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We describe active transport in slipping biological pumps, using mesoscopic nonequilibrium thermodynamics.
The pump operation is characterised by its stochastic nature and energy dissipation. We show how heating as
well as cooling effects can be associated with pump operation. We use as an example the well studied active
transport of Ca21 across a biological membrane by means of its ATPase, and use published data to find values
for the transport coefficients of the pump under various conditions. Most of the transport coefficients of the
pump, including those that relate ATP hydrolysis or synthesis to thermal effects, are estimated. This can give a
quantitative description of thermogenesis. We show by calculation that all of these coupling coefficients are
significant.

1. Introduction

The aim of the present work is to describe the energy dissipa-
tion that follows after active transport has taken place in
biological membranes. By active transport we mean transport
of a constituent (an ion) against its chemical or electrochemical
potential, fuelled by a chemical reaction. The reaction is often
the hydrolysis reaction of adenosine triphosphate (ATP).

A slipping pump, in contrast to a tight one, does not deliver
to the other side of the membrane a constant number of ions
per ATP hydrolyzed. Slip occurs when there is a large input of
energy to the pump, or when the pump is working against a
large driving force for the ion.1,2 The dissipation of energy as
heat during these processes is of special interest to us. Through
a series of measurements, de Meis and coworkers1,2 have
documented that the heat production during pump operation
is significant and varies. We want to make a quantitative
connection between these experimental results, the energy
dissipation and the non-stoichiometry of the slipping pump.

We have recently used mesoscopic non-equilibrium thermo-
dynamics (MNET) to derive a nonlinear equation for active
transport across biological membranes,3 an equation that is
consistent with many experimental observations. In this work a
theoretical solution was found for the problem of coupling
between scalar and vectorial phenomena, and the long-stand-
ing problem with the classical theory of non-equilibrium
thermodynamics (NET), which gave a linear relation,4–6 was
resolved. We were able to show that nonlinear flux–force
relations are normal for active transport, and that they
are also completely in accordance with Onsager’s original
principles.

The present paper is a continuation of this work. The aim is
now to find a more general theory for active transport, by also
including the heat flux, and illustrate how the theory can be
used to describe measurements. In particular we shall find
expressions that describe the slip of the ion pump at isothermal
and near isothermal conditions. The governing equations shall
be obtained from the entropy production, the quantity that
gives the energy dissipation in the system, and therefore help
quantify the division of useful energy into work and heat.
Using this method, we will be able to answer questions as yet

unanswered in the literature. It is known2 that temperature
gradients can promote hydrolysis of ATP in so-called thermo-
genesis, but how can this be understood and formulated?
We use as an example the well studied1,2,7 active transport of

Ca21, across a (biological or vesicular) membrane by means of
its ATPase. Ca21 ions are transported across the membrane
against a chemical potential difference, from side (i) to side (o),
via the surface (s), for a wide range of solute concentrations

Ca21(i) " Ca21(s) " Ca21(o) (1)

Counter-transport of protons maintains electroneutrality.8 The
rate of transport can be large, up to 8 � 10�8 mol s�1 mg,7

because the density of ATPases in the membrane is high.8 The
transport obtains energy from the hydrolysis of ATP on the
membrane surface

ATP(s) " ADP(s) þ P(s) (2)

(charge numbers have been omitted). The reaction Gibbs
energy of the hydrolysis reaction is typically �56 kJ mol�1 7

DGs ¼ msP þ msADP � msATP (3)

The total process has a very high activation energy, 80–90 kJ
mol�1, attributed to the enzyme conformational changes that
are required for the transport.8 The molecular mechanism most
likely involves a gradually increasing bond between ATP and
the ATPase and a rotation of the enzyme ‘‘shaft’’ which has
two binding sites for Ca21.9 A realistic theory for active
transport must take into account:
1. The large degree of coupling between the ion transport

and chemical reaction, and the reversible property of the
pump.
2. The stochastic nature of the pump.
3. The energy dissipation in the system.
4. The tight pump performance at small net driving forces,

and the slip at larger forces or rates.
Berman7 summarized the understanding of slipping pumps

in a recent review, and concluded that the coupling mechanism
was not well understood. The common Post–Albers scheme
based on chemical kinetics (see e.g. ref. 8) addresses neither
coupling, nor energy dissipation or slippage. The coupling
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must, for symmetry reasons, take place at the membrane
surface, according to the Curie principle.3,10 The surface of
interest includes the site for the chemical reaction and the ion
binding site.

We take as a starting point the excess entropy production
rate for the surface10 found by NET. The normal component of
a three-dimensional vector into the surface has the symmetry of
a scalar at the surface, and coupling is therefore possible
between a scalar chemical reaction and a vectorial process here
and only here. MNET then enables us to go beyond the overall
or ‘black box’ description of the membrane offered by NET.
MNET allows us to use Onsager’s formalism on the meso-
scopic (stochastic) level. It describes processes like the present
one, where one must consider a distribution over states of the
ATPase enzymes for the distribution of the reactants, the
adsorbed Ca21 ions and the temperature. Nonlinear flux–force
relations result, completely in agreement with Onsager’s origi-
nal principles, but now used with an extended variable space.

2. The membrane surface

The membrane surface is the transition zone between the
solution and the membrane that is embedding the ATPase.
The surface can be regarded as a separate thermodynamic
system, for which we can define excess thermodynamic vari-
ables. It consists of the phospholipid headgroups and protein
surfaces in the layer, plus adsorbed water, ions, reactants and
products (see Fig. 1). We assume local equilibrium in this layer,
meaning that all normal thermodynamic relations apply for the
surface excess variables. The gradients across the thin biologi-
cal membrane are enormous (about 108 V m�1 for the electric
field), but various evidence is emerging which supports the
assumption that there is a local equilibrium at the surface.11,12

A local thermodynamic equilibrium in the surface layer does
not necessarily imply that there is a chemical equilibrium. The
Gibbs equation for the surface element is:

dss ¼ 1

Ts
dus � msATP

T s
dcsATP �

msADP

T s
dcsADP

� msP
T s

dcsP �
msCa
T s

dcsCa

ð4Þ

where ss is the excess surface entropy density, Ts is the
temperature of the surface, us is the excess energy density, msj
is the chemical potential at the surface of component j, and csj is
the excess surface density. All densities or concentrations, as
well as fluxes, are given as per mg of protein, the variable
used in the experiments. (With knowledge of the vesicle volume

per mg protein, one can calculate normal densities.) This
assumes that the surface area is proportional to the amount
of enzyme.
First, we assume that the total entropy of the surface and

side (i) is unaltered if the various components are moved from
side (i) to the surface and back, without moving internal energy
(partial equilibrium for the adsorption/desorption; cf. de
Groot and Mazur13, ch. 15). The assumption of isentropy
(equilibrium in this part of the open system) implies that
msj/T

s ¼ mij/T
i. On the other side of the surface, we assume

that internal energy can be moved, without moving ions, to
side (o) without altering the entropy. This implies that Ts¼ To.
The Gibbs equation becomes

dss ¼ 1

To
dus � miATP

T i
dcsATP �

miADP

T i
dcsADP

� miP
T i

dcsP �
miCa
T i

dcsCa

ð5Þ

The Gibbs reaction energy then becomes DGi ¼ miP þ miADP �
miATP. This quantity can be found from information about the
concentrations of the reactant and products.

3. The excess entropy production rate in the surface

The excess entropy production rate for the surface, ss, is
determined in the normal way,10,13 by substituting the first
law and the mass balances into Gibbs equation, and comparing
the result with the entropy balance

dss

dt
¼ �Jo

s þ J i
s þ ss ð6Þ

Here Jis and Jos are the entropy fluxes in and out of the surface.
The entropy flux is composed of the measurable heat flux
divided by the temperature plus the entropy carried by all
components

Js ¼ J 0q=T þ
X
i

JiSi ð7Þ

Biological organelles normally operate at constant tempera-
ture. It is nevertheless known that a drop in the temperature
outside the organelle can promote a reaction that triggers heat
production.2 In order to be able to describe such coupling of
fluxes, we need the full expression (7), even if the system is close
to being isothermal. The result for the excess entropy produc-
tion rate is

ss ¼ �r 1

T i
DG� Jo

Ca

moCa
To
� miCa

T i

� �
þ J i

q

1

To
� 1

T i

� �
ð8Þ

where Jiq is the total heat flux into the surface from side (i), r is
the reaction rate and JoCa is the calcium flux out of the surface
to side (o). The fluxes are illustrated in Fig. 1.
The total heat flux in eqn (8), Jlq, is an energy flux.10,13 It is

the sum of the measurable heat flux and the partial molar
enthalpies carried along with the components. An equivalent
expression is the temperature multiplied by the entropy flux
plus the chemical potentials carried along with the compo-
nents,

Jl
q ¼ J 0ql þ

X
k

Hl
kJ

l
k ¼ TlJl

s þ
X
k

mlkJ
l
k ð9Þ

where k refers to all components, and l ¼ i or o. In the
stationary state, the left hand side of eqn (6) is zero. All
expressions on a finer level of description must integrate to
give eqn (8). In active transport, the second last term in
the entropy production rate is negative due to the concentra-
tion differences (the entropy differences) between the two
sides, while the term containing the reaction Gibbs energy is
positive and more than double the value of the second
last term.7

Fig. 1 The fluxes in the entropy production of active transport of
Ca21 by the Ca-ATPase. The surface element is indicated by stippled
lines.
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We expect that the resistance to transport of Ca21 in the
channel becomes small once the transport changes from active
to passive. The entropy production rate in the channel can then
be neglected, and the entropy production rate given in eqn (8)
therefore applies to the whole membrane. Eqn (8) is not
detailed enough for our purpose, however. We proceed to give
a finer description of ss, valid at the mesoscopic level.

4. A mesoscopic description

In order to address the distribution of the enzyme (Ca21-
ATPase) over its states, we first introduce the familiar reaction
coordinate, g, introduced by Eyring and Eyring.14 We can then
assign the concentration of enzymes in any state, cr(g), to a
given coordinate g. As is normal, the reaction coordinate is
zero when the reaction starts (the reactants come together) and
is unity when the reaction has completed (products have been
formed). We use also the concentration, csCa(g), to measure the
amount of Ca21 that is bound to the enzyme when it is in a
state given by the coordinate g. Both concentrations are given
in mol mg�1. They are, in principle, independent of each other.
The internal energy of the enzyme in state g is accordingly us(g).

The Gibbs equation written for a state g on this scale is

dssðgÞ ¼ dusðgÞ
T sðgÞ �

GsðgÞ
T sðgÞ dcrðgÞ �

msCaðgÞ
T sðgÞ dc

s
CaðgÞ ð10Þ

In order to regain the excess variables for the whole surface,
one has to integrate g-dependent variables over g. The function
Gs(g) decreases constantly with g. Were it not for the coupling
between the reaction rate, ion and heat flux, it would give a
purely dissipative contribution to ss. For Ca21 we assume
msCa(g)/T

s(g) ¼ miCa/T
i. We further assume that the entropy does

not change when we move internal energy from the surface to
side (o). This implies that Ts(g) ¼ To. These assumptions
are extensions of the assumptions made above in eqn (5). We
define Gi(g)/Ti ¼ Gs(g)/Ts(g). The Gibbs equation then becomes

dssðgÞ ¼ dusðgÞ
To

� GiðgÞ
T i

dcrðgÞ �
miCa
T i

dcsCaðgÞ ð11Þ

At the beginning and end of the coordinate, the Gibbs energies
are Gi(0) ¼ miATP and Gi(l) ¼ miP þ miADP, respectively.

The transduction of energy from the chemical reaction to
transport is a stochastic process, where fluctuations in state
variables and their probability distribution play a crucial role.
The probability for the enzyme to be in a state g along the
reaction coordinate is proportional to the concentration of that
state. With c0 as a normalisation factor (in mol mg�1) the
probability of finding the enzyme in this state is proportional to
cr(g)/c

0. Similarly, the probability of finding Ca21 bound to the
enzyme in this state is csCa(g)/c

s,0
Ca where cs,0Ca is the proper

normalisation factor. The dimensionless fugacity of the en-
semble of activated (phosphorylated) enzyme is

zðgÞ ¼ exp½GiðgÞ=RT i� ¼ crðgÞ
c0

exp½FðgÞ=RT i� ð12Þ

where F(g) is the ‘‘activation energy’’ per mole of mixture. The
fugacity can be viewed as a probability density for the states
that are involved. The Gibbs energy is here the sum of an
(ideal) contribution to the energy, RT ln cr(g)/c

0, plus F(g).
Correct boundary conditions for Gi(g) are obtained with
F(0) ¼ m0ATP and F(1) ¼ m0ADP þ m0P.

In equilibrium, Gi(g) ¼ Geq and Ti ¼ Teq, and z(g) ¼ zeq is
then constant. The equilibrium distribution follows:

ceq (g)/c0 ¼ zeq exp[�F(g)/RTeq] (13)

The activation energy has a large maximum at the transition
state, gtr,

8 see Fig. 2. We see from eqn (13), that the concentra-
tion ctr(g) is correspondingly low at this peak. This picture is in
full accordance with transition state theory.

The balance of the entropy along the g-coordinate is then

dssðgÞ
dt
¼ ssðgÞ � @

@g
JsðgÞ þ J i

sðgÞ � Jo
s ðgÞ ð14Þ

The entropy change along the g-coordinate is equal to the
entropy production rate, ss(g), minus the divergence of an
entropy flux along the g-coordinate, plus the entropy flux into
the element from side (i), Jis(g), and from the element into side
(o), Jos (g), respectively. Eqn (14) is the most general form for a
balance equation along the g-coordinate. When an enzyme
changes its state g, entropy is not only produced, but also
carried along, as reflected in the second term on the right hand
side of the equation. The two last terms reflect that internal
energy and Ca21 ions (i.e. entropy) can go from an enzyme in
the state g directly into the i- or o-phase. We give equations for
the internal energy and Ca21-concentration below (eqns (16)
and (17)). These transports produce entropy (dissipate energy
as heat) and give entropy flows into the i- and o-phases.
All excess densities of the surface layer are given by integrals

of the corresponding densities along the g coordinate. For the
excess entropy of the surface and the excess entropy produc-
tion rate we therefore have

ss ¼
Z1
0

ssðgÞdg and ss ¼
Z1
0

ssðgÞdg ð15Þ

5. The model

Enzymes in the state g change their state only by the reaction
flux along the g coordinate, see Fig. 2. The progress of the
reaction (the reaction rate) is uniquely tied to this coordinate,
as was said above. This fact is formulated in eqn (16a).
On the other hand, it is known that Ca21 ions can leak

through the Ca-ATPase without leading to synthesis of ATP.
This means that Ca21 ions do not flow along the g-coordinate.
They can be bound to the enzyme, but can escape from it at
any state g. This is described in eqn (16b). In this manner we
describe slip in the molecular pump as a stochastic event. The
pump slips if the ion goes to the i-phase at a randomly chosen
state g of the enzyme

dcrðgÞ
dt
¼ � @rðgÞ

@g
and

dcsCaðgÞ
dt

¼ J i
CaðgÞ � Jo

CaðgÞ

ðaÞ ðbÞ
ð16Þ

Fig. 2 The potential profile in g-space and the transition state at gtr.
The Ca21 ion can escape the enzyme at any value of g (indicated by the
arrow). The concentration ctr of enzymes in state gtr is lower than in
any other state (cf. eqn (13)).
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The reaction rate along the g coordinate satisfies the boundary
condition r(0) ¼ r(1) ¼ r where r is the reaction rate in eqn (8).
The fluxes of Ca21 ions used in eqn (8), JiCa and JoCa, are
obtained by integrating JiCa(g) and JoCa(g) over g.

The internal energy balance contains the total heat fluxes

dusðgÞ
dt

¼ J i
qðgÞ � Jo

q ðgÞ ð17Þ

The total heat flux does not move along the g coordinate. This
is expressed by the lack of divergence of such a flux in g-space.

The expressions (16) and (17) constitute our model and they
are now introduced into the Gibbs eqn (10). The result is
compared with the balance eqn (14) for the entropy and, after
some algebra, we can identify the net entropy fluxes

JsðgÞ ¼ �rðgÞ
GðgÞ
T i

J i
sðgÞ ¼

1

T i
ðJ i

qðgÞ � J i
CaðgÞmiCaÞ

Jo
s ðgÞ ¼

1

To
ðJo

q ðgÞ � Jo
CaðgÞmoCaÞ

ð18Þ

and the entropy production in g-space

ssðgÞ ¼ �rðgÞ 1
T i

@GðgÞ
@g
� Jo

CaðgÞ
moCa
To
� miCa

T i

� �

þ J i
qðgÞ

1

To
� 1

T i

� �
ð19Þ

This is the expression for the entropy production on the
mesoscopic level for the model. When the probability distribu-
tion along the g coordinate is stationary, r(g) ¼ r is constant
and integration of eqn (19) over g gives eqn (8). In this context,
Jiq(g), J

o
s (g), J

o
Ca(g) integrate out to Jiq, J

o
s , J

o
Ca. For the entropy

flux on side (i) we have, however,

J i
s ¼

Z 1

0

� @

@g
JsðgÞ þ J i

sðgÞ
� �

dg ð20Þ

5.1. The fluxes and forces on the mesoscopic level

The flux–force relationships that follow from eqn (19) are:

rðgÞ ¼� lrrðgÞ
T i

@GðgÞ
@g
� lrdðgÞ

moCa
To
�miCa

T i

� �
þ lrqðgÞ

1

To
� 1

T i

� �

Jo
CaðgÞ ¼ �

ldrðgÞ
T i

@GðgÞ
@g
� lddðgÞ

moCa
To
� miCa

T i

� �

þ ldqðgÞ
1

To
� 1

T i

� �

J i
qðgÞ ¼ �

lqrðgÞ
T i

@GðgÞ
@g
� lqdðgÞ

moCa
To
� miCa

T i

� �

þ lqqðgÞ
1

To
� 1

T i

� �
ð21Þ

The Onsager relations are lij(g) ¼ lji(g). The coefficients are
independent of the forces. From the isothermal case we know
that the cross coefficient lrd(g) ¼ ldr(g) is large. Through a non-
zero ldq(g) ¼ lqd(g), a low temperature on side (i) promotes
transport of Ca21 ions, while conversely a chemical potential
difference of the Ca21 ions leads to heat transport and entropy
production. The values of the coefficients that couple the heat
flux to the other fluxes are not known. But the foundation is
laid for a description, for instance, of various thermal obser-
vations.2

5.2. Transport equations on the macroscopic level

We shall see that the linear eqn (21) gives nonlinear laws on the
macroscopic level. By substituting eqn (12) into eqn (21), we
obtain:

rðgÞ ¼ � drrR

exp½FðgÞ=RT i�
@zðgÞ
@g
� drd

crðgÞ
co

moCa
To
� miCa

T i

� �

þ drq
crðgÞ
co

1

To
� 1

T i

� �

Jo
CaðgÞ ¼ �

ddrR

exp½FðgÞ=RT i�
@zðgÞ
@g
� ddd

crðgÞ
co

moCa
To
� miCa

T i

� �

þ ddq
crðgÞ
co

1

To
� 1

T i

� �

J i
qðgÞ ¼ �

dqrR

exp½FðgÞ=RT i�
@zðgÞ
@g
� dqd

crðgÞ
co

moCa
To
� miCa

T i

� �

þ dqq
crðgÞ
co

1

To
� 1

T i

� �
ð22Þ

Conductivities are normally in good approximation propor-
tional to the concentrations, and we have used this property

dij � lij (g)c
o/cr(g) (23)

with dij independent of g.
The potential barrier along the reaction coordinate is high,

and the system will be in a quasi-stationary state after a short
time (Kramer’s assumption). The reaction rate is then inde-
pendent of g, i.e. r(g) ¼ r. It is likely that a reaction rate that is
constant in g-space leads to a constant total heat flux (to the
external solution) and likewise to a constant ion flux. We write
JoCa(g) ¼ JoCa and Jiq(g) ¼ Jiq. By multiplying left and right with
exp[F(g)/RTi] and integrating from 0 to 1, we obtain the flux
equations on a form which can be related to experimental
results

ðaÞ r ¼�Drr 1� exp
�DGi

RT i

� �
�Drd

moCa
RTo

� miCa
RT i

� �

�Drq 1� T i

To

� �

ðbÞ Jo
Ca ¼�Ddr 1� exp

�DGi

RT i

� �
�Ddd

moCa
RTo

� miCa
RT i

� �

�Ddq 1� T i

To

� �

ðcÞ J i
q ¼�Dqr 1� exp

�DGi

RT i

� �
�Dqd

moCa
RTo

� miCa
RT i

� �

�Dqq 1� T i

To

� �
ð24Þ

where

Djr ¼ djr
RexpððmiADP þ miPÞ=RT iÞR 1

0 exp½FðgÞ=RT i�dg

Djd ¼ djd
R
R 1
0 zðgÞdgR 1

0 exp½FðgÞ=RT i�dg

Djq ¼ djq

R 1
0 zðgÞdg

T i
R 1
0 exp½FðgÞ=RT i�dg

ð25Þ
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where j ¼ r,d,q. The driving forces appear in dimensionless
groups, so that the transport coefficients have the dimensions
of the relevant flux.

The D-matrix is thus not symmetric. The relations that
follow, due to the Onsager symmetry of the D-matrix, are

Ddr ¼
expððmiADP þ miPÞ=RT iÞR 1

0 zðgÞdg
Drd

Dqr ¼
expððmiADP þ miPÞ=RT iÞR 1

0 zðgÞdg
RT iDrq

Dqd ¼ RT iDdq

ð26Þ

The equations were derived using conditions 1–4 from the
Introduction. We used stochastic distributions in reaction
coordinate space. The matrix of coefficients describes a process
that can be reversed by altering the direction of the driving
forces. The coupling coefficients are large, as we shall see, and
none of them can be neglected. It is also clear that the reaction
rate is nonlinear in the chemical force as pointed out before.3

Only the assumption of local equilibrium in g-space was used
to obtain this perfectly general result.

6. Active transport

6.1. The tight pump

A so-called tight pump is characterized by a constant ratio
JoCa/r ¼ n.4 The ratio is n ¼ 2 for the Ca21-ATPase. The
ATPase has two binding sites for the ion, and it is found that
both ions are transported simultaneously as one ATP is
hydrolyzed. This occurs when the Ca level on the vesicle inside
is small, below 50 mM. When the flux ratio is 2, it follows that
the coefficients are related

Ddj

Drj
¼ ddj

drj
¼ ldjðgÞ

lrjðgÞ
� 2 for j ¼ r; d; q ð27Þ

The entropy production becomes

ss ¼ J i
q

1

To
� 1

T i

� �
� r

1

T i
DG� 2

moCa
To
� miCa

T i

� �� �
ð28Þ

6.2. The slipping pump

In the more general case, the ATPase does not pump 2 ions
per ATP hydrolyzed. When the flux ratio is smaller than 2,
the pump is said to slip. Given a particular turnover of
ATP, the transport of ions is then less efficient. In other words,
the coupling between the reaction and diffusion has become
smaller. This coupling is expressed in the coefficients Ddr

and Drd.
In order to describe the slip, we introduce three factors ar, ad

and aq, to describe (possible) changes in the Dij-matrix. Using
eqns (23) and (25) we define:

Ddj

Drj
¼ ddj

drj
¼ ldjðgÞ

lrjðgÞ
� 2ð1� ajÞ ð29Þ

where j ¼ r,d,q. A tight pump has ar ¼ ad ¼ aq ¼ 0. Using these
relations and eqn (24) we can express the deviation from n ¼ 2
in two convenient ways. The deviation in terms of the forces
and the reaction rate is

Jo
Ca

r
¼ 2 1þ ar

Drr

r
1� exp

�DGi

RT i

� ��

þad
Drd

r

moCa
RTo

� miCa
RT i

� �
þ aq

Drq

r
1� T i

To

� �� ð30Þ

We introduce shorthand notation for the forces

Xr ¼ � 1� exp
�DGi

RT i

� �

Xd ¼ �
moCa
RTo

� miCa
RT i

� �

Xq ¼ � 1� T i

To

� �
ð31Þ

and obtain the ratio in terms of the forces

Jo
Ca

r
¼ 2 1� ar �

ðad � arÞDrr
Drd

Xd
Xr
þ ðaq � arÞDrq

Drd

Xq

Xr

1þ Drr
Drd

Xd
Xr
þ Drq

Drd

Xq

Xr

" #
ð32Þ

Under normal operating conditions r and JoCa are positive. The
force XG is large and positive, while Xd is negative and smaller.
The thermal force Xq is smaller than one. In principle all three
forces may contribute to slippage, but one may expect ar to be
more important than the other coefficients. After all, the
deficiency to pump is mostly a reduction in Ddr. With
ad ¼ aq E 0 (or ad ¼ aq ¼ ar), expression (32) simplifies to

Jo
Ca

r
¼ 2ð1� aÞ ð33Þ

The a in eqn (33) can be interpreted as an effective slip
coefficient, containing the last three terms of eqn (30). The
flux ratio is the measured property, and the effective slip
coefficient can be considered as defined by eqn (33), and
interpreted by eqns (30) and (32).
Pump operation gives two types of heat effects, reversible

and irreversible, see Fig. 3. Reversible heat effects are described
by the coupling coefficients Dqr and Dqd. They may change the
direction of the total heat flux when the direction of the force is
changed. Irreversible heat effects are described by Fourier’s
law. Irreversible heat effects may originate in the chemical
reaction running loose, without coupling to ion transport.
When the pump slips, the reversible heat effects will become
smaller, while the irreversible effects grow.
Even if the temperature differences across the system are

small, it is necessary to include the heat flux among the flux
equations of the system, to be able to describe the experimental
observations by de Meis and coworkers.1,2 They found that to
some degree thermal effects could be reversed. Their observa-
tion of heating as well as cooling effects, depending on whether
the pump operated in a forward or backward mode, led us to
include the heat flux and thermal force in the description of
active transport. We shall first assume that slip is due to a
failure in the way the pump moves ions, and not due to a
failure in the reaction mechanism or in the way heat is
conducted. This means that we shall first use eqn (33) to find
ar and take ad ¼ aq E 0. We shall next relax this assumption.

Fig. 3 Typical pump operating conditions,2 forward (to the left) and
reverse (to the right).
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6.2.1. The pump efficiency. In an ideal pump, all available
energy is converted into osmotic energy. The pump is tight and
the ion flux is JCa/2 ¼ rideal. There are negligible frictional
losses. Negligible losses means reversible conditions or (near)
zero entropy production. The available energy at temperature
T and pressure p0 ¼ 1 bar, the exergy of the system, is equal to
�DG of the reaction. The maximum work obtainable per unit
of time is

Wideal ¼ rideal(�DG) (34)

In reality, some energy is dissipated as heat. According to the
Guy–Stodola theorem, the lost work per unit of time is

Wlost ¼ Tss (35)

where T is the temperature of the environment.17 The second
law of thermodynamics gives then the overall (exergetic)
efficiency of the pump

Z ¼Wideal �Wlost

Wideal
¼ �ridealDG� Tss

�ridealDG
ð36Þ

This efficiency expression is also used in engineering contexts.17

For isothermal conditions, the entropy production in eqn (28)
is zero. We have then a second law efficiency of unity from eqn
(36). For all other conditions the entropy production is posi-
tive. Also, during normal operation, ss is not near zero. All
driving forces contribute to dissipation and lower the value
of Z.

Consider, for the sake of illustration, thevery special iso-
thermal case at a static head when the Ca-flux is zero. We then
have from eqns (24b) and (29)

ðmoCa � miCaÞ=RT
1� expð�DGi=RTÞ ¼ �

Ddr

Ddd
¼ � 1� ar

1� ad

� �
Drr

Drd
ð37Þ

By substituting eqn (37) into eqn (24a), we obtain the reaction
rate at the static head

r ¼ �Drr
ar � ad
1� ad

� �
1� exp

ð�DGiÞ
RT

� �
ð38Þ

The reaction rate is non-zero and nonlinear in the driving
force. It is probably small under the given conditions (the
reaction needs only to maintain a stationary state). By intro-
ducing the result for ss into eqn (36), we obtain

Z ¼ �ridealDG
i � ð�rDGiÞ

�ridealDGi
¼ 1� r

rideal
ð39Þ

The efficiency here is close to 1, but never exactly 1, as some
energy is needed to maintain the stationary state. From eqn
(38) we see that the efficiency in eqn (39) is reduced as the
driving force increases.

Consider a second example, also with constant temperature,
but now with slip a. By introducing the expressions for ss into
eqn (36), we obtain

Z ¼ 2
moCa � miCa

DGi
þ a 1� 2

moCa � miCa
DGi

� �
ð40Þ

The ratio is bounded by unity, and gives here Z ¼ 1 as its upper
limit. We see that otherwise slip is equivalent to a lower pump
efficiency. The larger the value of a, the lower is Z.

7. Numerical values

We estimate now the D-matrix of eqn (24) based on results in
the literature. The heat-production by the Ca21-ATPase of
sarcoplasmic reticulum was investigated in leaky and tight
vesicles by de Meis and coworkers.1,2 They found that the heat
released per mol ATP hydrolyzed was constant, and depended
on the state of the vesicles with reconstituted ATPase. In their
work from 1997, they reported that the heat production per

mol was 118 kJ mol�1 in leaky vesicles, more than twice the
value in intact vesicles where it was 42 kJ mol�1. Similar
observations were done in 2001. The authors were now also
able to observe endothermic heat effects, by reversing the pump
(during synthesis of ATP by Ca21-efflux). de Meis and co-
workers argued that the total energy available for work (the
reaction Gibbs energy for hydrolysis), is converted to osmotic
energy and heat, and the amount of each energy form is
modulated by the ATPase. These observations are very im-
portant, and we shall see that they can be used to give
numerical values for the coefficients in the present theory.
We shall first see how we can estimate the relevant driving
forces, and proceed to derive the coefficients of transport,
which can explain the observations of forward and reverse
pump operation in terms of our theory. We shall use the
extensive set of data from 2001, done with 1 mM ATP in the
assay medium, with the results for leaky and intact vesicles.

7.1. Driving forces

The driving forces of transport are the reaction Gibbs energy
of the ATP hydrolysis reaction (the chemical force), the
difference in the chemical potential for Ca21–H1 exchange
across the membrane, and also, according to previous con-
siderations, the difference in the inverse temperature between
the vesicle inside and outside, even if this is small. We are
allowing for a large heat production and this means that the
temperature may vary by a tenth of a degree or so.

7.1.1. Reaction Gibbs energy. The reaction Gibbs energy
for the ATP hydrolysis reaction is given by the concentrations
in the assay medium; it does not depend on the mode of
operation of the pump, or whether the vesicles are leaky or
not. The reaction Gibbs energy was given by de Meis2 for 1
mM ATP, 10 mM phosphate and 10 mM ADP in solution (see
the captions of their Figs. 3 and 4). For the concentrations of
reactants and products used he reported a value between �10.1
and�11.9 kcal mol�1. The average value is�46 kJ mol�1. (The
value �56 kJ mol�1 has been reported for in vitro pumps that
were analogous to the relaxed state of skeletal muscle).7 We
shall find the reaction Gibbs energy in a different way. The
experiments from 2001 were done at the stationary state for
Ca21, meaning that there was no net flux of the ion. The last
term in the expression for the dissipated energy is then zero
(this does not necessarily mean that the gradient in Ca21 across
the membrane is zero, however). The leaky vesicles had a large
reaction rate. In this situation we can expect that not only the
Ca21 gradient is negligible, but also that the temperature
gradient across the membrane must be small. There is futile
cycling of Ca and all the chemical energy is dissipated. The heat
production in leaky vesicles was 65 mJ mg�1 min�1 (15.5 mcal
mg�1 min�1) with 1 mM ATP in the assay medium. We take
this as the dissipated energy and obtain

Toss ¼ 65 mJ mg�1 ¼ To �r 1

T i
DG

� �
� �rDG ð41Þ

With the reaction rate 1.26 mmol mg�1 min�1, we obtain the
reaction Gibbs energy of �52 kJ mol�1, which is satisfactorily
close to the average value calculated from the concentrations of
reactants and products in the solution (�46 kJ mol�1). By
dividing this value by RTi, we obtain the dimensionless value
�20.3. The dimensionless driving force of the reaction becomes

XG ¼ � 1� exp � DG
RT

� �� �
¼ 6:6� 108 ð42Þ

7.1.2. Chemical potential difference. The chemical potential
difference for exchange of Ca21 and H1, sometimes called the
osmotic driving force, can be calculated from the concentration
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of Ca21 and H1 on the two sides of the vesicle membrane. De
Meis2 gave the inside value as 3.55 mmol mg�1 at the stationary
state. The volume per mg of protein was estimated by Dia-
mond et al.15 to be 5 ml mg�1. At the stationary state, the
experiment had a Ca21 concentration of 0.42 mM outside the
vesicles. The inside solution is probably at the same pH as
the outside solution, which is buffered. The negative dimen-
sionless chemical potential difference, or the dimensionless
driving force for ion transport, is then

Xd ¼ �
moCa
RTo

� miCa
RT i

� �
� � moCa

RTo
� miCa
RTo

� �

¼ � ln
0:71

0:42

� �
� 106 ¼ �14:3 ð43Þ

It is comforting to find that |Xd | o |DG/RT | . The ratio of the
forces is expected to be two at the static head, in the regime
where eqn (24) is linear.

According to de Meis, the Ca21 concentration inside and
outside must both be below 50 mM, for the pump to work
(predominantly) in the forward mode. This means that a
typical value for tight pump operation for Xd may be around 2.

7.1.3. Thermal force. The thermal driving force in eqn (24)
can only be guessed at. There is a large dissipation of energy,
and the magnitude of this quantity may guide the guessing. The
arguments are as follows.

De Meis2 observed that intact vesicles had a slower reaction
rate under resisted conditions (the pump was doing work). It
was followed by a correspondingly smaller heat production,
12.8 mcal mg�1 min�1 or 54 mJ mg�1. The heat production was
measured at the stationary state, in the absence of a net flux of
ions. The entropy production has two terms, and the dissipated
energy is:

Toss ¼ 54 mJ mg-1 � �rDG� J i
q 1� T i

To

� �
ð44Þ

Knowledge of the chemical term allows us to determine the
product of the thermal flux and force in the entropy produc-
tion. We use the result for DG above (�46 kJ mol�1), and the
measured rate for this case, r ¼ 0.57 mmol mg�1 min�1, and
find that the thermal term stands for a dissipation of 24 mJ
mg�1 min�1, which is large. This is not surprising, as it is
typical for thermal dissipation around the temperature of the
environment, which is well known from engineering practice. A
small temperature difference between the inside of the vesicles
and the outside can contribute importantly to the energy
dissipation if the heat flux is large. In the present case, the
total heat flux contains measurable heat flux and the enthalpy
of reaction, cf. eqn (9). The last quantity gives a large con-
tribution to the dissipation function.

The direction of the heat flux cannot be concluded from
the value of the dissipation. With heat production at the
surface, however, it is likely that the surface temperature,
To, is somewhat higher than the temperature of the solution,-
T i. A conservative estimate for intact vesicles is that we
have a tenth of a degree difference across the vesicle membrane.
When the temperature is higher at the surface (on the
inside) than elsewhere, the dimensionless thermal force be-
comes

Xq ¼ � 1� T i

To

� �
� � 1

3000
ð45Þ

With this negative thermal force, the total heat flux is �72 mJ
mg�1 min�1. The heat flux is directed out of the vesicle and is
negative. We shall use this estimate in view of the experimental
findings that there is a large heat production on the outside of
the vesicles.

Although the actual temperature difference across the mem-
brane may be small, the gradient in Tmay be large, because the
membrane is so thin (E7 nm). The membrane thickness was
included in the coefficients Diq and Did for i ¼ r,d,q.

7.1.4. Degree of slip. De Meis (see his Table 1)2 also gave
the flux ratio corresponding to the other data with 1 mM ATP
in the assay medium

JCa

r
¼ 0:65 ð46Þ

This allows us to find the effective slip coefficient. With n ¼ 2,
we calculate from eqn (30) that

ar ¼ 1 � 0.65/2 ¼ 0.68 (47)

(We have set ad ¼ aq ¼ 0).

7.2. Transport coefficients

The driving forces that we have estimated above can help us to
find the transport coefficient in eqn (24). The main coefficient
Drr can be estimated from the results of leaky vesicles with
r ¼ 1.26 mmol mg�1 min�1

Drr ¼ �
r

1� expð�DG
RT
Þ
¼ 1:9� 10�9mmol mg�1 min�1 ð48Þ

and with ar ¼ 0.68, we have

Ddr ¼ 2(1 � 0.68)Drr ¼ 1.2 � 10�9 mmol mg�1 min�1 (49)

The equilibrium exchange rate for Ca21 gives a good estimate
for the diffusion coefficient Ddd. This was measured by de
Meis2 as

Ddd ¼ 0.285 mmol mg�1 min�1 (50)

Eqn (24b) for stationary state Ca21 gives

�Ddr 1� exp
�DGi

RT i

� �
�Ddd

moCa
RTo

� miCa
RT i

� �

�Ddq 1� T i

To

� �
¼ 0

ð51Þ

Using this relation, we can calculate the coupling coefficient
Ddq with the estimated forces and coefficients

Ddq ¼ (1.2�10�9 � 6.6�108 � 0.285 � 14.3)3000
¼ �9.6 mmol mg�1 min�1 (52)

The coefficient has a negative sign, with the sign choice we have
made for the thermal force (highest temperature on the inside).
We argue also below that the sign is correct. The value ad ¼ 0
can now be used to find Drd from Ddd.

Drd ¼ Ddd/2 ¼ 0.14 mmol mg�1 min�1 (53)

The ratio between the coupling coefficients for diffusion and
reaction from eqn (25) gives the factor

expððmiADP þ miPÞ=RT iÞR 1
0 zðgÞdg

¼ Ddr

Drd
¼ 8:6� 10�9 ð54Þ

From eqn (24a),

r ¼ �Drr 1� exp
�DGi

RT i

� �
�Drd

moCa
RTo

� miCa
RT i

� �

�Drq 1� T i

To

� �
ð55Þ

we can then calculate Drq with the same thermal force and the
appropriate r ¼ 0.57 mmol mg�1 min�1 and obtain

Drq ¼ �(0.57 � (1.26 þ 0.14 � 14.3))3000
¼ �4 mmol mg�1 min�1 (56)
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With a temperature of 308 K, RT ¼ 2560 J mol�1. The
coupling coefficient for the heat flux with the ion flux is then

Dqd ¼ RTDdq ¼ �25 J mg�1 min�1 (57)

while the remaining coupling coefficient is

Dqr ¼
expððmiADP þ miPÞ=RT iÞR 1

0 zðgÞdg
RTDrq

¼ �8:6� 10�8 J mg�1 min�1 ð58Þ

The main coefficient Dqq cannot be calculated, but its lower
bound was found from the second law condition for the
submatrix of coefficients for Xd and Xq. The calculations above
are summarized in Table 1 for ar ¼ 0.68 and ad ¼ 0. The
accuracy in the calculation varied. The coefficients Drr, Ddd,
Drd, Ddr are obtained directly from measurements, and are
much more accurate than Ddq, Drq, Dqd and Dqr which depend
on the thermal force. In Table 1 the ratio |Ddq | ¼ 2.4 |Drq | .
With aq ¼ 0, a ratio 2 is expected. The coefficients were
recalculated in Table 2 using ar ¼ ad ¼ 0.68. The coefficients
give the interesting result that |Ddq | ¼ 0.6 |Drq | .

The total heat flux calculated in subsection 7.1.3, was not
well predicted by any of these sets, because the total heat flux
appears as a difference between two large numbers. The
coupling coefficients Ddq, Drq, Dqd, Dqr were reduced by a
factor of ten, if the thermal force is correspondingly larger.
But this scenario led to a balance of terms in the expression for
the total heat flux.

As a conclusion we found the results of Table 2 most
interesting as they give the same slip coefficient for all three
forces, at near isothermal conditions, with coefficients that can
explain experimental observations (see below).

8. Discussion

8.1. Heat production and adsorption

Let us first explain, from the entropy balance of the system, the
observation of de Meis2 that the system produces heat under
normal pump conditions, while it adsorbs heat when the pump
is reversed by an ion-flux out of the vesicle. We introduce the
expression for the entropy flux (7) into the entropy balance (6)
and obtain for the stationary state

ss ¼ Jo
s � J i

s ¼ J 0q
o=T þ

X
j

Jo
j S

o
j � J 0q

i=T�
X
j

J i
j S

i
j

¼ J 0q
o=T � J 0q

i=T � rDS � JCaðSi
Ca � So

CaÞ ð59Þ

Here DS refers to the entropy of reaction of the hydrolysis of
ATP. We see that the entropy production is reflected in the
measurable heat fluxes, the entropy changes associated with
movement of the ion and the reaction. The entropy production
is always positive, but reversal of the reaction rate reverses the

sign of rDS and accordingly the sign of the measurable heat
fluxes. The observed temperature changes in the solution are
due to J0iq.
The coupling coefficients we have estimated above can also

explain the observations of de Meis.2 Consider first the pump
operating in the forward direction. The contributions to the
heat flux can be calculated from eqn (24c). With our choice for
the thermal force, the main term in the expression for the heat
flux is negative and it leads to a heat flux directed out of the
vesicles. The first term to the right in the expression for the heat
flux is also negative, while the second contribution to the right
is large and positive. The first and second terms can well lead to
a change in the sign of the total heat flux, if the osmotic force is
large and the chemical force is small. (The total heat flux is
related to the measurable heat flux in eqn (9).) This is the case
when de Meis2 observes cooling effects in the solution. The
large coupling coefficients, and the fact that they have the same
sign, can thus explain the surprising cooling of the solution.
Reversible cooling effects are known in electrochemistry as
Peltier cooling effects.16 Reversible effects are manifested in the
coupling coefficients of the flux equations, and here in the
coupling coefficients Ddq and Drq. For comparison, electrochemi-
cal cells working at reversible conditions have a heat effect related
to the entropy change in the cell (not to the enthalpy change). Our
system is similar in some respects to an electrochemical cell.
Chemical energy is converted to osmotic energy or vice versa
via a coupling coefficient. In electrochemical cells, electric energy
is converted to chemical energy or vice versa in a unique coupling
of the electric current to the electrode reaction.
To conclude so far, our quantitative framework may explain

the careful observations by de Meis and coworkers.1,2 Our
explanation of the heat adsorption effect differs from theirs,
however. While they explain the cooling by an endothermic
heat of reaction for ADP and P, we explain it by eqns (24) and
(59), the entropy of reaction, or the coupling between thermal
and chemical forces. Our more comprehensive theory, which
here finds its experimental support, may also be useful for data
reduction in similar systems.

8.2. An explanation of thermogenesis

The theoretical description presented above explains in terms
of nonlinear flux–force relations that ions can be transported
against their chemical potential by coupling to a reaction
Gibbs energy, and that this transport leads to a varying
amount of released heat.
The description uses the assumption of microscopic reversi-

bility on the mesoscopic level, and is thus fully compatible with
Onsager’s principles. It follows that what is required to de-
scribe thermogenesis according to de Meis1,2 (a temperature
drop in the outer parts of the organelle) is a reversal of the

Table 1 Coefficients for the active transport of Ca21 by Ca-ATPase for the condition that ar ¼ 0.68 and ad ¼ 0

Chemical force Osmotic force Thermal force

Fluxes Xr Xd Xq

r 1.9 � 10�9 mmol mg�1 min�1 0.14 mmol mg�1 min�1 �4 mmol mg�1 min�1

JCa 1.2 � 10�9 mmol mg�1 min�1 0.285 mmol mg�1 min�1 �9.6 mmol mg�1 min�1

Jiq �8.6 � 10�8 J mg�1 min�1 �25 J mg�1 min�1 þ840 kJ mg�1 min�1

Table 2 Coefficients for the active transport of Ca21 by Ca-ATPase for the condition that ar ¼ ad ¼ 0.68

Chemical force Osmotic force Thermal force

Fluxes Xr Xd Xq

r 1.9 � 10�9 mmol mg�1 min�1 0.43 mmol mg�1 min�1 �16 mmol mg�1 min�1

JCa 1.2 � 10�9 mmol mg�1 min�1 0.285 mmol mg�1 min�1 �9.6 mmol mg�1 min�1

Jiq/J mg�1 min�1 �11 � 10�8 J mg�1 min�1 �25 J mg�1 min�1 1000 kJ mg�1 min�1
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chemical reaction. The chemical reaction, as well as the ion
flux, will in turn give heat effects.

The varying interaction of the ion flux, reaction rate and
thermal flux is given by the magnitude and direction of the
driving forces, and expressed by the coupling coefficients in the
flux eqn (24), calculated in section 7. One may expect that a
similar analysis can be carried out for non-shivering thermo-
genesis in mitochondria.

8.3. A thermodynamic description on stochastic grounds

We have shown above that active transport in biological
systems can be described on a stochastic level with MNET
by introducing the reaction coordinate g as a variable. We
considered the distribution of ATPase enzymes over the
g-coordinate, with c(g) as the concentration of enzyme states,
and cCa(g), as the concentration of Ca21 adsorbed to the
enzymes in a state g. The temperature, Ts(g), was also defined
for enzymes in a state given by the variable g. The description
gave a nonlinear relationship between the ion flux and the
chemical driving force, and, if present, a thermal driving force.
The whole description can be seen as a generalization of the
linear description given by Caplan and Essig.4

We stated that the coupling must take place on the mem-
brane surface, using symmetry arguments from Albano and
Bedeaux.10 The surface is then understood as an autonomous
open system according to Gibbs, covering all positions where
the fluctuations in g-space take place. The gradients at the
surface are probably very large. Even a very small temperature
difference can give a large gradient in temperature over a small
distance. Long-range correlations are then typical.18 The inter-
dependency of fluctuations at different locations that follow
from long-range correlations, is an argument for the coupling
mechanism on the molecular level: the gradually increasing
bond strength for ATP during conversion,9 synchronously
linked to motion and energy changes at another part of the
enzyme, pumps the ion across.

Berman7 emphasized the stochastic nature of a slipping
pump and proposed a continuum of states rather than a cycle
of discrete states. The events in g-space are of this nature. It is
reasonable that a stochastic pump process has a certain
probability for slippage. We included this probability in our
model, and arrived at equations that can give a realistic
description of slippage. We have for instance shown that
slippage depends on the driving forces. Under extreme condi-
tions, i.e. large forces or rates (large entropy production rate),
molecular fluctuation patterns may change, making reversible
transitions more difficult. Slippage then becomes more prob-
able. It is only when the process is nearly reversible (when the
pump is tight), that there is enough time for a molecule, or an
ion, to seek new favorable attachments, without losing too
much of its valuable energy.

There is always dissipation of energy connected to a pump,
and the present theory can describe heat transport at isother-
mal or near isothermal conditions. We give an expression for
the pump’s efficiency. Antes et al.20 described the need to
thermostat hot spots in the ATPase region in their molecular
dynamics simulations of the hydrolysis reaction. These calcu-
lations give support to the idea of a slightly higher temperature
of the membrane surface, and local energy dissipation.

The transport coefficients in MNET do not, in principle,
depend on the forces. This can be used to argue against
nonlinear coefficients as a possible explanation of nonlinear
behavior, cf. Walz6 and references therein. A nonlinear flux–
force relation is not enough to infer slippage, however, as is
evident from eqn (32). This was also pointed out by Garlid
et al.19 who studied leak pathways in mitochondria.

Models discussed in the literature can be discussed on the
background of the present theory. The alternating access
model (see ref. 7) fits only with the picture of a tight pump,

and is thus unrealistic. The binding-zipper model (see ref. 9),
where the chemical energy is uniquely transferred to the shaft of
the rotating pump, is also pictured as a tight pump, even if the
authors do not address ion transport explicitly. The present
theory may cover most of the energy-barrier model of Lauger
(see ref. 7), but an energy-barrier model alone is not enough to
account for the various heat effects that have been observed.

9. Conclusion

The aim of this paper was to show that nonlinear expressions
for the fluxes in terms of their driving forces can be derived on
thermodynamic grounds for active transport in biological
systems. We have shown this using MNET, a theory that
captures nonlinearities, which otherwise remain hidden in the
macroscopic NET theory, and can also describe the heat effects
that are observed during this transport. We have used MNET
for the first time to analyze phenomena related to slippage and
decoupling of ion pumps. Active transport means coupling at
the membrane surface, and a set of coupling coefficients have
been calculated from experiments reported in the literature. The
calculations showed that not only the coupling of the reaction
rate and the ion flux is important, but also the coupling between
these fluxes to a heat flux is significant. We have therefore been
able to offer a new explanation for thermogenesis.
We have given a theory for slipping biological pumps, by

integrating from the stochastic (mesoscopic) level to the level of
observations. The equations that are provided may now be
tested for similar systems, e.g. ref. 21. We have somewhat
arbitrarily taken active transport of Ca21 as an example, but
the scheme should be transferable to many kinds of transport
processes that obtain their energy from chemical reactions. In
this way we hope to provide for better analysis of experiments
in this important domain.

Appendix

Glossary of terms

cj Concentration, mol mg�1 protein
cr (g) ¼ c0 Probability distribution for enzyme states
csCa(g) ¼ cs,0Ca Probability distribution for Ca21

bound to the enzyme
Dij Diffusion coefficient in g-space
Gi(g) Gibbs energy of ensemble at position g
DG Gibbs energy of reaction, J mol�1

Hk Partial molar enthalpy of k, J mol�1

DH Enthalpy of reaction, J mol�1

i Phase i, left of the interface
Jk Flux of component k, mol min�1 mg�1

J0q Flux of heat, J min�1 mg�1

Jq Total heat flux, J min�1 mg�1

Js Flux of entropy, J K�1 min�1 mg�1

lij Phenomenological coefficient
n Number of components
o Phase o, right of the interface
r Reaction rate, mol min�1 mg�1

ss Entropy density of surface, J K�1 mg�1

Sk Partial molar entropy, J K�1 mol�1

T Temperature, K
us Energy density of surface, J mg�1

z Fugacity of phosphorylated enzyme
ensemble

g Dimensionless internal coordinate, or
reaction coordinate

f Activation energy barrier, J mol�1

mk Chemical potential of k, J mol�1

ss Entropy production of surface,
J K�1 mg�1 min�1
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