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a b s t r a c t

The assumption of local equilibrium is validated in four different systems where heat and mass are

transported. Mass fluxes up to 13 kmol=m2 s and temperature gradients up to 1012 K=m were used. A

two-component mixture, two vapor–liquid interfaces, a chemical reaction in a temperature gradient

and gas adsorbed in zeolite were studied using non-equilibrium molecular dynamics simulations. In all

cases, we verified that thermodynamic variables obeyed normal thermodynamic relations, with an

accuracy better than 5%. The heat and mass fluxes, and the reaction rate were linearly related to the

driving forces. Onsager’s reciprocal relations were validated for two systems. Equipartition of kinetic

energy applied to all directions. There was no need to invoke any dependence of the thermodynamic

variables on the gradients. Away from global equilibrium, the local velocity distribution was found to

deviate from the Maxwell distribution in the direction of transport. The deviation was in a form that is

used by the Enskog method to solve the Boltzmann equation. New general criteria were formulated for

thermodynamic state variables, P. In order to obey local equilibrium, the relative fluctuation in the state

variable needs only to fulfill dP=Pt1=
ffiffiffiffi
N
p

, where N is the number of particles in the volume element.

The variation of the variable in the direction of transport needs to fulfill DP=P ¼ ‘xrP=P51, where the

length of the volume element in direction of transport, ‘x, is of the order of the diameter of a molecule.

These criteria are much less restrictive than proposed earlier, and allows us to use thermodynamic

equations in open volume elements with a surprisingly small number (8–18) of particles.

& 2008 Elsevier Ltd. All rights reserved.

1. Introduction

In the modeling of chemical and mechanical processes in
typical engineering problems, it is normally taken as granted that
thermodynamic equations apply and can be used in any volume
element of the system. But systems of interest to engineering are
now becoming smaller. Microfluid processes and nanoscale
control volumes are being investigated at large fluid velocities
and gradients. It is therefore of interest to examine when our
normal thermodynamic equations apply. How far can we go down
in dimensions and time, and still use these equations? Can criteria
be formulated such that we know that they hold?

It is thus of great practical interest to have quantitative criteria
for the validity of the assumption of local equilibrium. Such can be

obtained by asking how big can the gradients be, or how small can
the system be, in terms of the number of interacting particles,
before thermodynamic relations stop being valid. When can we
expect deviations in the presence of chemical reactions, or during
chemisorption of reactants on a surface? And how can the system
be characterized, when local equilibrium applies, in a system that
is clearly out of global equilibrium?

In the field of non-equilibrium thermodynamics, the assump-
tion of local equilibrium is of fundamental importance. When the
equations of thermodynamics hold in local volume elements, we
can use the Gibbs relation and calculate entropy fluxes and
entropy production in the presence of irreversible processes. The
assumption is crucial for the proof of the Onsager relations [1–3].

Knowledge of conditions for local equilibrium will therefore
not only have a practical consequence for the use of thermo-
dynamic equations on a macroscopic level [3] but also on a
mesoscopic [4–7] level and thus for the development of thermo-
dynamic theories, so as to be able to deal with nanosystems. To
our knowledge these issues have not been thoroughly addressed
before. This work attempts to summarize and to expand on some
earlier works on this topic [9–24].
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The method of non-equilibrium molecular dynamics (NEMD)
simulation is well suited to examine such questions, see [8] and
references therein. The technique is invaluable in its ability to give
assumptions made in the theory a quantitative and molecular
footing. In NEMD simulations, one does not a priori assume
validity of thermodynamic relations. Thermodynamic properties
are being derived from a purely mechanical description, described
in Section 2.2. The method will therefore serve as an independent
verification of thermodynamic relations.

The NEMD method has already been used in some studies that
examine the basic assumption of non-equilibrium thermody-
namics. This work gives a review of what has been done so far
using this technique, in homogeneous mixtures [9–17], in systems
with interfaces [18–21] and on chemical reactions [22–24]. We
shall add new results on heterogeneous microporous systems for
further substantiation.

With the NEMD technique one is able to generate large
temperature gradients, as high as 6� 1011 K=m [9,22], and use
large mass fluxes, around 13 kmol=m2 s [20]. These are extreme
conditions that seldom appear in engineering problems, so one
would expect deviations from local equilibrium near these values.
Deviations have so far only been found for even larger tempera-
ture gradients, as we shall see.

One would expect that non-equilibrium statistical mechanics
gives criteria for validity of local equilibrium. As discussed
extensively by Kreuzer in his book [25] such criteria were given
rigorously only for a dilute gas. For such gases Meixner [26,27]
used the Enskog solution method of the Boltzmann equation and
found that local equilibrium is valid when the temperature
variation DT over a mean free path ‘ is much smaller than the
absolute temperature, DT ¼ ‘rT5T. Similar conditions applied to

other thermodynamic variables. Kreuzer argued that the differ-
ence DP in a variable across a cell with thickness lx is at most of
the order of the fluctuation of the variable, dP; in the cell. The
fluctuation should be much smaller than the average value of the
variable P. Combining these two criteria, Kreuzer gave as basic
criterion for the validity of local equilibrium:

DP ¼ lxrPtdP5P (1)

For a gas lx ¼ ‘ was the mean free path. In a liquid or a solid there
is no natural way to choose lx. Kreuzer proceeded to give
arguments to prove the general validity of his criterion and to
establish the size of lx. We refer to his book for the details. On the
basis of the results from the NEMD simulations, to be discussed
below, we shall conclude, like Tenenbaum et al. [9] and Hafskjold
and Ratkje [13], that his criterion is much too restrictive.

Orban and Bellemans [28] as well as Haile [29] proposed that
the velocity part of Boltzmann’s HB function

HB ¼

Z
f ðvÞ ln f ðvÞdv (2)

can be used as a criterion for local equilibrium. (Subscript B has
been added to separate HB from the enthalpy.) Here f ðvÞ is the
velocity distribution of the particles in the system. By comparing
HB to the value found from the Maxwell distribution one has a
measure of how close a volume element is to equilibrium. We
shall come back to how to choose the size of a volume element in
a liquid or a solid.

NEMD simulations allow us to characterize non-equilibrium
systems on the molecular scale, and one purpose of these studies
has been to develop a molecular understanding of the properties
of a system that obeys local equilibrium. Hafskjold and Ratkje [13]
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NomenclatureRoman symbols

aij parameter in Lennard-Jones potential
bij parameter in Lennard-Jones potential
c concentration, mol=m3

DrG reaction Gibbs energy, J/mol
f ðvÞ velocity distribution function
Fij force acting on i due to j, N
Hi partial molar enthalpy of i, J/mol
HB Bolzmann H function
kB Boltzmann constant, J/K
kf reaction constant for forward reaction
J mass flux, mol=m2 s
Jq; J
0
q total heat flux, measurable heat flux J=m2 s

‘ mean free path, m
lx cell thickness, m
Lx; Ly; Lz box dimensions, m
mi mass of i, kg
NA Avogadro’s number
N number of particles
p pressure, Pa
P thermodynamic variable
R gas constant, J/K mol
r reaction rate, mol=m3 s
rij distance between particle i and j, m
T temperature, K
t time, s
U internal energy, J
uij Lennard-Jones pair potential, J
x; y; z cartesian coordinates, m

V volume, m3

v velocity, m/s

Greek symbols

a;b symbols for directions
d describes size of fluctuation
g surface tension, N/m
eij minimum of potential between particle i and j, J
F potential surface for a chemical reaction, J
fi potential energy of particle i in the field of all other

particles, J
fk;l a function defined by Eq. (22)
r overall particle density in the simulation box, kg=m3

sij distance between particles i and j when the potential
is zero, m

Subscripts, superscripts

c cut-off distance in Lennard-Jones potential
i particle i

k; n component k in layer no. n
k parallel component
? normal component
H high
L low
s switch distance in Lennard-Jones potential
2 pair potential for a reaction
3 triplet potential for a reaction
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gave some criteria for a homogeneous two-component mixture
with transport of heat and mass. We shall restate these, and check
their generality by studying other systems. We investigate the
criteria in microporous heterogeneous systems as well as in the
presence of a chemical reaction. The presence of a chemical
reaction can affect the number of independent components in a
system. If chemical reactions are in equilibrium, the number of
components must, according to the phase rule, be reduced by the
number of chemical reactions. In other respects the thermo-
dynamic relations must remain unaltered in form.

A system which is not in equilibrium, and a system in global
equilibrium, differ in their local fluctuations [30]. When the
system is in global equilibrium, equal-time correlations of the
densities and the temperature are short-range, if one is not too
close to the critical point. Away from equilibrium long-range
contributions to these correlations appear. The type of fluctua-
tions are thus an important characteristic of a non-equilibrium
system, also when local equilibrium is obeyed. We refer to [30] for
a detailed discussion of these properties.

The article is organized as follows. We give a description of
necessary details of the NEMD technique, and how thermody-
namic quantities can be calculated from a 100% mechanical
description of molecular or atomic movements in Section 2. The
separate systems are then presented along with observations on
their properties in the non-equilibrium situation in Section 3.
General statements are formulated in Section 4 based on the
experience of the system analyses, and possibilities for future
work are pointed out.

2. The NEMD simulation technique

NEMD simulation is a computer technique designed to
investigate behavior in systems out of equilibrium. The system
behavior follows from the interaction between particles. Such
interactions can for instance be described by a pair potential like
the Lennard-Jones potential [31,32]. Algorithms for NEMD were
developed in particular by Hafskjold and coworkers
[8,13,15,16,33–38], but also by other authors [9,39–42]. Gradients
are applied to the system by perturbation of its boundaries.
Alternatively, one can set up a flux via the boundaries, and study
resulting gradients. In so-called boundary driven or direct NEMD
(the method used here) one can simulate experiments and
determine transport properties.

In NEMD, the computer is used to solve Newton’s equations of
motion for the particles in the system. On a microscopic level, the
particle motion appears chaotic, even if Newton’s laws are
reversible in time. NEMD and other computer techniques use
periodic boundary conditions, which mimic a larger and more
representative system in a computer-efficient manner. A particle
leaving one box, enters the next, in a way that makes the system
periodic, and introduces a plane of symmetry in the center of the
box. NEMD simulations are mainly run until a stationary state is
obtained. An average over a layer with only a few particles, but
over long time intervals, can then replace an average over a
thicker layer with many particles. The time average is taken as the
ensemble average in a layer (the ergodic hypothesis).

When a non-equilibrium system is in a stationary state, the
fluxes of energy and mass are constant. A liquid and a vapor phase
may coexist in this case, when the boundary conditions are
appropriate. The liquid phase appears in the middle of the box,
since energy is removed there. On each high-temperature side, a
vapor phase is formed. Two surfaces are then formed between the
vapor and liquid. The situation is thus ideal for studies of surfaces.
A snapshot of this situation is illustrated in Fig. 1. A similar more
complicated case is gas adsorption in a microporous material [43].

In order to determine transport properties, one first needs
equilibrium properties of the system. One can use NEMD to find
both types of data. The equation of state (in equilibrium systems)
is found setting the gradients equal to zero. The transport
properties (in non-equilibrium systems) are next obtained.

Simulations cannot be expected to give values found by
experiments, even if much progress has been made in this
direction the last years [44]. The expression for the interaction
potential is a guess for a real system. The advantage of NEMD is
that trends and variations in properties can be traced back to parts
of the interaction potential that cause the variation. This property
means that NEMD gives molecular insight in system behavior.
This is the usefulness of NEMD: it acts as a tool to help understand
experimental results, and it can be used to test assumptions made
in the theory. Since it is difficult to do experiments in hetero-
geneous systems on a molecular scale, the technique is valuable.

2.1. The interaction potential

Between every pair of particles, a potential exists, so that
particles close to each other repel each other and particles further
away from each other attract each other. A common pair potential
for particle interaction in fluids in NEMD is the Lennard-Jones pair
potential, or simply the Lennard-Jones potential:

uij ¼ 4�ij
sij

rij

� �12

�
sij

rij

� �6
" #

(3)

Here uij is the potential between particle i and j, �ij is the minimum
of the potential between particle i and j, ri and rj are the positions
of particle i and j, rij � jri � rjj is the distance between particle i

and j, and sij is the distance between particles when the potential
is equal to zero. In a one-component system of Lennard-Jones
particles there is only one such distance s and one minimum
potential �. In a two-component mixture there are three different
s’s and three different minimum potentials.

In the computations one usually uses a cut-off Lennard-Jones
potential, which is taken equal to zero for distances beyond a cut-
off distance, r4rc. One also uses a shifted cut-off Lennard-
Jones potential, which is taken equal to the cut-off Lennard-Jones
potential minus its value in r ¼ rc. The cut-off Lennard-Jones
potential is often used in molecular dynamics simulations.
This potential gives a singularity in the acceleration when particles
move across rc, where the potential energy jumps. In order to avoid
this contribution and obtain a consistent description of equilibrium
and non-equilibrium properties, it is necessary to shift the cut-off
Lennard-Jones potential, see Goujon et al. [45] for a discussion.

As an alternative, one has also used the Lennard-Jones spline
potential to describe the particle interaction. This potential is the
same as the Lennard-Jones potential until a switch distance rs

chosen at or beyond the inflection point ð26=7Þ1=6sij of the
potential. The potential is expressed in terms of the inter-particle
distance rij between any pair of particles i and j by

uijðrijÞ ¼

4�ij½ðsij=rijÞ
12
� ðsij=rijÞ

6
� 0orijors

aijðrij � rcÞ
2
þ bijðrij � rcÞ

3 rsorijorc

0 rcorij

8>><
>>: (4)
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Fig. 1. Lennard-Jones spline particles distributed in a temperature gradient that

span across a fluid [22]. The cell is symmetric, with hot ends and a cold center.
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where rc is the truncation distance beyond which the potential is
zero. The constants aij and bij are chosen such that the potential
and its derivative are continuous at rs. This implies that

aij ¼ 3
uijðrsÞ

ðrs � rcÞ
2
�

u0ijðrsÞ

ðrs � rcÞ

bij ¼ �2
uijðrsÞ

ðrs � rcÞ
3
þ

u0ijðrsÞ

ðrs � rcÞ
2

(5)

where the prime indicates a derivative. In rc, the potential and
its derivative are also continuous. A common choice [21,20] for
the switch distance is the inflection point, rs ¼ ð26=7Þ1=6sij ’

1:2445sij. Assuming furthermore that the cubic potential also has
an inflection point at the switch distance, it follows that
rc ¼ ð67=48Þrs ’ 1:7371sij. The Lennard-Jones spline potential
with these choices is rather short range. In some simulations
[20] one therefore chooses rc ¼ 2:5s as the truncation distance
and rs ¼ ð48=67Þrc. This leads to significant changes in the
equilibrium as well as in the non-equilibrium behavior of the
system, but this topic is not of interest now.

Intermolecular and intramolecular potentials can also be used
to simulate molecular and crystal behavior [19,43]. In order to
model a chemical reaction, without resorting to quantum
mechanics, two-body interactions are not enough [46]. Also
three-body interactions must be added. Xu et al. [22–24] studied
the chemical reaction of 2F to F2 in a temperature gradient, using
potentials developed by Stillinger and Weber [46]. Their potential
surface F for the reaction was

Fðr1; . . . ; rNÞ ¼
X

pairs i;j

u2ðrijÞ þ
X

triplets i;j;k

u3ðrij; rik; rjkÞ (6)

Here u2 is the two-atom potential, a function of the atom–atom
distance rij � jri � rjj, and u3 is the three-atom potential, deter-
mined by three-atom distances rij, rik and rjk. The subscripts i, j

and k indicate different atoms. The pair potential u2 was selected
to give a good representation of the isolated diatomic molecule,
while the three-atom potential u3 was fitted to the atomic
behavior, scaling from the well-known potential surface of H þ H2.

When Lennard-Jones potentials are used to model a mixture,
each molecule is approximated by a sphere of a given diameter s
and with a given interaction parameter � [13]. In order to deal with
ionic or polarized systems, one normally adds a Coulomb-type
potential or a Yukawa potential to the expressions above [16].
Charged systems are much less studied than electroneutral
systems.

NEMD programs use reduced variables instead of real variables.
Variables are made dimensionless by division by the proper
combination of s, m and � for component 1. The advantage of using
reduced variables in NEMD is that they can be converted to any
fluid of interest. For instance, for argon-like particles we have
�=kB ¼ 124 K, m ¼ 6:64� 10�26 kg and s ¼ 3:42� 10�10 m, see
Røsjorde et al. [18] for details.

2.2. Calculations

The NEMD simulation starts with construction of a rectangular
box with dimensions Lx, Ly and Lz. Here x is the direction along the
box, y is the vertical direction and z is the depth direction, see
Fig. 1. The box contains N particles. The molar density is changed
by varying the box size, using

r ¼ V
N

NA
¼ LxLyLz

N

NA
(7)

where NA is Avogadro’s number and r is the overall molar density
of particles. We are mostly interested in transports in the
x-direction. In the direction of transport, the box is divided into

equal layers for monitoring of local properties. The cell used is
usually not cubic Lx4Ly ¼ Lz. The temperature, density, pressure,
composition, enthalpy, fluxes, and other properties of interest can
be computed in each layer. The box in Fig. 1 has, say, a
temperature gradient between the ends and the center of the
box. All the stationary state simulations, that are reported here,
were done such that profiles (fluxes) are symmetric (antisym-
metric) with respect to the center of the box in the direction of
transport. Periodic boundary conditions are used. When a particle
crosses one of the boundary planes it is reinserted with the same
velocity on the opposite side of the box. The amounts of energy
added and removed are equal, so that total energy is conserved
and the energy flux is constant. A diffusion flux can be simulated
by swapping particles of different types between the layers in the
center and the layers at the end of the cell. The velocities of these
particles are scaled so that no kinetic energy is exchanged and
total momentum is conserved.

Irreversibilities are introduced by controlling some variables in
layers in the middle and near the ends of the box (in the direction
of transport). The walls of the box can be either directly
interacting walls, like in a porous system [42], or regions where
the temperature, chemical potential, or momentum is set by a
local perturbation of the system [9]. A gradient in chemical
potential or a concentration gradient can be introduced by
manipulating the particle types and molecular properties in the
end and center regions, for instance by particle swapping [47–49].

For instance, in the simulations of a one-component two-phase
system, N ¼ 4096 was used with Lx ¼ 16Ly ¼ 16Lz [18,20,21,50].
The box was divided into 128 layers in the x-direction. Layers 1–4
and 125–128 were thermostatted to a high temperature while
layers 61–68 were thermostatted to a low temperature, see Fig. 1.
A mass flux from the vapor to the liquid (condensation) was
simulated by removing particles from the low temperature layers
in the center, layers 61–68, moving them to one of the high
temperature layers at the ends of the cell. In this process, the
particle maintains its y- and z-coordinates, while its x-coordinate
is changed by �Lx=2.

In NEMD all molecular properties are calculated from the
mechanical properties of the system. These calculations are
explained below for a box divided into 128 layers. The expressions
for 32 layers can be obtained by replacing 128 and 64 by 32 and
16 in the formulas below.

Consider again the box in Fig. 1. For stationary states, the fluxes
can be found using time averages in all 128 layers. Likewise, we
can calculate the average kinetic energies, potential energies and
the number of particles in each layer. Using the symmetry of the
system around the center of the box, the mean of the properties in
each half is calculated. In this way, statistics become even better.
The result then stems from a system with only 64 layers, where
each layer is the mean of the corresponding two layers in the
original system. The volume of such a pair of layers is V=64, where
V ¼ LxLyLz is the volume of the box. The molar density of
component k in a layer is the number of particles of that
component, Nk;n, in each pair of layers divided by Avogrado’s
number and by the volume of the pair of layers:

rk;n �
Nk;n

NA

64

V
(8)

The molar flux, Jk;n, and the average velocity, vk;n, of component k

in each pair of layers n, with n ¼ 1; . . . ;64, is found from

Jk;n � rk;nvk;n �
64

VNA

X
i2k;i2 layers

vi (9)

where vi is the velocity of particle i. The sum is over particles of
component k in layers n and 129� n. The x-component of
the velocities in layer 129� n are inverted before adding them
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in Eq. (9). The frame of reference for the velocities and thus for the
flux is the wall of the box. In the stationary states considered, the
mass flux is in the x-direction. The total molar density, rn, number
of particles per layer, Nn, molar flux, Jn, and the average molar
velocity, vn, in layer n are given by

rn �
Nn

NA

64

V
�
X

k

rk;n ¼
1

NA

64

V

X
k

Nk;n

rnvn � Jn �
X

k

Jk;n ¼
X

k

rk;nvk;n (10)

The temperature, Tn, in each pair of layers n, is given from the
average kinetic energy according to the equipartition principle

3

2
kBTnNn ¼

3

2
kBTn

X
k

Nk;n ¼
1

2

X
i2layers

mijvi � vnj
2 (11)

where mi is the mass of particle i.
The pressure tensor is found by time averaging the microscopic

pressure tensor

pn;ab ¼
64

V

X
i2layers

mivi;avi;b þ
X
jai

Fij;arij;b

0
@

1
A (12)

where vi;a, is the velocity of particle i in the direction a, Fij;a is the
force exerted on particle i by particle j in the direction a, and
rij;b ¼ ri;b � rj;b is the component of the vector from particle j to
particle i in the direction b. The x-component of the velocities in
layer 129� n are inverted before adding them in Eqs. (11) and
(12). For a one-dimensional transport problem, like illustrated in
Fig. 1, there is no change in the densities in the direction parallel to
the surface, but there is a large change in density in the direction
normal to the surface (the direction of transport). This causes the
pressure in the directions parallel, pk ¼ pyy ¼ pzz, and normal,
p? ¼ pxx, to the surface to be different in the interfacial region. The
off-diagonal elements of the pressure tensor are found to be zero.
The surface tension is due to the difference between the parallel
and the normal pressure and is calculated from

g ¼ �
Lx

128

X64

n¼1

ðpk � p?Þ (13)

Todd et al. [51] developed an alternative algorithm for pressure
calculation in heterogeneous systems; the method-of-planes. This
gives only the normal pressure tensor for planar surfaces [19].

The measurable heat flux in each layer, J0q;n, cannot be
computed directly, because it is not a mechanical property. It is,
however, related to the total heat flux (the energy flux), Jq;n, by

J0q;n ¼ Jq;n �
X
i2k

HkJk;n (14)

where Hk is the partial molar enthalpy of component k. In order to
determine the partial molar enthalpy, we need the enthalpy as
function of composition, which in principle requires a series of
simulations [15,35]. The total heat (energy) flux can be expressed
in terms of mechanical quantities as follows [32,52]:

Jq;n ¼
64

V

X
i2layers

1

2
miv

2
i þ fi

� �
vi þ

1

2

X
jai

½vi � Fij�rij

0
@

1
A (15)

where fi is the potential energy of particle i in the field of all the
other particles, Fij is the force acting on i due to j, and rij ¼ ri � rj is
the vector from the position of j to the position of i. The presence
of a chemical reaction leads to a modification in the energy flux to
include three-body interactions [22–24].

Once the energy flux is known, the measurable heat flux can be
determined from Eq. (14). Three important cases avoid the non-
trivial task of determining Hk: (1) binary isotope mixtures with

H1 ¼ H2, giving J0q;n ¼ Jq;n in the mean molar frame of reference, for
which J1 ¼ �J2, and (2) binary mixtures for which J1 ¼ J2 ¼ 0,
again with J0q ¼ Jq as the result, and (3) ideal mixtures with Hk

equal to the molar enthalpy of component k. The energy flux is
computed for each layer with Eq. (15), such that the first
summation includes only those particles i that are in the given
layer. The energy flux can alternatively be computed from the
amount of energy added and withdrawn from the thermostats.

3. Conditions for local equilibrium

The most obvious statement on local equilibrium is the
following: There is local equilibrium in a system, when standard

thermodynamic relations apply to any volume element of the system

at any time. This statement was first tested in a two-component
system with NEMD by Hafskjold and Ratkje [13]. We give now the
essence of their analysis, before we review other works
[8,15,16,33–38] and present new data [20–24,43]. All systems
studied have coupled transports of heat and mass at steady state.

3.1. Homogeneous binary mixtures

The first system under study was an equimolar binary isotope
gas mixture of N ¼ 512 particles in a rectangular box [13]. The
Lennard-Jones spline potential with the short truncation distance
rc ¼ ð67=48Þrs ’ 1:737s was used. For an isotope mixture s and �

are the same for all particle pairs. The authors gave all results in
reduced variables. All thermodynamic and transport properties of
the system were derived from the mechanical properties of the set
of colliding particles in NEMD, as described in Section 2. The
particle properties in each layer were examined at 20,000 time
step intervals of calculation. Each run included 20,000,000 time
steps of dt� ¼ 0:002 in reduced units. The study concerned
stationary states. In order to avoid transient effects, the first
400,000 time steps of each run were discarded. A heat flux was
generated using the HEX algorithm [13] by thermostatting two
layers in the center to a low temperature and one layer at each
end of the box to a high temperature.

It was first observed that the assumption of local equilibrium
was true. The enthalpy, H, and the pressure, p, were calculated for
each layer in the presence and absence of the temperature
gradient. For the same state variables, identical local values for H

(circle symbols), p (triangular symbols) and potential energy U

(square symbols) were obtained in the two cases [13]. The results
are shown with open symbols in Fig. 2. Selected results for
equilibrium calculations for the same state variables are shown
with filled symbols in the same figure. The results were the same,
so it was concluded that thermodynamic relations are valid locally
in the temperature gradient. The gradient ð108 K=mÞ across the
volume element did thus not lead to a violation of the assumption.

For the two-component equimolar mixture with m1=m2 ¼ 10
at stationary state, at reduced temperature T� ¼ 2 and reduced
density n� ¼ 0:1, the following properties were typical [13]. The
thickness of the layers in which local equilibrium was established
varied between 0.54 and 0.85 particle diameters when the box
was divided into 32 layers. This is very thin. On the average there
were only 16 particles in each of the 32 layers. The relative
fluctuation in the number of particles in the layers was on the
average dN=N ’ 0:20. Fluctuations in the temperature obeyed
dT=To0:03, and lxrT ’ dT where lx is the thickness of the layer. In
the case considered, no substantial deviation from the Maxwell
distribution was found. This is why the HB function for the
velocity distribution deviated not more than 1% from the value
predicted by the Maxwell distribution. Small deviations propor-
tional to the temperature gradient should exist. They are used in
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the Enskog method of solution of the Boltzmann equation in
kinetic theory [1], and do not lead to violation of local equilibrium.
The temperature, as calculated from the equipartition principle,
was the same with velocities from either of the three directions in
space in the homogeneous system. This implies equipartition of
kinetic energy in the three directions. This is clearly an important
property of a system in local equilibrium, and can serve as a
criterion.

A surprisingly low number of particles (16) was enough to give
a statistical basis for calculation of thermodynamic properties.
This can be explained by the use of averages over a sufficiently
long time. As said, a layer thickness of 0.54 times the particle
diameter was enough. In these thin layers the relative particle
number fluctuation went up to 0.28. Thermodynamic (average)
properties were nevertheless obtained with an accuracy near 5%.
Clearly stationary state calculations give good statistics. The
fluctuation in temperature was here only a fraction of the
fluctuation in the particle number. Last but not least linear
force–flux relations and the Onsager relations were found to be
valid.

Hafskjold and coworkers [15] tested also the assumption of
local equilibrium in systems with large chemical potential
gradients. A variation in mole fraction from very near 0 to very
near 1 was realized using a large mass flux (the value was not
stated). Perfect agreement between equilibrium and non-equili-
brium results were again found for all control volumes.

3.2. Two-phase systems and gas– liquid interface

Several two-phase systems have been studied in a temperature
gradient [16–21]. Bresme and coworkers studied water [17] and
salts [16] under the influence of heat transport. For Coulomb and
Yukawa potential systems, it was found that the equation of state
was obeyed everywhere in the non-equilibrium system, except at
the boundaries where the system was perturbed to maintain a
given temperature. The NEMD method was able to develop
densities and temperatures that fulfilled the equation of state
everywhere else. It was also tested that transport properties did
not depend on the value of the flux, i.e. that the flux–force relation
was linear. The driving forces were smaller than those used by
Hafskjold and Ratkje, however [13].

Other authors studied the equation of state for the surface; the
relation between the surface tension and the temperature
[18–21]. The relation was determined in equilibrium and in the
presence of a temperature gradient. This needed a definition of
the location of the surface (see below). Røsjorde et al. [18,50] used
a NEMD cell with 4096 particles. This number ensured that there
were enough particles in the vapor phase to obtain meaningful
averages. In order to address the question whether one is in the
vapor or in the surface it was important to choose the overall
molar density such that the vapor region is longer than the mean
free path of the particles in this region. The cell was non-cubic,
with ratios Lx=Ly ¼ Lx=Lz ¼ 16, where Li is the length of the cell in
the i-th direction. By choosing the proper overall particle density
and temperatures, and using the phase diagram, a temperature
gradient was used to generate a liquid region in the center of the
cell with vapor on both sides. The box was subdivided into 128
layers, with a thickness

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2rNA

3
p

in meters, where rNA ¼

N=LxLyLz is the overall particle density in the box. The mean free
path in vapor layer n was calculated from the formula,
‘ ¼ 1=ðs2rnNAp

ffiffiffi
2
p
Þ, from kinetic gas theory. In the simulations,

the mean free path had values up to about 10 layer thicknesses
close to the triple point.

A heat flux was simulated with the HEX algorithm [13].
A particle flux from the vapor to the liquid (condensation) was
simulated, using the MEX algorithm [13] that removed a particle
from the low temperature layers in the center and inserted it into
one of the high temperature layers at the end of the cell. The
particle maintained its y- and z-coordinates while its x-coordinate
was changed by �Lx=2. In order to avoid large perturbations of the
energy of the system, the particle insertion was done with a
probability given by the Boltzmann factor. NEMD simulations
were done for a number of cases along the phase line where two
phases coexist, with a heat flux present, and with or without a
particle flux. Stationary density profiles in the left half of the cell
are shown for two cases in Fig. 3.

Gibbs [53] gave a definition of the surface as a transition region
with a finite thickness bounded by planes of similarly chosen
points. The simulation results illustrated in Fig. 3 showed [18] that
we can identify the plane on the vapor side as the plane where, on
one side, the equation of state for the vapor is still valid, while on
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Fig. 2. The enthalpy (circles), the potential energy (squares) and the pressure

(triangles) in a two-component mixture in a temperature gradient (open symbols)

and in mixtures that are in global equilibrium with the same state variables (filled

symbols). The particles interact with a Lennard-Jones potential. They have the

same diameter, the same potential depth, and a mass ratio of m1=m2 ¼ 10.

Reproduced from Stat Phys 78 (1995) 463–494 with permission of Springer.

Fig. 3. Density profiles from two NEMD simulations of heat and mass transfer

through a surface. Case 1 is far from and Case 2 is close to the critical point. Data

are taken from Røsjorde et al. [18].
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the other side this is no longer the case. The plane on the liquid
side, where the change is more abrupt, could be found by visual
inspection. The region between these planes is then the interfacial
region. Through such choices, the surface was found to have a
thickness of about typically 10 layers, which is about 5 nm in real
units, for densities away from the critical point. The thickness
increased to about 25 layers close to the critical point. The
thickness close to the triple point was larger than one would
expect on the basis of only visual inspection of the curves. Such a
visual inspection can therefore not be used to determine the
interfacial region. The deviation from the equation of state for the
homogeneous vapor phase occurs already before it shows up in
the graph.

The temperature of the surface was calculated from the kinetic
energies of the particles within these boundaries. It was found to
be in good approximation equal to the temperature of the first
liquid layer outside the interfacial region. The temperatures of all
layers are plotted for the cases of Fig. 3 in Fig. 4. For each layer
outside the interfacial region, and for the whole interfacial region,
the temperatures computed from velocity components along or

normal to the surface were the same.
The surface tension from the NEMD simulations was plotted as

a function of the temperature of the surface, see Fig. 5. For
comparison, the results of simulations for the equilibrium surface
are also given. The figure shows that the surface indeed is in local
equilibrium in the presence of temperature gradients of up to
3� 108 K=m between the cold and the hot layers [22]. The
uncertainty in the equilibrium results is the same as in the results
obtained the presence of a gradient. The accuracy is a few percent.
The law of corresponding states was also confirmed [20].

Simon and coworkers [19] considered a similar system with
chain molecules; heat transfer in a box with 2000 molecules of
n-octane. The molecules interacted with a truncated Lennard-
Jones potential, and had vibrational and rotational degrees of
freedom. The length of the molecule was five times larger than the
layer thickness in the direction of transport ð1:3 ÅÞ and there were
on the average eight molecules per layer in the box. The equimolar
surface was determined as mentioned above. It consisted of
several layers. Also for these simulations, the surface tension for
the stationary states was found to be the same function of the
surface temperature as in equilibrium. This again verified local
equilibrium.

In summary we found that the equation of state for the surface
and the law of corresponding states applied, in the presence of
temperature gradients up to 109 K=m [20] and with mass fluxes
up to 13 kmol=m2 s, meaning that local equilibrium was obeyed
for these conditions. The system was also in local equilibrium in
the liquid and vapor regions away from the interfacial region.

The following properties characterized the system further
[18,20,21,50]: the mean free path in the vapor phase was smaller
than the length of the vapor phase in the direction of transport by
a factor near 2. It was larger than the thickness of the layers in the
direction of transport by a factor up to 10. The temperature
computed from velocities normal to the surface (the direction of
transport) were the same as those computed from velocities along
the surface. This implies equipartition of kinetic energy in the
three directions. The thickness of the layers was roughly equal to
the diameter of an atomic particle. On the average, the vapor had
8–10 particles in a volume element. The relative temperature
difference across a layer was ‘xrT=Tt0:004. We no longer have
the data available to calculate the fluctuations in the layers. Linear
flux–force relations were observed, and Onsager relations were
verified [21].

3.3. A chemical reaction in a temperature gradient

The chemical reaction

2FÐ F2 (16)

was studied near, but not at chemical equilibrium [22–24]. Local
chemical equilibrium is a special case of local thermodynamic
equilibrium. In chemical equilibrium, the reaction Gibbs energy
DrG ¼ 0. From reaction kinetics and thermodynamics, we can
express the net reaction rate by the law of mass action as

r ¼ �kf c
2
F ð1� expð�DrG=RTÞÞ (17)

where DrG ¼ mF2
� 2mF. The reacting system was first studied at

isothermal conditions. Chemical equilibrium was then estab-
lished. At global equilibrium we found that the velocity distribu-
tions of both the atoms and the molecules had a zero average
velocity and were Maxwellian within 1% accuracy, as expected
(not shown).
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Fig. 4. Temperature profiles from two NEMD simulations of heat and mass transfer

through a surface, see also Fig. 3. Case 1 is far from and Case 2 is close to the critical

point. Data are taken from Røsjorde et al. [18].

Fig. 5. The surface tension as a function of the temperature of the surface. The

points in the curve derive from equilibrium (filled squares) and non-equilibrium

molecular dynamics simulations (open circles). Reproduced from J. Colloid

Interface Sci 299 (2006) 452-463 with permission of Elsevier.

S. Kjelstrup et al. / Energy 33 (2008) 1185–1196 1191



Author's personal copy

The NEMD studies were done with a reduced temperature
difference across the system between 0.2 and 0.5. The number of F
plus 2 times the number of F2 particles in the simulations was
1000. The chemical reaction did not deviate much from local
chemical equilibrium, making DrG=RT small, and justifying a linear
expansion of the exponential term above. The reaction rate
became linear in the driving force according to

r ¼ �kf c
2
F;eqDrG=RT (18)

Linear force–flux relations expressing the temperature and the
Gibbs energy gradients along the box in terms of the measurable
heat flux and the flux of F2 were also given.

The box was divided into 128 layers in the direction of the
temperature gradient. The temperatures and velocities of the
atoms and the molecules in the layer were calculated. Component
fluxes were generated, varying across the system. The finite rate of
the chemical reaction leads to

JFðxÞ ¼ �2JF2
ðxÞ (19)

The average number of F particles plus 2 times the average
number of F2 particles in a layer was less than 8.

The Maxwell distribution for the x-component of the velocity
of component k in layer l is

f 0
k;lðvxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mk

2pkBTl

r
exp �

mkðvx � hvxik;lÞ
2

2kBTl

 !
(20)

where kB is Boltzmann’s constant, mk is the mass of the particle in
question, vx is the x-component of the particle’s velocity, hvxik;l is
the average velocity of particles of component k in layer l and Tl is
the temperature in layer l calculated from the average kinetic
energy. The distributions in the y- and the z-directions are similar.
With a temperature gradient in the x-direction, the Enskog
method to solve the Boltzmann equation in kinetic theory uses
a perturbation of the velocity distribution in this direction [1],
giving

f k;lðvxÞ ¼ f 0
k;lðvxÞð1þ fk;lÞ (21)

where fk;l is a function of ðvx � hvxik;lÞ, the temperature and
composition of the layer, and is proportional to the temperature
gradient in the layer

fk;l ¼ �Ak;l
qT

qx

� �
l

(22)

The velocity distributions for the x-components of the atoms, F,
and the molecules, F2 in the system were calculated in global
equilibrium, and in the system with a gradient, see [23] for details.
The result was compared to the Maxwell velocity distributions for
the two components calculated from Eq. (20) using the tempera-
ture of the layer in question. The temperatures were found from
the average kinetic energy in the x-direction. The presence of a
temperature gradient across the system shifted the velocity
distributions. The shift for F2 gave JF2

, while the shift for F gave
JF. The molecules had a sharper distribution than the atoms had
(not shown).

Each distribution was close to a Maxwellian one, but deviated
in a predictable way. The deviation f was plotted for F in a
particular layer, see Fig. 6. We observed that the shift increased
linearly with the temperature gradient, as used in the Enskog
method to solve the Boltzmann equation in kinetic theory [1], cf.
Eq. (22). The temperature gradient perturbs the Maxwell
distribution of velocities, but only in the direction of transport.
The perturbation observed in Fig. 6 does not alter the law of mass
action, Eq. (17), and can therefore be considered small enough to
not affect local thermodynamic equilibrium. This confirmation of
Eq. (22) is important. As explained by Ross and Mazur, we have a

sound basis for a description of the system within the context of
classical non-equilibrium thermodynamics when this equation
applies [1,54]. All thermodynamic relations apply, and the entropy
production of the chemical reaction is well defined, in spite of the
inherent non-linear relation between the rate and the driving
force, Eq. (17). The temperature computed from velocities in the
direction of transport were the same as those computed from
velocities perpendicular to this direction. This implies again
equipartition of kinetic energy in the three directions.

Temperature gradients as large as 1:1� 1012 K=m lead to
deviations in these properties, by giving a velocity distribution
that deviated more significantly from a Maxwell distribution. This
value of the gradient served as an upper value for validity of local
equilibrium for this case. We conclude that this reaction is in local
thermodynamic equilibrium, and not in chemical equilibrium, for
temperature gradients below this value.

The chemical reaction in a temperature gradient up to 6:6�
1011 K=m was furthermore characterized by: the layer thickness
was roughly equal to 0.54 times the diameter of an atom ð1:214 ÅÞ.
On the average there were eight particles in a volume element,
where the number of particles was taken to be the number of F
atoms plus 2 times the number of F2 molecules. Fluctuations in
the number of particles were dN=N ’ 0:37. Fluctuations in the
temperature were dT=T ’ 0:31. The size of the fluctuations was
calculated from available NEMD data and have not been published
before. The variation of the temperature across a layer was
DT=T ¼ ‘xrT=T ¼ 0:003. Linear flux–force relations for coupled
transports of heat and mass were found.

3.4. Argon in zeolite

We can finally report on argon in zeolite under non-
equilibrium conditions. A crystal of silicalite-1 (a pure siliceous
zeolite with chemical formula SiO2) was used with 431 atoms of
argon. The crystal (without defects) was simulated by a flexible
atomic model [55], allowing for stretching and bending of bonds.
It was composed by 36 unit cells (3456 atoms of silicon and 6912
atoms of oxygen) with an orthorhombic Pnma crystallographic
structure [56]. By taking the crystallographic parameters
a ¼ 20:022 Å, b ¼ 19:899 Å, c ¼ 13:383 Å, with b the direction of
the straight channels, the dimensions of the crystal were La ¼ 2a,
Lb ¼ 6b and Lc ¼ 3c. The initial atomic positions were determined
from crystallographic experimental data [56]. We used the
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Fig. 6. The correction, f, to the Maxwell velocity distributions of the x-component

of the velocity of fluor atom in the center layer of the box. Symbols denote NEMD

simulation results at different temperatures. Case 6: T ¼ 9500 K and Case 8: T ¼

16;200 K as described by Xu et al. [22].
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crystallographic axis of zeolite as frame of reference for the whole
simulation box, x for a, y for b; z for c. Periodic boundary
conditions were applied in all the three directions at the ends of
the crystal.

A symmetric temperature gradient was created across the
system in the y-direction using the HEX algorithm [33]. In this
procedure the simulation box was divided into 24 layers
perpendicular to the y-direction. A constant lower temperature
TL was imposed in the two central layers and at a higher
temperature TH4TL in the two layers at the end of the periodic
box. As a consequence the system developed hot and cold regions
separated by intermediate regions characterized by a temperature
gradient, a constant internal energy flux (determined by the
amount of kinetic energy added/removed in the external/central
layers), and a concentration gradient. The average temperature in
each layer and the average concentration are plotted in Fig. 7.
Given the symmetry of the box with respect to the center of
the zeolite in the y-direction, only the left-hand side is shown. The
size of a layer was determined from energy considerations.
The crystallographic periodicity of the zeolite gives a periodic
profile for the potential energy of the crystal and argon. Looking at
Fig. 8 we notice that three energy levels are present in a quarter of
a cell ð4:97475 ÅÞ. These correspond to (1) straight channels, (2)
zig-zag channels and (3) their intersections. As a consequence, in
order to have appropriate averages of local properties, the size of
the layer in the y-direction must be equal to a quarter of a cell or a
multiple of it.

For this kind of system the mean free path is smaller than the
pore diameter, which is much smaller than the extension of
the pore in the direction of the transport. For each control volume,
the instantaneous particle properties were stored every 100 time
steps over a interval of 200,000 time steps of calculation
(corresponding to 2000 ps).

For each layer, the enthalpy H and the potential energy Up were
calculated in the presence and absence of the gradient. The
quantities, which are calculated from the argon–argon interac-
tions plus the argon–zeolite interactions, are reported per mole
gas (the zeolite–zeolite contribution is constant). They are shown
in Fig. 9. The value of H (full line) and Up (dashed line) are plotted
versus the temperature for the system in a the temperature
gradient. Results from equilibrium simulations at 180, 200 and
220 K are also represented; by single symbols (filled circles for H

and dashed for Up). Since the results are the same also in this case,
we can say that thermodynamic relations are valid locally in the

temperature gradient, and that the assumption of local equili-
brium is true. The temperature was calculated from the kinetic
energy of the argon particles with velocities in the three
directions. The three energies were the same except for in the
second layer, where the velocities are perturbed due to the
presence of the thermostat in the first layer. The distribution of
the y-component of the particle velocities in a control volume
subject to a temperature gradient of 8:7� 109 K=m in this
direction was close to being Maxwellian. The distribution of the
velocities in the other two directions was Maxwellian. The temp-
erature of the volume element, as calculated from the equiparti-
tion principle for kinetic energies, is independent of the direction
in space.

The following properties further characterized the system: the
layer thickness was roughly 1.5 times the diameter of an argon
atom ð3:4 ÅÞ. The layers contained an average of 18 particles. The
fluctuations in the number of particles were dN=N ’ 0:18.
Fluctuations in the temperature were dT=T ’ 0:20: The variation
of the temperature across a layer was DT=T ¼ rT � ly=T ’ 0:02.
The flux–force relations for coupled transports were linear.
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4. Discussion and conclusion

The examples reported in the preceding section give strong
support for the validity of thermodynamic equations under
extreme temperature gradients. We have demonstrated local
equilibrium, as defined by validity of thermodynamic equations,
in systems with temperature gradients up to 6� 1011 K=m, and
mass fluxes up to 13 kmol=m2 s, with around 10 particles in a
volume element of a molecular size. Accuracies in the thermo-
dynamic variables are in the percentage range. Indeed, we can
therefore use thermodynamic equations under rather extreme
conditions. The example with the chemical reaction may serve as
a model for flame combustion. The studies of liquid–vapor
interfaces and gas in zeolite mean that we can use thermo-
dynamic equations for transport across thin interfaces and
nanoporous rocks exposed to gradients, even if there is only a
small number of particles in the volume elements considered.
Common to all systems are that they are open. Averages were
calculated over long (nanosecond) time spans.

As stated already by Tenenbaum et al. [9], the basic reason to
conclude that a volume element is in local equilibrium is the
validity of the equations of state under non-equilibrium condi-
tions in that volume. We have indeed found such validities, for all
non-equilibrium conditions used, except the case when the
temperature gradient exceeded 1012 K=m in the system with the
chemical reaction. When local equilibrium applies, it follows from
non-equilibrium thermodynamics [3], that heat and mass trans-
port can be described by linear flux–force relations and Onsager
relations apply (in the absence of turbulence and radiation). From
the tests on local equilibrium, we therefore now expect that this
applies to combustion-like situations, at interfaces as well as in
nanopores. This is useful information.

We proceed to state and discuss eight conditions for volume
elements in local equilibrium. A summary of most of the findings
is also given in Table 1.

1. The mean free path ‘ of a particle in a vapor phase should be
smaller than the length of the vapor phase in the direction of
transport.

2. The temperature in each layer of thickness lx, as calculated
from the average kinetic energies, must be the same in all three
directions in space. This is in accordance with the equipartition
principle.

3. The value of the Boltzmann HB function in each layer of a
system exposed to gradients is close (within 1–2%) to the value
given by the Maxwell distribution.

4. The velocity distribution in the direction of transport in each
layer can have a small deviation from the Maxwell distribution,
cf. Eq. (21). The deviation must be linear in the applied
thermodynamic force, cf. Eq. (22). This is a property used in the
Enskog solution method of the Boltzmann equation in kinetic
theory.

5. The relative change in a thermodynamic variable P across a
layer with a thickness ‘x in the direction of transport must be
much smaller than one:

DP=P ¼ ‘xrP=P51 (23)

6. The average number of particles N in a layer, which is in local
equilibrium, can be as small as 8.

7. Local equilibrium can be expected in layers with a thickness ‘x

down to a fraction of the particle diameter.
8. The relative fluctuation of a thermodynamic variable P is

restricted by

dP=Pt1=
ffiffiffiffi
N
p

(24)

Criterion 1 is not surprising. We like to add, however, that we
found that this property need only be obeyed in the direction of
transport. Criterion 2 on the temperature calculation can be used
to check if a given volume element has been properly chosen. For
instance, for argon in zeolite, it was necessary to cover at least a
quarter of a unit cell, to have a properly defined temperature,
cf. Fig. 8. For the liquid–vapor interface it was necessary to
consider the whole interfacial region, which can be like 5–10
layers thick, in order to assure the validity of this property. This
fact is important for discussions on the definition of the
temperature in non-equilibrium systems (see below). Criterion 3
on the Boltzmann HB function follows more or less from criterion
4. Criterion 4 is more specific; the linearity of Eq. (22) can be
tested in molecular dynamics simulations. It has not been used
systematically before, and we propose now that this be done, in
cases of doubt, as a test for local equilibrium.

Criterion 5 seems obvious, but is central. We need to allocate a
value of P to the volume element, and this can only be done with
any accuracy if Eq. (23) is fulfilled. This was also stated by Kreuzer
[25]. The variation in P across the layer can, however, be seen as the
accuracy, with which the non-equilibrium system in question is
able to develop a thermodynamic variable in a layer that fulfills
normal equations of state, laws of corresponding states, etc. We
may now remember, that the molecular description in NEMD is
purely mechanical, and that no assumption has been made a priori
about the value of a thermodynamic variable. This is why NEMD
gives an answer to the questions posed on local equilibrium.

Criteria 6–8 are more surprising, but the results confirm the
observations of Hafskjold and Ratkje [13] and Tenenbaum et al.
[9]. Like these authors, we have found that a volume element in
local equilibrium does not need to contain a large number of
particles, see criterion 6. Due to the open nature of the volume
element and the long time averaging that is possible for stationary
states, the average particle number was as small as 8 in some
cases. The thickness of the layer, for which local equilibrium is
established in the direction of transport (criterion 7), can be as
small or even smaller than the diameter of the particles in
question. Local equilibrium was fulfilled for temperature gradi-
ents up to 109 K=m in layers with a thickness of about 3:5 Å
[18–21]. The minimum size of the volume element that we find
for the direction of transport is remarkable. According to criterion
7, this size can be as small as a fraction of the diameter of the
particles. This is a useful result for building models.
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Table 1
Characteristic properties of four selected systems in a temperature gradient

System rT=Km�1 lx=Å N DP=P dT=T dN=N

1. Two-component

mixture [13] 108 1.8 16 0.03 0.03 0.28

2.Vapor–liquid

Ar [18,20] 3� 108 3.4 10 0.05 - -

Octane [19] 109 1.3 8 0.05 - -

3. Chemical rx [22] 6:6� 1011 1.2 8 0.31 0.37

4. Ar in zeolite 8:7� 109 3.4 18 0.03 0.20 0.18

The systems obey equipartition of kinetic energy in all directions and have linear

flux–force relations. P is a thermodynamic property of a volume element with

thickness lx , T the temperature and N the particle number. The ratio DP=P gives the

accuracy in the determination of an equilibrium property in the element, while d
denotes the fluctuations in a property.

The Boltzmann HB function was found valid within 1% and Onsager relations were

validated [13]. The law of corresponding states applied [20]. Onsager relations

were validated [21] for a surface more than 10 layers thick. The reaction was

2F#F2 and Maxwell distributions obeyed Eqs. (21)–(22).
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Criteria 5 and 7 are true for gradients that are 3 orders of
magnitude larger than those considered by Kreuzer. The fluctua-
tion in the number of particles in a volume element is smaller, but
not much smaller, than the number of particles in the volume
element. This finding is expressed by criterion 8. Kreuzer used
Eq. (1) as a restriction (DP ¼ lxrPtdP5P). In order to make this
relation valid, he needed to take the size of the volume element in
three directions lx much larger. For liquid argon at 100 K he gives
lx ¼ 3500 Å and N ¼ 9� 108, see page 16 of his book [25]. It
follows from our results that this is not needed for local
equilibrium in a volume element. We find that dP can be much
larger than DP ¼ lxrP. Our conclusion is therefore that criteria 7
and 8, Eqs. (23) and (24), are more appropriate than Eq. (1) for the
validity of local equilibrium.

The general restriction dP=Pt1=
ffiffiffiffi
N
p

is surprisingly weak, and
must be easy to obey. This finding is new, and adds broad
credence to the validity of our thermodynamic equations in
heterogeneous and nanoporous systems. The different nature of
the examples make us confident that the criteria have some
general validity.

An important conclusion of this work is that also the
temperature in all non-equilibrium systems considered is per-
fectly well defined. The temperature was always obtained using
standard procedures in thermodynamics. In particular we did not
need to introduce a ‘‘non-equilibrium temperature’’ which
depends on the heat flux according to the theory of extended
thermodynamics. In their article on a possible experimental test
on the deviation of the non-equilibrium temperature from the
thermodynamic temperature, Jou and Casas-Vásquez [57] gave a
quantitative estimate of the difference of the equilibrium and the
non-equilibrium temperatures. They concluded that a difference
becomes measurable (equal to 9:6� 10�2 K) for a CO2 gas at 300 K
and 0.1 atm in a temperature gradient of the order of 104 K=m. The
temperature gradients used here are much larger. Extended
thermodynamics would give a very large difference for these
gradients. We conclude that the temperature does not depend on
the heat flux for gradients smaller than 6� 1011 K=m.

We have used molecular interaction potentials in these
investigations (i.e. the Lennard-Jones spline potential) that do
not match reality exactly. A change in the choice of the potential
may give better fits to measured properties, but will not change
the conclusions drawn above or summarized in Table 1. The
absolute values of the thermodynamic properties may change, but
the relative results of Table 1 will remain essentially the same.

One observation must be made. The systems studied here are
too small to confirm existence of long-range contributions to
correlation functions for fluctuations around non-equilibrium
states as studied by Ortiz and Sengers [30]. Such contributions,
which occur in the direction normal to the direction of transport,
have a much longer range than the dimensions of the simulation
box used here [58]. Taniguchi and Cohen [59] gave an exact
analysis of Brownian motion around a stationary state showing
that fluctuations around non-equilibrium states violate detailed
balance. Their results support the calculations of Ortiz and
Sengers [30]. A test of the description of these fluctuations, and
their impact on the assumption of local equilibrium, is therefore
interesting, but too demanding at the moment [58].

Non-equilibrium thermodynamics has now been extended to
deal with mesoscopic systems [4–7]. The extension uses the
assumption of local equilibrium along the so-called internal
coordinates of the system. The reaction coordinate introduced
by Eyring and Eyring [60] and used already by Kramers [61] is an
example of such a coordinate. More work remains to be done to
verify the property of local equilibrium along such internal
coordinates. Computer simulations have not yet been used to
verify this, but the results of the integration along the coordinate

strongly suggest that local equilibrium holds also in this case [62].
The use of local equilibrium along the internal coordinate gives
for instance a satisfactory description of single molecule
stretching experiments [7,63], without the need for fluctuation
theorems [64].
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