
Pergamon Chemical Engineering Science, Vol. 50, No. 10, pp. 1551 1560, 1995 
Copyright © 1995 Elsevier Science Ltd 

Printed in Great Britain. All rights reserved 
0009 2509/95 $9.50 + 0.00 

0009-2509(94)00469-2 

DENBIGH REVISITED: REDUCING LOST WORK IN 
CHEMICAL PROCESSES 

SIGNE KJELSTRUP RATKJE 
Department of Physical Chemistry, The Norwegian Institute of Technology, N-7034 Trondheim, Norway 

and 

JAKOB DE SWAAN ARONS t 
Faculty of Chemical Technology and Materials Science, Delft University of Technology, 2628 NL Delft, 

The Netherlands 

(Received 17 December 1993; accepted in revised form 21 July 1994) 

Abstract-A new way of calculating lost work in a reacting, diffusing mixture is presented. We show that 
a fast chemical reaction can be treated within the framework of coupled transport equations for heat and 
mass, after elimination of dependent components. Two approaches to reduction of lost work follow from 
the equations: reduction of driving forces and utilization of coupling. When Fick's and Fourier's laws apply, 
losses can be minimized, but not avoided, by reduction of driving forces. When transport processes are 
coupled, as expressed by the theory of irreversible thermodynamics, loss reductions can be obtained also 
through the coupling coefficients. Maximum reduction is obtained for strict coupling, i.e. unique flux 
relationships. Coupling implies physical interaction and is discussed for isothermal and non-isothermal 
systems. The relation between irreversible thermodynamics and exergy analysis is also discussed. 

I. I N T R O D U C T I O N  

In 1956 Denbigh published his famous article on the 
second law efficiency of chemical processes in this 
journal. Denbigh's article made many aware of cre- 
ated entropy, ~r, lost work, Toa, and the exergy in the 
process, Ex. For a chemical process that is able to 
perform work within our environment (pressure Po 
and temperature To), the maximum work is given as 

Wmax = Ex. (1) 

The work output is Wo,,, with 

Wo,, + Tog = Wmax- (2) 

If no work is performed, we have 

W, ost = Toot. (3) 

As work is produced, the exergy of the system de- 
creases. The exergy is determined by the initial and 
final states of the materials and the temperature of the 
"medium", as Denbigh (and Gibbs) called it, but what 
we understand by the environment. 

With the example of the oxidation of ammonia, 
Denbigh illustrated how poor the second law effici- 
ency of this process is, (Wo,,/Wmax) 100% = 6%. Even 
after introducing a "practical" efficiency, by defining 
the chemical irreversibilities as inevitable, he found 
that the number (6%) was raised to 11% only. In 
a final conclusion, Denbigh states a.o. that "chemical 
reactions should be carried out under resisted condi- 
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tions so that they yield useful work" and "if some of 
the large-scale industrial reactions could be set up in 
the form of the fuel cell, it would undoubtedly lead to 
a considerable saving of energy". 

Lost work or exergy analysis has proven its value in 
many contexts ever since the work of Denbigh (1956). 
Heat exchangers, compressors or turbines have been 
thoroughly studied [see e.g. books by Smith and Van 
Ness (1987), Baehr (1988) and Bejan (1988)-I. A recent 
review of the field is given by Sieniutycz and Shiner 
(1994). With the exception of fuel combustion, few 
chemical systems have been examined [see however 
Sussman (1980) and Szargut et al. (1988)]. A math- 
ematical formulation of the "resisted conditions" 
raised by Denbigh is still lacking. The present article 
can be seen as an extension of Denbigh's work. We 
deal with the conversion of chemical energy and en- 
ergy of mixing into work, and the question of how 
work losses can be minimized. 

We believe that analyses of this kind are important. 
Since the oil crisis of the early seventies and the 
growing concern for the environment, the handling of 
our valuable energy resources is a major issue. Lost 
work analysis can provide a quantitative tool for this 
handling. Learning about the mechanism for work 
losses is the first step in the direction of reducing the 
losses. The entropy production of a system appears 
central in this context; especially in adiabatic pro- 
cesses, where the environment does not contribute to 
a. It might well be that the entropy production is the 
only measure available for us to check on our hand- 
ling of resources. 
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The exergy of a system, which is closed with respect 
to the surroundings, is further defined by 

Ex = AoU + poAo V -  ToAoS (4) 

where Ao U is the change in internal energy, Ao V the 
change in volume and AoS the change in entropy, 
when all changes are given for the process materials 
going from p and T to Po and To. The differences are 
therefore given the subscript 0. According to eq. (4), 
exergy analysis deals with finite, macroscopic vari- 
ables. It does not include time as a variable, or any 
details on how the process was performed between its 
final and initial states. This means that changes due to 
chemical reactions are included in eq. (4). 

Information on the time development of the local 
parts of the system can be obtained from irreversible 
thermodynamics. The entropy production per unit 
time and volume, 0, is then central. According to 
Denbigh (1951) we have 

0 = ~ J k X k  (5) 
k 

where J~ are the independent fluxes of the system, and 
Xk the conjugate forces of these fluxes. The fluxes of 
eq. (5) give an insight on the phenomenological level 
into how the process is performed. The time needed to 
perform a process is crucial for the magnitude of work 
losses [see the works referred to by Sieniutycz and 
Shiner (1994)]. 

We shall describe work losses due to a chemical 
reaction or due to mixing of components with the help 
of eq. (5). Isothermal and non-isothermal systems 
shall be studied. We start with a short repetition of the 
results of Denbigh (1951, 1956), spelling out the part 
played by chemical reactions. We proceed to analyse 
by irreversible thermodynamics the continuous path 
taken by a reacting, diffusing mixture (in a tube). The 
Gibbs energy of reaction can be eliminated as a driv- 
ing force in eq. (5) by a proper choice of components 
for certain conditions. The fluxes, Jk, of eq. (5) then 
represent the heat flux and the independent compon- 
ent fluxes. Expressions for lost work are given for 
several conditions in Section 3. Work losses are first 
discussed for simple transport laws in Section 4, be- 
fore reduction of work losses through coupling of 
processes are demonstrated in Section 5. 

2. LOST WORK AND ENTROPY PRODUCTION 

2.1. Exergy analysis o f  chemical reactions 
Exergy analysis uses a defined environment as a ref- 

erence for system capabilities and expresses the max- 
imum work that can be obtained from a change of 
state for a system [eqs (1) and (4)]. The system is 
treated as a black box. Our system is a horizontal tube 
with several chemical species. The species mix and 
react. We assume that the system has negligible 
macroscopic kinetic energy changes. Heat may be 
supplied or taken away through the walls. At both 
ends of the pipe, work is performed on the surround- 
ings, A (p V). In addition to this work, the work Wo,t is 
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performed. This may include shaft work or electric 
work. 

The first law of thermodynamics for a batchwise or 
continuous process was written by Denbigh as 

A U =  - q o + ~ q ~ - p o A V c -  Wtout (6) 
J 

where qo is the heat supplied from the process to the 
surroundings, Y.~ q~ is the sum of all heat additions to 
the process, po A Vc is the work done by the process on 
the surroundings by the walls and Wot,t = Wou, + 
A(p V) is the total of all other items of work done by 
the process. We replace Wotut by its separate parts and 
have 

A H  = - qo + ~ q~ - poA Vc - Wo,t (7) 
J 

where AH is the enthalpy change, and Wo,t the avail- 
able work. Assume next that the walls of the container 
are fixed so that Po A Vc = 0. 

The entropy created in the system and its surround- 
ings was defined as ~r: 

- AS + ASo + ~ A S j  1> 0 (8) 
J 

where AS is the entropy change of the process mater- 
ials, ASo = qo/To is the entropy change of the sur- 
roundings, and ~jAS~ is the sum of the entropy 
change of the reservoirs which provide the heat effects 
q~. By combining these equations we obtain 

Wo,, + Toa = ToAS - A H  + ~ ( T o A S j  + qi). 
J 

(9) 

If no heat reservoir other than the surroundings 
were allowed to undergo any change, then qj = 0 and 
ASj = 0 and 

Wout + T o a  = T o A S  - A n .  (10) 

This result is also obtained for reversible heat trans- 
fers to the process, i.e. when qj = - ToASj. The lost 
work is [eq. (3)] 

W,o,,t = Toa  (11) 

so that the maximum work that can be obtained from 
the system with respect to the environment is 

Wm,.(p ,T-- 'po ,  To) = ToAoS - AoH - Ex(p,T) 
(12) 

which is a reformulation of eq. (4) and the definition of 
the exergy of a flow. This maximum work is fixed for 
conditions leading to eq. (10). For a process going 
from Pl, T1 to P2, 7"2, we have from eq. (12) 

Wmax(pl,TI "~' p2,T2) = ToAS  - AH = - AEx 
(13) 

where A refers to the difference between states 1 and 2. 
Equation (13) is valid also if a chemical reaction or 
a phase change takes place. The Gibbs energy change 
of the reaction at p and T is A,G = A,H - TA,  S, 
where A, refers to the difference between products and 
reactants. The maximum work obtainable at Po and 
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To of a chemical reaction is the negative Gibbs energy 
of reaction, or the negative exergy change. At Po 
(1 bar) and To (298 K) we obtain from eq. (4) 

AEx(po, To) = A,G (P0, To). (14) 

When the chemical reaction takes place between Pl, 
TI and P2, T2, we can combine these equations into 
(Swaan Arons and van der Kooi, 1993) 

AEx = AH - ToAS + A,G(po, To) = - Wm,x. 

(15) 

In addition to a term given by the chemical reaction at 
P0 and To there is a term for changing physical condi- 
tions (AH - ToAS). 

In the process industry, chemical reactions are usu- 
ally conducted in such a way that they do not perform 
work. In these cases, the equivalent of eqs (10), (11) 
and (13) is Wlost = - AEx. We shall use irreversible 
thermodynamics to get more insight into this loss of 
work. 

2.2. Irreversible thermodynamics applied to a reactin9 
and diffusing mixture 

Irreversible thermodynamics offers a time-depen- 
dent, local description of lost work. The lost work is 
given by the dissipation function which is equal to the 
entropy production times the temperature. The en- 
tropy production is usually derived from the continu- 
ity equations for mass and energy, the entropy bal- 
ance and Gibbs-Dubems equation [see e.g. de Groot 
and Mazur (1967)]. We shall use the more stepwise 
derivation of Forland et al. (1988) which may give 
a practical background for development of computer 
codes. 

The system, which is illustrated in Fig. 1, contains 
a series of open control volumes along a transport 
path. These will be used to study transports of heat 
and mass which occur simultaneously with a chemical 
reaction. There are gradients in concentration, pres- 
sure and temperature between subsequent control 
volumes. A chemical reaction can take place in each 
control volume. One pair of control volumes, labelled 
with subscripts m and n, has locations x and x + dx. 
The cross-section of the tube has unit area, A = 1. The 
frame of reference for the transports is the wall of the 
tube. Heat, dtk, and mass dni can pass from m to n. 
The pair of control volumes is doing the work 
d W = d W,, + d IV. in addition to the expansion work 
in the pipe. The system has negligible macroscopic 
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kinetic and gravitational energy changes. The Gibbs 
equation for one control volume is 

d U = T d S - p d V + ~ l ~ i d n i  (16) 
i 

where/~i is the chemical potential of component i. 
The assumption of local equilibrium is central in 

irreversible thermodynamics. Local equilibrium 
means that a chemical reaction has zero Gibbs energy 
change in the control volume. We have A,G = 0, 
where A, refers to the control volume. Chemical po- 
tentials, which depend on each other through this 
condition, do not enter eq. (16). This is, as we shall see 
later, not in conflict with AG~-0 being finite over the 
extension of the tube, where A refers to the different 
positions in the tube. The validity of the assumption 
of local equilibrium has, as far as we know, not been 
tested on a molecular level for chemical reactions. For 
a diffusing isotope mixture in a temperature gradient, 
Hafskjold and Ratkje (1994) found by non-equilib- 
rium molecular dynamics simulations that local 
equilibrium was obtained when the criterion 
xV T < 6 T < 0.05 T was fulfilled. This criterion means 
that the extension of the control volume, Ax, times the 
temperature gradient, V T, across the volume element 
must be smaller than the fluctuation in temperature, 
6 T, which again must be less than 5% of the temper- 
ature. The criterion was fulfilled for Ax having a value 
of a few molecular diameters, which means under 
severe temperature gradients. We therefore expect 
that the assumption of local equilibrium is good also 
for a wide range of conditions in the present context. 

The entropy change of a pair of control volumes is 
then 

- ~  l d u ,  + P"dV. P"dV dS,. + dS.  - -  m - -  n d U m + T .  T,. 7". 

X"~ l l i  ra . v - ,  # i , n  . 
--2.  ..... anim-- 2 . - - o n i . .  (17) 

i T . ,  ' i T .  ' 

Consider next an isolated pair of control volumes, 
m and n. The change in internal energies of eq. (17) is 
obtained from the first law of thermodynamics for 
m and n: 

d U m = d d ? , . - p m d V m - d W , .  (18) 

d U , = d d p , - p ,  d V . - d W , .  (19) 

The total heat transferred, dq~, is the sum of the heat 
transferred by convection (mass transfer) and by con- 
duction. The total heat change for subsystem n is 
given by 

d4~. = dq. + ~Hi,,dni,, (20) 
i 

where dq. is the measurable heat transferred from 
subsystem m to subsystem n by conduction and Hi,, is 
the partial molar enthalpy of component i. Subsystem 
m is the reference for the enthalpy, and the compo- 
nents are the independent components of the system. 
The total heat leaving subsystem m in the x-direction 
is received by subsystem n. 
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d~b. = - d~b,.. (21) 

Similarly for the mass changes 

d ni,. = - d ni,m. (22) 

By a combination of eqs (17)-(22) we obtain for small 
temperature differences that 

, \ r /  

d W  
T (23) 

where we have used the notation d~b = d~ ,  and 
dni = dni,n and d W = d W,, + d Wn. The difference 
A refers to a change from state m to n. Changes in #~, 
p and T during the transfer cancel through the 
Gibbs-Duhem equation, and do not contribute to dS. 
The entropies Sm and Sn are state functions and can be 
calculated without a knowledge of the transport path. 
The first two terms on the right-hand side of eq. (23) 
can be simplified by application of eq. (20) [see e.g. 
Forland et al. (1988, p. 20) for further details], and we 
have the entropy change for the isolated control 
volumes: 

d S = A ( 1 ) d q _  l ~ A # , . r d n i  dWT (24, 

where A#~.r is the change in the chemical potential of 
i due to changes in concentrations and pressure. 

To obtain the entropy production of the total sys- 
tem, we sum over all pairs of control volumes by 
summing first over all pairwise transfers during the 
time dt. After the time dt has elapsed, the thermodyn- 
amic variables take on new values consistent with the 
given transfer of heat and mass, and we sum again. In 
this manner, the pairs of control volumes turn out to 
be open. The integral expression, that we obtain in 
this manner, can be reduced to the continuous form 
for the entropy production per unit time and volume 
[see Forland et al. (1988) and de Groot and Mazur 
(1967)]: 

A dx dt T i ' 

A r d x  - ~  ' (25) 

The heat flux is Jq, while J~ is the flux of independent 
component i. 

Equation (25) may be compared to eq. (8). Heat 
transfer from the surroundings, which is included in 
eq. (8), may be accounted for in eq. (25) by adding the 
term (d/dy) d q~/d t. We then assume that heat transfer 
takes place perpendicularly to the tube. For a revers- 
ible process, dqJdt  is zero, the transfer will not con- 
tribute to eq. (25), and we may compare eq. (25) to eq. 
(10). The entropy production per unit time and vol- 
ume, 0, depends on the path of the process through 
the fluxes and d W/dt. 
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The maximum work that can be obtained is that of 
a reversible process (0 = 0): 

Wmax = d x d t. (26) 

By introducing eq. (25) into eq. (26) we obtain for this 
condition: 

for, 2/\ d l n T  " '~ " d/zir'~ Wmax= -- [ J c t ~  + 2"~dii dx" "'lJo=o A dx dt 

:-fOf2(J, dlnr+yJ, Adt.  (27) 
i / 0 = 0  

Disappearance of the x-coordinate in eq. (27) means 
that states, not coordinates, are important, consistent 
with eqs (13) and (15). The integration is carried out 
between the states 1 and 2. The right-hand side of this 
equation expresses how much energy is available for 
work when 0 = 0. Normally there is dissipation of 
energy, and the lost work or dissipated eneroy depends 
on how the process is performed. A second law effi- 
ciency may then be defined: 

~1= Wm,x= l -  Wm.~ TO A dt dx. (28) 

The integral of this equation is the dissipated energy 
or lost work: 

;/;? Wlos, = TO A dt dx (29) 

which can be compared to eq. (3). 

3. MAXIMUM WORK FROM REACTING MIXTURES 

UNDER TRANSPORT 

We distinguish between two isothermal processes: 
diffusion in the presence of a very slow (negligible) 
chemical reaction (Section 3.1), and diffusion in the 
presence of a chemical reaction with a high reaction 
rate, so high that diffusion of molecules becomes the 
rate limiting step for the process (Section 3.2). The 
subscript T will be omitted in/~i.r- The cross-sectional 
area A is unity, and will also be omitted. 

3.1. A diffusing mixture 
Take the example of H2, 02 and H20  in a diffusing 

mixture at low temperature. The maximum work, 
W . . . .  from eq. (27) is for d T = 0: 

Wo.x= _f/f2 (Jn2d#H2 + Jo~d#o~ 

+ Ja2o d#a2o) dt. (30) 

The wall of the tube is the frame of reference of the 
fluxes. The Gibbs-Duhem relation, ~.nid#~ = 0, with 
i = H2, 02 and H20, can be applied to reduce the 
number of forces. This is discussed in Section 5.1. 

3.2. A diffusing, reacting mixture 
Assume next that the species in the example above 

react: 

H2 + 2tO2~---H20. (31) 



Reducing lost work in chemical processes 

Within any control volume, there is local equilibrium. 
The chemical potentials are then everywhere related 
by 

d/~n~o = d/z.~ + ½d#o~. (32) 

By introducing eq. (32) into eq. (30) we obtain 

if: W ~  = - -  [(Jn2 + Jn2o)d#H2 

Wm~x 
+ (do~ + ½Jn~o)d#o2]dt. (33) At 

The mole numbers in the gas mixture at the inlet of 
the pipe at time t = 0 are nO and nO. After some time 
t the mixture has moved along the pipe to position x. 
During the movement it has reacted. The mole num- 
bers of H2, 02 and H20 are related to the composi- 
tion of the inlet gas by 

n,2 + nn2o = n°~, no~ + ½nn~o = n°2 (34) 

where n~ is the amount of species j in moles at time 
t and location x. The rate of the chemical reaction is 
denoted by r. A measure for r at a position x is the 
accumulation that has occurred of water: 

r = Jn2o = dn"~° (35) 
dt 

which gives 

r 
j o  = Jn~ + r, Jg~ = Jo~ + ~. (36) 

The chemical reaction is according to eq. (36), with 
A = 1 and Jn,o = r, a source for the independent 
components HE and 02. Water is then a dependent 
component. It can be regarded as "low-energy Hz" or, 
equivalently, "low-energy O2". By introducing eqs 
(36) into eq. (33), we obtain the maximum work: 

w., . .  = - f£  + J°2d#o:)dt.  (37) 

In analogy with eq, (30) only components in aoreement 
with the phase rule contribute to the work. If the 
process is carried out irreversibly, Wm~. is lost by 
transport of H2 and 02 down their gradients in chem- 
ical potential. Also in eq. (37), the Gibbs-Duhem 
relation can be used to eliminate one of the forces (see 
Section 5.2). Equations (30) and (37) are valid for 
stationary as well as non-stationary states. Generaliz- 
ations for other reactions are straightforward. 

3.3. A diffusing, reacting mixture  in the stationary state 

In the stationary state, the integral of eq. (37) be- 
tween states 1 and 2 and for t going from 0 to At yields 

WtlaaX 
A A t  = - J°2A#n2 - J°2A#°~' (38) 

The gradients are replaced by differentials over unit 
lengths. The difference, A, in the expression for the 
forces refers to the final and the beginning states. To 
have maximum work means to have a ful l  exploitation 
of the energy of the chemical reaction and the energy 
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of mixing along the tube. This can be seen more 
explicitly as follows. Local equilibrium means that for 
any subsystem we have 

/t.~o,: = /~HJ  + ½/to2,:. (39) 

We have used the subscript f t o  indicate validity also 
for the final subsystem of the tube. Equations (36) and 
(39) are used to eliminate #n2,: in eq. (38). The result is 

- Jn2Apn2 - Jo2A#o~ 

- r [ # , 2 . : -  ~,2.b + ~(~o2.± - #o2.b)] 

= - JH2A/~n2 - Jo2A#o2 - r A G .  
(40) 

We see that  AG = #n2o,f -/~n2,b -- ½/~02.b refers to the 
extension of the tube. The energy available for work is 
here the energy from mass transfer (i.e. mixing) of 
species H2 and 02 as well as the Gibbs energy of 
reaction to HEO. By neglecting the first terms to the 
right of eq. (40), we have that 

Wmax 
- r A G  (41) 

At 

which may be compared to eqs (13) and (14) for Po and 
To. The neglect of diffusion may be questionable. 

Chemical reactions are scalar and do not couple to 
vectorial transport processes according to the Curie 
principle [see e.g. Denbigh (1951)]. We have shown in 
Sections 3.2 and 3.3, however, that the energy change 
contained in relatively fast chemical reactions can be 
dealt with by redefinition of the fluxes [see eqs (35) 
and (36)] without invoking or violating the-Curie 
principle. This means that phenomena which have 
different tensorial properties can be treated within the 
format of coupled vectorial processes. We shall see 
below that the format gives a useful method for min- 
imizing work losses in reacting mixtures. 

One class of systems does not appear to fit the 
format developed: the systems having reaction rates 
comparable to diffusion rates. In this case, we cannot 
use Gibbs equation without assumptions. In practice, 
a control volume in the bulk may fulfil the conditions 
of Section 3.1, while a control volume close to a cata- 
lyst surface may fulfil the conditions of Section 3.2. In 
such cases we may be able to add results for the 
different control volumes. Our method may then have 
a more general bearing. The conditions for this re- 
main to be specified. 

4. LOST WORK WITH SIMPLE TRANSPORT PROCESSES 

In the common chemical reactor the reaction con- 
ditions are irreversible and no work is performed. The 
lost work per unit time and volume for reaction (32) in 
a non-isothermal system is from eq. (25) with W = 0: 

TO = - JqVln T - -  J°2Vl~ .2 , r  - J°V#o~. r. 

(42) 

In the simplest possible case, the fluxes of eq. (42) are 
not coupled, meaning that one product does not de- 
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pend on the others. The transport of heat is then given 
by Fourier's law, and the transports of mass by Fick's 
law. Consider this case first. 

In the stationary state, we have from eqs (42), (29) 
and (40) that the lost work is 

Wlost = TO dt dx 

=(  - JqA In T - Jn2A/~n2,r 

- Jo2A/~o2,r - r A G ) A t .  (43) 

According to Fourier's and Fick's laws, concentration 
gradients and temperature gradients even out along 
the space coordinate x in a random fashion. Disorder 
is preferred to order. This is expressed by all terms 
between the parentheses in eq. (43). Chemical energy 
is lost by molecular diffusion in a wide sense [see the 
reduced form, eq. (37)] or, more explicitly, by a local 
spontaneous chemical reaction. The losses of eq. (43) 
cannot be avoided, when simple transport laws are 
valid, but they can be made smaller or delayed in time. 
The challenge is to keep rates constant at lower forces. 
We shall see in Section 5 how irreversible thermo- 
dynamics gives an answer to this problem. 

Sieniutycz (1987) has written complex chemical re- 
actions on a linear form, by applying the generalized 
chemical resistance R. This resistance is a complicated 
function of the kinetic rate constants of the reaction 
and the species concentrations. For each control vol- 
ume, he writes 

1 
r = -- ~ (A, G). (44) 

In this equation A,G is different from zero, which is at 
variance with our basic assumption A,G = 0 in eq. 
(32). From eq. (44), the lost work from a chemical 
reaction in a stationary state is 
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fo'f  2 Wout + TOAdxd t  = Wr,,x (46) 

with the maximum work given by eq. (27) and the 
entropy production per unit time and volume given 
by eq. (25). The entropy production does not depend 
on the frame of reference chosen for the fluxes, but 
varies with process constraints. According to the 
theory of irreversible thermodynamics [see e.g. 
Forland et al. (1988)], all fluxes of the system, Jk in eq. 
(5), are linear, homogeneous functions of all forces Xk, 
Jk =~flkjXj .  The theory demands that lkj= lj~ 
(Onsager reciprocal relations). We shall assume that 
this is fulfilled. Non-equilibrium molecular dynamics 
simulations have verified the relation lat = llg for an 
isotope mixture in a temperature gradient (Hafskjold 
and Ratkje, 1994). 

In the following we limit our study to coupling 
between thermal and chemical forces of the system. 
This means that we focus on how to obtain a min- 
imum value for eq. (42), rather than finding an expres- 
sion for W. The coupling between the electric power, 
d W/dt  = - E l ,  where E is the electrical potential 
and I is the electric current, and the other products of 
eq. (42) was extensively discussed by Forland et al. 
(1988). 

5.1. Isothermal transport of three components 
Consider first the isothermal transport of three in- 

dependent components (i.e. H2, 0 2 and H20). In 
a homogeneous phase the chemical potentials are 
related, d/.t 3 = - n l d l ~ t / n a -  n2dl, t2/n3. The abun- 
dant component, number three, is now chosen as the 
reference for the fluxes of others, J~ and J2, i.e. Ja = 0. 
The entropy production per unit time and volume is 
then (45) 

O= -- J1V--~ "r J 2 V ?  'r. (47) 

1 
Wjo,t = --=(A,G) 2 At. (45) 

K 

While eq. (45) refers to a control volume, eq. (43) refers 
to the extension of the reactor. Chemical energy can 
also be converted with small losses through exploita- 
tion of coupling (see Section 5). The rate of reaction 
can then be kept at a high level, while the effective 
driving force, which is a combination of several forces, 
is lowered. 

5. REDUCTION OF LOST WORK THROUGH COUPLING 

So far we have dealt with extreme situations. We 
have calculated the maximum work Wmax and dis- 
cussed situations where the maximum work is totally 
lost. Whenever the lost work is smaller than the max- 
imum, there is a work output. The equation corres- 
ponding to eq. (2) is now 

The flux-force matrix is accordingly 

J l  = -- 111V,ul,r - 112 Ii7/22,T (48) 

J2  = --  121 V"I,T --  122V#2,T (49) 

where the coefficients lkj contain the constant temper- 
ature in the forces. We express the chemical force 
V/t2,r by eq. (49) and obtain 

1 2 , \  + J 2  
Jl = -- lat -- 112~22)VI, q.r 122" (50) 

This result is introduced into eq. (47) to give 

TO (111 121\ 2 =_ 
112 121 j2 
~ V # 1 . r J 2  + 12--~V/q,r J2 +/~2" (51) 

Two of the terms in the expression for the lost work 
cancel because 112 ---/21. The physical meaning of the 
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cancellation is that the work we can obtain from the 
gradient in chemical potential of component 1 is used 
to move component 2 (and 1). We are left with the 
positive terms: 

121"~ 2 J 2  
TO = 111 -- 112/~2)(V/~l.r) +/~2'  (52) 

These losses are diffusional, and of two types. The 
coupling coefficient 112 expresses the interaction be- 
tween components 1 and 2. Reduction of lost work 
through coupling is obtained when 1~2 is large. The 
first term to the right is the loss related to the relative 
movement of 1 and 2 in 3. The second term is the loss 
due to movement of component 2 relative to compon- 
ent 3, the frame of reference for the transports. The 
second loss is unavoidable, but it can be minimized by 
increasing the mobility 122. The first term may be 
altered by engineering design, however. In this case, 
the material choice for 3 is critical. 

Consider as an example that transport of 1 and 
2 takes place in a membrane (component 3). The 
transports of 1 and 2 are coupled in a special way, 
through the choice of membrane materials. The mem- 
brane requires that 1 and 2 can pass the membrane 
only via a selective carrier. This particular coupling 
gives a maximum value of 1~2, with 111= 
-I~2 = -12~ = 122 in the flux equations (48) and 

(49). The first factor of the first term of eq. (52) then 
becomes zero. The consequence is that a big driving 
force for component I can be used to move 2 in the 
opposite direction. The membrane with the carrier 
favours interdiffusion in the place of free diffusion, 
and the only losses are those related to the final term 
of eq. (52). This loss can be compared to the Joule heat 
loss in an electric conductor. 

Large coupling coefficients imply that energy is 
transferred closer to reversible conditions. This can be 
seen by introducing the condition 112 = - 11 ~ into eq. 
(48). We obtain 

J1 = -- 111 ( V # t , r -  V#2,r) = - J2. (53) 

The effective driving force is the difference of the 
chemical potential gradients. The original single for- 
ces of the system, V/~Lr and V/~2,r, are combined into 
a small net force, the difference between the two. The 
entropy production is therefore smaller, and we are 
working closer to reversible conditions. The flux is 
maintained, however. Such combinations of driving 
forces for transport are well known in biology (mem- 
brane coupling). Indeed, biological systems are known 
to convert energy in efficient ways. 

5.2. Irreversible and nearly  reversible isothermal  chem- 

ical react ions 

Consider again the fast chemical reaction of H2 and 
02 to H20 at constant temperature. The components 
according to the phase rule are H 2 and 02 (see Section 
3.2). The maximum work obtainable from the reaction 
was given, eq. (37). The Gibbs-Duhem equation 

d/Zo~.r = - n ~  d gl~.r (54) 
n~2 
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relates the chemical potentials of the components. By 
introducing eq. (54) and the condition VT = 0 into eq. 
(42), we have 

:2 .  
TO = - J °  2 - - ~ . , o 2 1 . # n  2. (55) 

02 / 

The lost work has only one term. It can be zero for 
two conditions; when V#n2 = 0 or when the term 
between the parentheses is zero. The first condition is 
not realistic, since V/~H2 ~ 0 in a chemical reaction. 
The other condition, however, gives the clue for re- 
duction of losses. By introducing the expressions for 
n °, eqs (34), we have 

j o  ha2 + nrt~o ro  
2---~ ~ "o2 = 0. (56) 
r~O2 T 2 r~H20 

This identity is fulfilled when strict coupling exists, i.e. 
when 

Jn2 = 2Jo2. (57) 

Strict coupling, as expressed by eqs (53) and (57), 
can be seen as mathematical answers to Denbigh's 
(1956) call for "resisted conditions". The relation (57) 
can be obeyed strictly in certain fuel cells, and 
Denbigh mentioned the application of such cells as 
ways to avoid exergy losses. Similar relations are 
common in most electrochemical cells, and we see 
from eq. (55) that the reactions carried out in such 
cells are nearly reversible. [The loss related directly to 
the production of work was not included in eq. (55).] 

In the solid state oxide fuel cell, the oxygen ion is 
the single charge carrier between the gas compart- 
ments. This gives 2Jn2 = 4Jo~ = I for all possible 
forces. In the polymer membrane, only protons con- 
duct charge, but the same relation is obtained. The 
production of electric current, which gives the work, 
- El ,  thus couples to the mass fluxes in a strict way. 

The fuel cells mentioned above have lower exergy 
losses than the phosphoric acid fuel cell and the mol- 
ten carbonate cell, which both allow diffusion. A rela- 
tion like (57) then holds for the parts of the fluxes 
which are related to charge transfer, but not for the 
diffusional component of the mass fluxes. An analysis 
of lost work in the solid oxide fuel cell was given by 
Ratkje and Moiler-Hoist (1992). 

An isothermal, irreversible chemical reaction does 
not give a strict relation between the flux of H 2 and 
02. The reactants diffuse and react upon random 
collisions, and loss of exergy is inevitable. The rate of 
exergy loss may vary, however, through the values of 
the coupling coefficients. There may be restrictions, 
also on diffusion. The path for the process as well as 
the final state obtained may therefore depend on the 
system design. In the example represented by eq. (53) 
we saw that such losses can be reduced. The non- 
isothermal reaction having coupling with a temper- 
ature gradient is discussed in Section 5.4. 

5.3. Two diffusing components  in a temperature  gradi- 

ent  

A temperature gradient can also be exploited to 
reduce exergy losses. Consider as a simple example 
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a system of two components in a temperature gradi- 
ent. The chemical potentials are related by 
dlh = - n2dl~2/n~. The entropy production per unit 
time and volume is 

(58) 

The term between the parentheses is redefined as the 
flux Jd with c~ being concentration of component i. 
The flux Jd gives the relative movement of 1 and 2 (in 
m 3 m -2 s- 1), so it is a direct measure of the separation 
of the components. This is a practical variable in 
separation technology. The flux-force matrix that fol- 
lows from eq. (58) according to the theory of irrevers- 
ible thermodynamics is now 

1 )  1 ClV/Zl,r Jrt = lqqV -- ,lq ~- (59) 

1 ( ~ ) l  clV#I'T Ja = lqV - 11 ~ • (60) 

We eliminate the chemical force ClVttl,T/T and ob- 
tain 

J~ = (l , ,  1 - - l  l '~"~V/L '~  lql lq111] ~ T ] + E J d .  (61) 

The term between the parentheses is the heat transfer 
coefficient 2 defined at stationary state (Jd = 0). The 
entropy production per unit time and volume is then 

O=(lqq_lql l l l f[V(1)]2 __~ll~__~)jdlq, /IN 
l,q / I N  J~ (62) 

+/T, v[y)J  + ll--~" 

Two of the terms in eq. (62) cancel because of the 
Onsager reciprocal relations: 

( //1-~/I (~l lz,  +/-~1 . (63, 0= lqq-l~l V J~ 
1 1 / L  \ / d  

The quadratic terms and the factor (l~q- lqlllq/lll) 
are both positive [compare eq. (8)]. 

When the purpose of the process is to achieve 
separation, the frictional loss represented by the term 
containing Ja may be reduced only by increasing l~ 1. 

The effect of coupling is given by the term between 
the parentheses of eq. (63). When 1~1 llq/lll becomes 
significant compared to l~, the lost work, TO, be- 
comes smaller. The coupling between heat and mass 
transfer, expressed by l~, may vary substantially. In 
a homogeneous mixture, the transport of mass due to 
temperature gradients, the so-called Sorer effect, is 
small, and lq~ is small. The effect of coupling on eq. 
(63) then becomes negligible. If the transport problem 
involves a phase transition, however, the coupling 

coeffÉcient may include the enthalpy change of the 
phase change (Forland et al., 1988). The coupling 
coefficient lql represents heat transfer beyond Fourier 
type heat conduction in a uniform mixture. In distilla- 
tion, the heat of condensation of one component can 
be supplied to evaporate another, giving a net heat 
transfer, small or large depending on the ideality of 
the system. For coupled transports of heat and mass 
as well as for coupled transports of mass (Section 5.2) 
lq~ may be a function of system design. 

The cancellation of terms in eq. (62) has the follow- 
ing meaning. The term containing Ilq describes the 
work performed (i.e. the mass moved) by a temper- 
ature gradient. This work is done at the expense of the 
sensible heat in the system, the term dependent on l~1, 
which expresses a heat change due to mass movement. 
The two changes are equivalent. The effects of lq~ and 
llq on 0 means that thermal diffusion or thermal 
osmosis will reduce the exergy losses in the system. 

If the reaction between hydrogen and oxygen to 
water takes place in a non-isothermal system, eq. (55) 
changes to 

(_~)_jV~H2.T (64) 0 = JqV T 

where J is the term between the parentheses ofeq. (55). 
The flux equations derived from this entropy produc- 
tion are similar to eqs (59) and (60), so that we can find 
an expression similar to eq. (63) for the entropy pro- 
duction per unit time and volume. Coupling of fluxes 
will reduce the lost work also in this case. An alterna- 
tive formulation of eq. (63) for the reaction is 

_( - 1 llq'~ 2 J21~ + ~ q. (65) 0 : Ill ql~#q)(ClV#l,T) 

It is seen that the stationary state condition, Jq = O, 
leads to a smaller value of O. [It was shown by 
Prigogine that the entropy production is minimum in 
the stationary state, see e.g. Denbigh (1951).] Since 
the gradient in chemical potential differs from zero, 
we have from eq. (59) a criterion for the optimum 
temperature gradient: 

lql 
V In T =/~V#H2,T. (66) 

The coefficient ratio helps define a state of operation 
with minimum dissipation of energy. 

6. EXERGY ANALYSIS AND IRREVERSIBLE 
THERMODYNAMICS 

The theories of exergy analysis and irreversible 
thermodynamics can both be used to quantify the 
exergy losses in a process. Exergy analysis offers 
a meaningful way of comparing processes, using ther- 
modynamic data alone. The reference to the environ- 
ment included in exergy analysis is not a priori con- 
tained in irreversible thermodynamics [eq, (25)], but 
this theory has another advantage. Criteria which 
minimize the lost work of the total system can be 
derived from relations between fluxes and forces. The 
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results of the preceding sections show that exergy 
saving processes are obtained for strict coupling or 
large values of Ik~. 

The isomerization reaction gives a simple example 
of strict coupling: 

A --, B. (67) 

Minimum lost work is obtained for - JA = JB; the 
consumption of A is always equal to the production of 
B. This can be obtained if B is separated from A as it is 
produced. We obtain the well-known result that ad- 
sorption, membrane separation or other separation 
techniques will preserve the exergy of the system. 

Care must be taken when exergy analysis is com- 
pared to irreversible thermodynamics. The entropy 
production is a common factor in both analyses. The 
meaning of the entropy production in the two ap- 
proaches is different, however. One is a macroscopic, 
black box value (tr) and the other is a local value (0). 
Consistency between tr and the integral of 0, as given 
in the present text, can be expected in the stationary 
state, when Po and To represent the final state. The 
lost work in exergy analysis is related to the lost work 
in irreversible thermodynamics by the factor To/T  for 
a given temperature of the system, T. This is similar to 
the relation between loss of gross work output and 
loss of internal work output, as expressed by Hay- 
wood (1980). The combination of pinch technology 
with exergy analysis can be seen as a step in the 
direction of increased second law efficiencies. Pinch 
technology minimizes irreversibilities due to heat 
transfer over finite temperature differences. 

Several of the specific equations for the entropy 
production and the stationary state conditions de- 
rived in this paper have been known for a long time 
[see e.g. Denbigh (1951)], but the way of dealing with 
chemical reactions is, in our opinion, new. The link 
between chemical reactions and diffusional fluxes was 
obtained by application of independent components. 
This link cannot be obtained by the method of 
Sieniutycz (1987), eq. (44). The technique with elimina- 
tion of components has proven useful in electrochemi- 
cal cells as well as in biological transport systems [see 
Forland et al. (1992) for further references], It was 
shown that A,G of fast chemical reactions can be 
eliminated from the work loss expression, and a re- 
duced form can be obtained. The condition for the 
derivation is local equilibrium, a condition which has 
not been quantified for reacting systems as far as we 
know. This condition may limit the value of these 
results. 

By application of A,G = 0, it was shown that 
exergy losses by systems having A G :~ 0 are not neces- 
sarily inevitable. Fuel cells are one class of systems of 
this type. Strict coupling may lead to large decreases 
in the lost work. Less important relations are given by 
thermal diffusion and interdiffusion phenomena. 
These may also reduce exergy losses. Some of the heat 
generated by the irreversible combustion reaction 
may therefore be recovered as work. This may be one 
explanation for the exergy variation by adiabatic 
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combustion (de Swaan Arons and van der Kooi, 
1993). 

We did so far not study the production of work by 
the diffusion and reacting mixtures. Yet, we may ex- 
pect that the 6 o  efficiency calculated by Denbigh for 
a completely irreversible oxidation of ammonia can 
be raised by exploitation of coupled flux equations, 
because coupling reduces the value of eq. (42). 

The combined application of exergy analysis and 
irreversible thermodynamics therefore seems a prom- 
ising tool for application in science, industry and 
government for dealing with excessive exergy losses. 

7. CONCLUSIONS 

From equilibrium thermodynamics we know that 
low-loss designs are those which prevent irreversibili- 
ties. This means that low-loss designs prevent mixing, 
promote catalyst specificity or demixing, increase 
membrane selectivity and have small driving forces. 
Irreversible thermodynamics shows that strict coup- 
ling and large coupling coefficients and stationary 
states also contribute to low-loss designs. 

Exergy analysis and irreversible thermodynamics 
are supplementary tools which may prove valuable in 
the search for acceptable ways of exploiting the re- 
sources of the world. The derivations in this article 
show that the concepts used by Forland et al. (1988, 
1992) may extend the information obtained by exergy 
analysis on chemical processes. The location and 
cause of exergy losses during diffusion and chemical 
reaction can be pointed out by application of irrevers- 
ible thermodynamics. This may serve as a starting 
point for minimizing exergy losses. A new way of 
calculating exergy losses in a reacting, diffusing mix- 
ture has been presented. Only the independent forces 
and fluxes of the transport system enter the descrip- 
tion. 
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NOTATION 

C concentration, mol m-  3 
Ex exergy, J 
G Gibbs energy, J 
H enthalpy, J 
g flux per unit area, mol s-1 
1~ phenomenological coefficient 
n mole number, mol 
p pressure, Pa 
q sensible heat, J 
r reaction rate, mol s-  
R generalized resistance, mol 2 s-  1 j - -  1 

S entropy, J K -  
t time, s 
T temperature, K 
U internal energy, J 
V volume, m 3 
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W 
W t 

x, y 
X 
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work, J 
work done in addition to expansion 
work, J 
coordinates, m 
generalized force 

Greek letters 
r/ efficiency 
0 entropy production per unit  time and 

volume, J K -  t m -  3 s -  1 
# chemical potential, J mo l -  
a entropy produced, J K -  
qb total heat transported, J 

Subscripts 
c container 
f final state 
i species i 
j heat addition j 
k number  of independent fluxes 
max maximum 
out produced 
q heat 
0 environmental  conditions 
1 (2) state 1 (2) 

Superscripts 
0 component  according to the phase rule 
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