Jones spline poten-
tial in an elongated box with lengths Ly = Lz = Lx/16. Nor-
mally the size of the box was about 10 molecular diameters
(10σ ) in the direction along the surface and about 160 mole-
cular diameters (160σ ) in the direction normal to the surface,
the x-direction. The NEMD simulations were done with a con-
stant number of particles N and volume V . In equilibrium the
thermostatted regions were thermostatted to the same tempera-
ture. This produced then a canonical ensemble. Different over-
all densities of the model system were obtained by varying the
size of the box.

A classical (12-6) Lennard-Jones spline potential model is
used to describe the particle interaction. The potential is ex-
pressed in terms of the interparticle distance rij between any
pair of particles i and j ,

(17)

U(rij ) =

⎧⎪⎨
⎪⎩

4ε
[
(σ/rij )

12 − (σ/rij )
6
]
, for 0 < rij < rc,

a(rij − rs)
2 + b(rij − rs)

3, for rc < rij < rs,

0, for rs < rij .

Here the cutoff distance is rc = (26/7)1/6σ ≈ 1.24σ and the
switch distance rs = (67/48)rc ≈ 1.73σ . The two parameters
a = −(24192/3211)(ε/r2

c ) and b = −(387072/61009)/(ε/r3
c )

were chosen such that the potential and its first derivative are
continuous in rij = rc. The potential and its derivative are also
continuous in rij = rs. In our calculations we use for σ (the
particle diameter), ε (the energy) and m1 (the particle mass)
values which are typical for argon; in which case one has
ε/kB = 124 K, σ = 3.42 × 10−10 m and m1 = 6.64 × 10−26 kg
where kB is Boltzmann’s constant. In the simulations all quanti-
ties are expressed in reduced units using σ , ε and m1 as scaling
factors.

The molecular dynamics simulation program makes use of
dimensionless reduced variables which are defined in Table 1
where NA is Avogrado number. The reduced quantities are de-
noted with a superscript ∗.



456 J. Xu et al. / Journal of Colloid and Interface Science 299 (2006) 452–463
Table 1
Reduced variables

Variable Reduction formula

Mass m∗ = m/m1
Distance r∗ = r/σ

Energy U∗ = U/ε

Time t∗ = (t/σ )
√

ε/m1
Temperature T ∗ = kBT/ε

Molar density c∗ = cσ 3NA
Pressure p∗ = pσ 3/ε

Velocity v∗ = v
√

m1/ε

Surface tension γ ∗ = γ σ 2/ε

The non-equilibrium simulations were done as described
previously [1,2]. The simulation box was divided into 128 equal
planar layers parallel to the surface. In order to give the system a
certain temperature gradient, energy was added or withdrawn in
certain layers using the “heat exchange” (HEX) algorithm [25].
The layer numbers 1–4 and 125–128, named hot layers, were
regulated to the temperature T ∗

H while the layer numbers 61–
68 in the middle of the box, named cold layers, were similarly
regulated to the temperature T ∗

L (T ∗
H > T ∗

L ). Using periodic
boundary conditions [25] and the appropriate size of the box,
two liquid–vapor interfaces appeared in the box with the liq-
uid in the middle of the box. A condensation flux was induced
using a “mass exchange” (MEX) algorithm which removed par-
ticles from the cold layers in the liquid phase and inserted them
into the hot layers in the vapor phase [4]. The rate of transfer
gives J in Table 2. As not all particle transfers are accepted by
the algorithm, the actual J given in Table 3 is smaller. In Fig. 1,
a 3-dimensional snapshot of 4096 particles is shown of our sim-
ulation box. In stationary simulations the system is symmetric
and all properties are not only time averaged but also averaged
with respect to the mirror plane in the middle of the simulation
box.

NEMD simulations were performed for over 10 million time
steps using the Verlet ‘Leap Frog’ algorithm [26]. A time step
length of 5 × 10−4 in reduced units was used, which corre-
sponds to about 10−15 s in real time. Properties such as the tem-
perature and the density in each layer of the box were monitored
in intervals of 500,000 time steps each, in order to detect the
stationary state. The first 2 million time steps were discarded to
avoid transient effects. The simulation parameters such as the
temperatures T ∗

L and T ∗
H and the overall densities were chosen

using the phase diagram for the Lennard-Jones spline fluid, in
which the triple point temperature, the critical temperature and
the critical pressure were found to be Tt = 68.2 K, Tc = 111.2 K
and pc = 33.2×105 Pa [1]. For 48 simulations we give the sim-
ulation conditions in Table 2 both in reduced and in real units.
We discarded some further simulations, which were either too
close to the critical point or too close to the triple point, and
would not properly go to a stationary state.

3.2. Equilibrium properties of the system

For the gas phase in the same Lennard-Jones spline system,
Røsjorde et al. [1] found that the pressure was given in terms of
Table 2
Simulation conditions, in reduced and real units

Sim.
no.

c∗ T ∗
H T ∗

L J ∗ c (mol/
m3)

TH TL J (kmol/
(m2 s))

1 0.20 1.10 0.75 0.001 8302 136.5 93.0 6.67
2 0.20 1.10 0.70 0.001 8302 136.5 86.8 6.67
3 0.30 1.20 0.65 0.002 12453 148.9 80.6 13.33
4 0.30 1.20 0.65 0.003 12453 148.9 80.6 20.00
5 0.30 1.35 0.65 0.002 12453 167.5 80.6 13.33
6 0.30 1.50 0.65 0.003 12453 186.1 80.6 20.00
7 0.30 1.03 0.57 0.002 12453 127.8 70.7 13.33
8 0.30 1.10 0.63 0.002 12453 136.5 78.2 13.33
9 0.15 1.10 0.65 0.001 6226 136.5 80.6 6.67

10 0.15 1.15 0.65 0.002 6226 142.7 80.6 13.33
11 0.15 1.05 0.75 0.002 6226 130.3 93.0 13.33
12 0.30 1.30 0.70 0.002 12453 161.3 86.8 13.33
13 0.20 1.10 0.65 0.002 8302 136.5 80.6 13.33
14 0.30 1.30 0.60 0.001 12453 161.3 74.4 6.67
15 0.20 1.20 0.70 0.003 8302 148.9 86.8 20.00
16 0.30 1.25 0.60 0.003 12453 155.1 74.4 20.00
17 0.30 1.25 0.62 0.003 12453 155.1 76.9 20.00
18 0.20 1.13 0.72 0.001 8302 140.2 89.3 6.67
19 0.25 1.05 0.70 0.002 10378 130.3 86.8 13.33
20 0.25 1.25 0.72 0.002 10378 155.1 89.3 13.33
21 0.25 1.15 0.75 0.002 10378 142.7 93.0 13.33
22 0.25 1.06 0.70 0.002 10378 131.5 86.8 13.33
23 0.25 1.25 0.70 0.002 10378 155.1 86.8 13.33
24 0.25 1.30 0.68 0.002 10378 161.3 84.4 13.33
25 0.25 1.20 0.70 0.004 10378 148.9 86.8 26.66
26 0.30 1.28 0.62 0.003 12453 158.8 76.9 20.00
27 0.15 1.10 0.60 0 6226 136.5 74.4 0
28 0.20 1.10 0.60 0 8302 136.5 74.4 0
29 0.20 1.10 0.75 0 8302 136.5 93.0 0
30 0.20 1.05 0.70 0 8302 130.3 86.8 0
31 0.20 1.10 0.68 0 8302 136.5 84.4 0
32 0.20 1.15 0.70 0 8302 142.7 86.8 0
33 0.25 1.30 0.80 0 10378 161.3 99.2 0
34 0.30 1.10 0.68 0 12453 136.5 84.4 0
35 0.30 1.00 0.70 0 12453 124.1 86.8 0
36 0.30 1.40 0.70 0 12453 173.7 86.8 0
37 0.30 1.60 0.75 0 12453 198.5 93.0 0
38 0.13 1.20 0.60 0 5189 148.9 74.4 0
39 0.18 1.20 0.60 0 7264 148.9 74.4 0
40 0.23 1.20 0.60 0 9340 148.9 74.4 0
41 0.28 1.20 0.60 0 11415 148.9 74.4 0
42 0.18 1.25 0.60 0 7264 155.1 74.4 0
43 0.18 1.10 0.65 0 7264 136.5 80.6 0
44 0.23 1.10 0.65 0 9340 136.5 80.6 0
45 0.28 1.10 0.65 0 11415 136.5 80.6 0
46 0.18 1.20 0.70 0 7264 148.9 86.8 0
47 0.23 1.20 0.70 0 9340 148.9 86.8 0
48 0.28 1.20 0.70 0 11415 148.9 86.8 0

the molar volume v = 1/c and the temperature by the Soave–
Redlich–Kwong (SRK) equation of state:

(18)p = RT

v − b
− a

v(v + b)
,

where the coefficients were given by

b = 0.08664
RTc

pc
,

(19)a = 0.42748
R2T 2

c

pc

[
1 + 0.4866

(
1 −

√
T

Tc

)]
.
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Fig. 1. A snapshot of MD box with 4096 particles.
Table 3
Fluxes and forces from MD simulations

Sim.
no.

J
′g
q (MJ/

(m2 s))

J ′l
q (MJ/

(m2 s))

J (kmol/
(m2 s))

Xq (1/

(k K))

X
g
μ (J/

(mol K))

Xl
μ (J/

(mol K))

1 15.06 38.91 5.87 0.955 0.85 −2.80
2 12.65 39.77 6.20 1.169 1.02 −4.12
3 23.28 80.05 12.27 1.771 2.20 −5.68
4 33.07 111.91 17.93 1.990 2.72 −5.62
5 30.46 87.96 12.33 2.208 2.64 −7.28
6 48.00 129.31 17.86 2.453 3.10 −7.19
7 8.57 74.56 12.66 2.728 4.42 −9.72
8 15.83 75.21 12.53 1.802 2.32 −6.15
9 9.64 40.63 6.33 1.668 1.56 −7.19

10 14.04 75.26 12.46 2.157 2.62 −8.79
11 12.73 58.77 11.47 1.041 1.31 −2.87
12 32.75 80.52 11.73 1.550 1.76 −4.16
13 13.10 72.21 12.40 1.781 2.30 −6.15
14 14.17 49.40 6.53 2.959 2.79 −13.47
15 22.21 97.88 17.60 1.868 2.40 −5.26
16 23.00 114.28 18.60 2.624 3.71 −8.69
17 25.64 114.20 18.40 2.460 3.40 −7.74
18 13.68 39.42 6.07 1.119 0.99 −3.78
19 14.37 65.03 11.87 1.211 1.44 −3.50
20 27.11 72.83 11.53 1.435 1.61 −3.78
21 21.16 59.15 11.00 1.053 1.22 −2.31
22 14.08 64.31 11.93 1.225 1.43 −3.54
23 24.48 75.27 11.87 1.708 1.84 −5.10
24 25.33 77.77 12.06 1.773 2.13 −5.35
25 26.43 118.19 22.73 1.761 0.78 −4.26
26 26.88 114.99 18.26 2.506 3.42 −7.91
27 5.11 5.11 0 1.298 0.33 −7.10
28 5.20 5.20 0 1.593 0.40 −7.66
29 12.49 12.49 0 0.809 0.47 −2.68
30 8.08 8.08 0 0.539 0.19 −2.11
31 8.92 8.92 0 0.591 0.31 −2.40
32 11.11 11.11 0 0.887 0.38 −3.63
33 27.02 27.02 0 0.838 0.81 −1.71
34 11.32 11.32 0 1.134 0.32 −4.92
35 9.44 9.44 0 0.646 0.32 −2.46
36 24.38 24.38 0 1.553 1.09 −5.75
37 50.32 50.32 0 1.415 1.53 −3.44
38 5.97 5.97 0 1.546 0.56 −7.25
39 6.45 6.45 0 1.605 0.53 −8.47
40 7.25 7.25 0 1.650 0.47 −8.85
41 7.92 7.92 0 1.879 0.82 −9.00
42 7.01 7.01 0 1.958 0.53 −9.31
43 6.94 6.94 0 0.882 0.18 −4.99
44 7.95 7.95 0 1.004 0.46 −4.49
45 8.15 8.15 0 1.000 0.50 −4.64
46 12.12 12.12 0 1.116 0.44 −4.97
47 13.06 13.06 0 0.834 0.49 −3.24
48 14.70 14.70 0 0.781 0.34 −3.04

Fig. 2. The density profile for simulation no. 1. The vertical lines indicate the
surface extension.

The molar density given by the SRK equation of state, which
is the inverse of the molar volume, was used to find the last layer
in the vapor phase next to the surface. Fig. 2 shows an exam-
ple of such a determination of the surface extension. The layer
next to the vapor had a substantially larger deviation of the den-
sity from the value found using the SRK equation. This method
was formulated in the work by Røsjorde et al. [1]. For the liq-
uid bulk, an appropriate equation of state has not been found.
The last layer of the liquid was chosen by visual inspection from
the density profiles. The layers between the vapor and the liquid
will be referred to as the surface layers. Possible errors were es-
timated by changing these layers up or down one layer. For the
vapor pressure of the liquid with a temperature T , Røsjorde et
al. found p� = p0 exp(−�

p
vapH/RT ), with p0 = 9.24 × 108 Pa

and an “enthalpy of vaporization” �
p
vapH = 5205 J/mol−1. It

is important to realise that this enthalpy of evaporation is a tem-
perature independent fit parameter. It should not be confused
with the actual value of �vapH = H g − H l which is found to
be temperature dependent.

The equation of state for the surface is:

(20)γ s = γ0

(
Tc − T

Tc

)ν

,

where the universal critical exponent is given by ν = 1.26.
Røsjorde et al. [1] found γ0 = 2.48 × 10−2 N/m. The surface
tension varied between 1.1 × 10−3 and 8.0 × 10−3 N/m in our
simulations. We refer to [1] for a figure.
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3.3. Calculation procedures

The molar density in layer ν, cν , for ν = 1, . . . ,128 was
given by

(21)cν = 128

V NA

∑
i∈layerν

1 = 128Nν

V NA
,

where V = LxLyLz is the volume and Nν is the number of par-
ticles in layer ν. Using the symmetry of the system with respect
to the surface between layer 64 and 65, we always used the av-
erages of cν and c129−ν . The molar flux in layer ν, Jν , was given
by

(22)Jν = cνvν = 128

V NA

∑
i∈layerν

vi ,

and equals between layers 5 and 60 the layer independent value
determined by the MEX algorithm. Between layers 69 and 124
the molar flux is minus this value. In this formula and the for-
mulae below, vi is the velocity of particle i and vν is the average
velocity in the layer.

The temperature of each layer ν, Tν , is found from the ki-
netic energy of the layer

(23)
3

2
NνkBTν = 1

2

∑
i∈layerν

m|vi − vν |2.

In view of the symmetry we again used the averages of Tν and
T129−ν . The temperatures T g and T l were chosen to be equal
to the temperatures of the last layers of the vapor and the liquid
next to the surface layers. These then give the thermal force Xq .
For the temperature of the surface, T s, we used the value which
is found from the kinetic energy of the surface layers. In terms
of the temperatures of the layers that are part of the surface this
gives

(24)T s =
∑

ν∈surface

NνTν/
∑

κ∈surface

Nκ,

where the sum of Nκ is the total number of particles in the
surface. For the calculation of the chemical forces we refer to
Appendix A.

The pressure tensor was obtained using the formula

(25)Pαβ,ν = 128

V

∑
i∈layerν

(
mvi,αvi,β + 1

2

∑
j 	=i

Fij,αrij,β

)
,

where vi,α is the component of the velocity of particle i in the
direction α and Fij,α is the component of the force exerted on
particle i by particle j in the direction α. Furthermore, rij,β is
the component of the vector from particle j to particle i in the
direction β . The pressure tensor was found to be diagonal. In
view of the symmetry we again use the averages of Pαβ,ν and
Pαβ,129−ν . The surface tension, γ , is computed by

(26)γ = 1

A

∑
i<j

(
rij − 3x2

ij /rij
)
u′(rij ),
where A = LyLz is the surface area of the cross section in
the y- and z-directions. The x-direction is the direction nor-
mal to the surface. Furthermore, xij = |xi − xj |, u′(rij ) is the
derivative of the pair potential with respect to the interparticle
distance rij , p‖ is the pressure parallel to the surface, and p⊥
is the pressure normal to the surface. Equation (26) gives the
surface tension of one of the two surfaces by restricting the par-
ticles to be either in layers 5–60 or in 69–124. If the sum is not
restricted in this manner, one must divide by 2A.

The total heat flux Jq is constant while the measurable heat
flux J′

q varies due to the temperature dependence of the en-
thalpy per mole H . The total heat flux is

(27)Jq = J′
q + HJ.

The total heat flux in layer ν is calculated from

Jq,ν = 128

V

∑
i∈layerν

[
vi

(
1

2
mv2

i + φi

)

+ vi ·
(

mvivi + 1

2

∑
j 	=i

Fij rij

)]

(28)= 128

V

∑
i∈layerν

[
vi

(
3

2
mv2

i + φi

)
+ 1

2

∑
j 	=i

vi · Fij rij

]
,

where the potential energy of particle i is

(29)φi ≡ 1

2

∑
j

u(rij ).

The enthalpy per mole in layer ν is found from

(30)Hν = 1

NA

[
5

2
kBTνNν +

∑
i∈layerν

(
φi + 1

6

∑
j

Fij rij

)]
.

4. Results

We used 48 NEMD simulations to obtain the film resistivi-
ties for the surface. We verified that our calculations reproduced
the results by Røsjorde et al. [1,2] by recalculating some of their
data. In Table 3 we give the fluxes and the forces. The molar flux
given in Table 2 is larger than the one given in Table 3. The rea-
son for this is that Table 2 gives the number of particles that the
MEX algorithm tries to transfer from the cold to the hot layer
per second, while Table 3 gives the number of particles that are
not rejected in this procedure. In Tables 4 and 5 we list the sur-
face extension, i.e. the first and the last layer of the surface, the
surface tension, the temperatures near and of the surface, the
densities near the surface, the (normal) pressure and the vapor
pressures. When we say near the surface we mean the value in
the last layer before or in the first layer after the surface layers.
For typical temperature, density and pressure profiles found in
our simulations we refer to [1,2]. The normal pressure was al-
ways found to be constant.

In a one component system the equilibrium state of the
surface is specified by the surface tension. The correspond-
ing (equilibrium) surface temperature was found using Eq. (20)
and vice versa. As was done by [1], we verified that also for
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Table 4
Surface extension, surface tension and temperature near and on the surface

Sim.
no.

Surface
layers

γ (10−3)
(N/m)

T l

(K)
T g

(K)
T s

(K)

1 45–51 1.935 95.5 105.1 96.5
2 45–50 3.239 89.3 99.7 90.1
3 37–41 3.260 88.3 104.7 90.0
4 36–42 2.853 90.9 111.0 93.4
5 36–41 3.352 88.7 110.3 90.8
6 36–42 2.540 92.8 120.2 96.1
7 38–42 5.227 76.1 96.1 77.2
8 37–41 3.750 84.9 100.2 86.2
9 50–54 4.397 82.5 95.6 83.3

10 50–54 4.126 83.8 102.3 85.3
11 50–56 1.912 95.1 105.5 96.9
12 35–41 2.649 95.4 112.0 97.9
13 45–50 3.981 84.8 99.9 86.3
14 37–41 4.700 78.4 102.0 79.2
15 45–51 2.379 92.9 112.4 95.7
16 37–42 3.791 84.2 108.1 86.2
17 36–42 2.862 86.9 110.6 89.4
18 44–50 2.794 91.9 102.4 93.1
19 40–46 2.778 91.9 103.4 93.5
20 40–46 1.938 96.2 111.6 98.6
21 38–47 1.631 98.9 110.4 101.2
22 40–46 2.638 92.3 104.0 93.8
23 40–46 2.681 93.1 110.8 95.1
24 40–46 3.023 90.8 108.3 92.9
25 40–47 2.040 96.8 116.7 100.3
26 36–42 3.166 87.3 111.8 89.8
27 49–54 6.178 74.7 82.7 74.8
28 46–51 6.045 74.7 84.8 74.9
29 42–52 2.169 93.7 101.4 94.3
30 46–51 3.446 87.5 91.8 87.5
31 46–50 3.816 85.2 89.7 85.4
32 45–50 3.503 87.5 94.9 87.8
33 37–48 0.980 101.7 111.2 103.4
34 36–41 4.157 85.4 94.5 85.7
35 35–42 3.665 87.4 92.7 87.8
36 32–41 3.331 89.0 103.3 90.3
37 34–45 1.853 97.7 113.4 99.6
38 52–57 5.871 74.6 84.3 74.7
39 48–52 5.900 74.9 85.1 75.1
40 44–48 5.689 74.9 85.4 75.0
41 40–44 5.442 75.1 87.5 75.3
42 48–52 5.818 74.8 87.6 74.8
43 48–52 4.930 80.9 87.1 81.1
44 43–48 4.445 81.1 88.3 81.4
45 39–43 4.390 81.4 88.7 81.8
46 47–52 3.378 87.4 96.9 87.9
47 43–48 3.427 87.5 94.4 87.9
48 38–43 3.229 88.4 94.9 88.7

the NEMD simulations in this paper the relation between the
surface tension and the surface temperature was given by the
equilibrium relation, Eq. (20). The surface is therefore in local
equilibrium. All properties of the surface, like the film resistiv-
ities, were therefore plotted as a function of the surface tension
alone.

Part of the simulations were done for a zero rate of conden-
sation, J = 0. In that case J

′g
q = J ′l

q , cf. Eq. (4). Using Eqs. (9)

and (11) we were then able to determine r
s,l
qq = r

s,g
qq ≡ rs

qq , r
s,g
μq

and r
s,l
μq . The results are plotted in Figs. 3 and 4. In these figures

we also plotted the predictions from kinetic theory, Eqs. (15)
Table 5
Concentrations near the surface and pressures

Sim.
no.

cl

(kmol/m3)
cg

(kmol/m3)
p

(bar)
p�(T l)

(bar)
p�(T g)

(bar)

1 27.35 2.099 14.91 23.87 13.12
2 29.08 1.312 9.54 17.33 8.34
3 29.36 1.291 10.23 23.34 7.70
4 28.78 1.662 13.63 32.75 9.42
5 29.27 1.294 11.01 31.76 7.97
6 28.32 1.778 16.33 50.57 10.89
7 32.00 0.518 4.11 13.68 2.48
8 30.13 1.001 7.76 17.94 5.81
9 30.68 0.753 5.60 13.27 4.67

10 30.39 0.899 7.17 20.31 5.26
11 27.49 2.256 15.78 24.50 12.77
12 27.40 2.145 17.06 34.54 13.09
13 30.19 1.004 7.67 17.50 5.74
14 31.50 0.485 4.08 20.00 3.14
15 28.21 1.889 15.35 35.25 10.95
16 30.37 0.984 8.42 28.16 5.45
17 29.77 1.220 10.45 32.14 6.89
18 28.36 1.595 11.65 20.48 10.17
19 28.43 1.725 12.51 21.68 10.16
20 27.19 2.265 17.69 33.79 13.76
21 26.28 2.870 20.61 31.89 16.49
22 28.33 1.771 12.85 22.50 10.45
23 28.12 1.787 14.28 32.42 11.13
24 28.76 1.552 12.50 28.46 9.38
25 27.10 2.561 20.59 43.15 14.32
26 29.67 1.246 10.75 34.14 7.11
27 32.24 0.327 2.18 4.77 2.12
28 32.24 0.317 2.18 5.75 2.12
29 27.90 1.750 12.34 19.21 11.58
30 29.56 1.101 7.38 10.09 7.20
31 30.10 0.917 6.16 8.58 5.93
32 29.54 1.063 7.54 12.58 7.22
33 25.13 3.227 23.21 33.12 19.60
34 30.05 0.882 6.21 12.30 6.05
35 29.56 1.102 7.49 10.77 7.19
36 29.18 1.153 9.25 21.58 8.16
37 26.73 2.387 19.71 36.95 15.24
38 32.28 0.320 2.20 5.50 2.09
39 32.21 0.321 2.27 5.92 2.17
40 32.21 0.326 2.24 6.07 2.16
41 32.17 0.345 2.39 7.21 2.22
42 32.23 0.309 2.20 7.27 2.13
43 31.02 0.600 4.09 7.00 4.03
44 30.98 0.629 4.33 7.72 4.12
45 30.90 0.645 4.49 7.93 4.24
46 29.55 1.029 7.50 14.42 7.17
47 29.56 1.084 7.68 12.16 7.21
48 29.31 1.154 8.09 12.65 7.76

and (12), as well as those obtained by Røsjorde et al. [2] for
J = 0 on the vapor side. We see in these figures that our NEMD
results agree well both with those obtained using kinetic theory
and those obtained by Røsjorde et al.

For the NEMD simulations with a finite condensation flux
we used Eqs. (9) and (11) to determine the remaining interface
film resistivities. From the NEMD results for zero condensa-
tion flux we know that kinetic theory gives a good prediction
for r

s,l
qq = r

s,g
qq ≡ rs

qq , r
s,g
μq and r

s,l
μq . In our analysis of the re-

sults for a finite condensation flux we used the prediction of
kinetic theory to calculate the first terms on the right-hand side
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Fig. 3. The main resistivity coefficient (rs
qq ) as a function of the surface tension.

The symbols are from NEMD simulations. The dotted curve is from kinetic
theory.

Fig. 4. The coupling resistivity coefficient (rs,g
μq and r

s,l
μq ) as a function of the

surface tension. The symbols are from NEMD simulations. The dotted curves
are from kinetic theory.

in Eqs. (9) and (11). This then made it possible to calculate
r

s,g
qμ , r

s,l
qμ, r

s,g
μμ and rs,l

μμ from the remainder. This gave an inde-

pendent determination of the cross coefficients r
s,g
qμ and r

s,l
qμ. In

Fig. 4 we also plotted these coefficients. From the figure it is
clear that the cross coefficients satisfy, within the accuracy of
the simulations, Onsager’s reciprocal relations. The cross co-
efficients on the vapor side are rather small. Their accuracy is
comparable with their size. The results for the liquid side gave
the symmetry in a more convincing manner.

In Fig. 5 we plotted the values obtained for r
s,g
μμ and rs,l

μμ.
In this case we did not plot the prediction from kinetic theory
as depends on the condensation coefficient. The NEMD values
of r

s,g
μμ and rs,l

μμ made it possible to calculate this condensation
coefficient. The resulting values for σc are plotted in Fig. 6.

5. Discussion

As in our first article [1], our present results for the NEMD
simulations confirmed that the relation between the surface ten-
Fig. 5. The mass resistivity coefficient for mass transfer (rs,g
μμ and r

s,l
μμ) as a

function of the surface tension.

Fig. 6. The condensation coefficient (σc) as a function of the surface tension.

sion and the temperature of the surface is the same as in equi-
librium. One may verify this property from the values given for
these properties in Table 4. This verifies that the surface is in lo-
cal equilibrium also in a temperature gradient. It confirms that
the surface is a separate thermodynamic system.

Using the property of local equilibrium it follows that also
the interface film resistivities should be a function of the surface
temperature or alternatively the surface tension alone. In report-
ing these resistivities we have therefore chosen to plot them as a
function of the surface tension. In the study of all the properties
of these coefficients, like the Onsager symmetry relations, this
procedure gave values within the accuracy of the calculation.

The standard formulae given by kinetic theory to describe
the transport of heat and mass, use coefficients which depend
on the temperatures of the vapor and the liquid [14–16,18].
The formulae which can be derived from their expressions for
the interface film resistivities have the same property [2,17].
Given that the surface was also in the non-equilibrium simu-
lations in local equilibrium, formulae depending only on the
temperature of the surface are more appropriate. In Eqs. (15) we
proposed new formulae which have that property. The interface
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film resistivities r
s,g
qq and r

s,g
μq found from NEMD simulations

for zero condensation flux were predicted with these new for-
mulae with a good accuracy. A similar agreement with kinetic
theory was also found by [2]. Close to the critical point, where
the surface tension is small, the prediction from kinetic theory
is worse. This is not clearly visible in the figures because the
interface film resistivities of the NEMD simulations, as well as
the kinetic theory values, both become small. The fact that the
new kinetic theory formulae based on local equilibrium work
so well is further evidence that the surface is in local equilib-
rium.

The agreement of the interface film resistivities r
s,g
qq and r

s,g
μq ,

found from NEMD simulations with a zero condensation flux,
with the predictions from kinetic theory, enabled us to use the
prediction of kinetic theory for r

s,g
qq = r

s,l
qq to calculate the first

term on the right-hand side in Eqs. (9a) and (11a) for the NEMD
simulations with a finite condensation flux. From the remain-
ing value we then determined the interface film resistivities r

s,g
qμ

and r
s,l
qμ. In Fig. 4 we plotted the resulting cross coefficients. It

is clear from this figure that r
s,g
qμ = r

s,g
μq and r

s,l
qμ = r

s,l
μq within

the accuracy of the calculations. As the cross coefficients were
found independently, this is a convincing confirmation of the
validity of Onsager’s reciprocal relations. It also verifies that
the new kinetic theory formula for r

s,g
qq = r

s,l
qq is correct.

Using that r
s,g
μq and r

s,l
μq , found from the NEMD simula-

tions with a zero condensation flux, were also well predicted
by kinetic theory we could similarly calculate r

s,g
μμ and rs,l

μμ

from the NEMD simulations with a finite condensation flux
from Eqs. (9b) and (11b). The resulting values were plotted
in Fig. 5. Using the kinetic theory prediction for r

s,g
μμ given in

Eq. (15c) we can then calculate the condensation coefficient.
The resulting value σc is plotted in Fig. 6. It is found to in-
crease approaching the triple point. The values reported by [2]
are slightly larger. This is probably due to the fact that the new
expressions for the kinetic theory coefficients were then not yet
available. The difference is not larger than the accuracy of the
coefficients. The values of σc were smaller than unity, as is re-
quired. They increase from a value of about 0.4 close to the
critical point to a value of about 0.8 close to the triple point.
Tsuruta et al. [27] followed individual particle paths to obtain
this coefficient and found a very similar result close to the triple
point.

Far from global equilibrium the system becomes nonlinear
for a variety of reasons. To quote from the preface of the second
edition of the monograph by de Groot and Mazur [3], systems
described by non-equilibrium thermodynamics are nonlinear
for reasons such as “(i) the presence of convection terms and of
(ii) quadratic source terms in, e.g., the energy equation, (iii) the
nonlinear character of the equations of state and (iv) the de-
pendence of the phenomenological transport coefficients on the
state variables.” One possible origin for nonlinearity is excluded
in this list and that is that the thermodynamic forces are nonlin-
early related to their conjugate forces. In the system we consider
that would imply, to be precise, that �(1/T ) and �(μ/T )

are nonlinear functions of the total heat flux Jq and the mass
flux J ; see the entropy production given in Eq. (A.1) in Ap-
pendix A. Even though we went to temperature gradients up to
5 × 109 K/m we did not need such nonlinear dependence on
the fluxes.

6. Conclusions

Using NEMD simulations we have obtained the interface
film resistivities for heat and mass transfer along the liquid–
vapor coexistence curve for an argon like fluid using a Lennard-
Jones spline potential. Our results confirm earlier results of
[1,7] that also when the system is not in equilibrium the sur-
face tension is the same function of the surface temperature as
in equilibrium. In other words, the surface is in local equilib-
rium. We furthermore find that the interface film resistivities
are functions of the surface tension or alternatively the sur-
face temperature alone. This further confirms that the surface
is a separate thermodynamic system with its own properties.
We proposed new expressions for the interface film resistivities
obtained using kinetic theory, which only depend on the tem-
perature of the surface. We find that these new formulae from
kinetic theory predict the results of the NEMD simulations well
as long as one is not to close to the critical point. These results
are similar to those obtained by [2] for the same system. We
were able to independently calculate the cross coefficients. The
Onsager reciprocal relations could then be checked and were
found to be satisfied. This is the first time that such a result is
obtained for a surface.
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Appendix A

When the excess entropy production is calculated for a sta-
tionary state, one obtains

(A.1)σ s = Jq�

(
1

T

)
− J�

μ

T
,

where Jq = J
′g
q +H gJ = J ′l

q +H lJ is the total heat flux, which
is independent of the position in a stationary state. Substituting
Jq = J

′g
q + H gJ , one obtains

σ s = J
′g
q �

(
1

T

)
− J

(
�

μ

T
− H g�

(
1

T

))

(A.2)= J
′g
q �

(
1

T

)
− J

[
μl

T l
− μg

T g − H g
(

1

T l
− 1

T g

)]
.

Next we use that

μg(T l)

T l
= μg(T g)

T g + H g(T g)( 1

T l
− 1

T g

)

(A.3)− 1

2
c

g
p
(
T g)(1 − T g

T l

)2

,
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to second order in the temperature difference. It follows that

(A.4)X
g
μ = −μl(T l) − μg(T l)

T l
+ 1

2
c

g
p
(
T g)(1 − T g

T l

)2

,

to second order in the temperature difference. For Xl
μ we simi-

larly obtain

(A.5)Xl
μ = −μl(T g) − μg(T g)

T g + 1

2
cl

p

(
T l)(1 − T l

T g

)2

.

Due to the extremely large temperature gradients used we find
that the second-order term may contribute up to 25% of the
value of the chemical forces.

In order to calculate the first-order contribution to the chem-
ical forces, we use for the gas

(A.6)μg(T1,p) = μ0(T1) + RT1 ln
pφ(T1,p)

p0
,

where μ0 and p0 are standard values, which are chosen such
that φ(T1,p) → 1 in the ideal gas limit. Eq. (A.6) may be con-
sidered as a definition of φ(T1,p).

For the liquid at temperature T2 we use a vapor in coexis-
tence with the liquid at this temperature and write

μl(T2,p
�(T2)

) = μg(T2,p
�(T2)

)
(A.7)= μ0(T2) + RT2 ln

p�(T2)φ
�(T2)

p0
,

where φ�(T2) ≡ φ(T2,p
�(T2)). For the chemical force X

g
μ we

may then write to first order

X
g
μ = −μl(T l,p) − μg(T l,p)

T l

= −μl(T l,p�(T l)) − μg(T l,p)

T l

+ μl(T l,p�(T l)) − μl(T l,p)

T l

(A.8)= R ln
pφ(T l,p)

p�(T l)φ�(T l)
+ μl(T l,p�(T l)) − μl(T l,p)

T l
.

For the second term on the right-hand side we use

(A.9)μl(T l,p�
(
T l)) − μl(T l,p

) =
p�(T l)∫
p

vl(T l,p′)dp′.

Using that the molar volume of the liquid does not depend very
much on the pressure, one obtains

(A.10)μl(T l,p�
(
T l)) − μl(T l,p

) = vl�(T l)(p�
(
T l) − p

)
,

where vl�(T l) = vl(T l,p�(T l)). Substituting Eqs. (A.8) and
(A.10) into Eq. (A.4) we obtain to second order

X
g
μ = R ln

pφ(T l,p)

p�(T l)φ�

(
T l) + vl�(T l)(p�(T l) − p)

T l

(A.11)+ 1

2
c

g
p
(
T g)(1 − T g

T l

)2

.

For the chemical force on the liquid side we similarly obtain

Xl
μ = R ln

pφ(T g,p)

p�(T g)φ�(T g)
+ vl�(T g)(p�(T g) − p)

T g

(A.12)+ 1

2
cl

p

(
T l)(1 − T l

T g

)2

.

The last two contributions in Eqs. (A.11) and (A.12) were al-
ways found to have an opposite sign. They therefore partially
compensated each other. Their contribution to the final value
was rather substantial in many cases.

In order to calculate φ(T ,p), we use that the SRK equation
of state is a good approximation for the gas phase. We will ap-
proximate φ(T , v) by φSRK(T , v), where p,v and T are related
by the SRK equation of state, Eq. (18). We use

μ(T , v2) − μ(T , v1) =
p2∫

p1

v dp =
(pv)2∫

(pv)1

dpv −
v2∫

v1

p dv

(A.13)

= p(T , v2)v2 − p(T , v1)v1 −
v2∫

v1

p dv.

Using the SRK equation of state we have

v2∫
v1

p dv =
v2∫

v1

(
RT

v − b
− a

v(v + b)

)
dv

(A.14)= RT ln
v2 − b

v1 − b
− a

b
ln

v2(v1 + b)

v1(v2 + b)
.

Substitution into Eq. (A.13) gives

μ(T , v2) − μ(T , v1)

= p(T , v2)v2 − p(T , v1)v1

− RT ln
v2 − b

v1 − b
+ a

b
ln

v2(v1 + b)

v1(v2 + b)

(A.15)= RT ln
p(T , v2)

p(T , v1)
+ RT ln

φ(T , v2)

φ(T , v1)
.

In order to find φ(T , v1), we now take v2  b (the ideal gas
limit) and use Eq. (18), which gives an expression in which v2
drops out. Replacing v1 by v, one finds:

RT lnφ(T , v) = RT

[
b

v − b
+ ln

v

v − b
− ln

vp(T , v)

RT

]

(A.16)− a

v + b
+ a

b
ln

v

v + b
.
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