
CHAPTER 1

Non-Equilibrium
Thermodynamics in Industry
SIGNE KJELSTRUP, AUDUN RØSJORDE 
AND EIVIND JOHANNESSEN

1 What Can Non-Equilibrium Thermodynamics Offer?
Non-equilibrium thermodynamics (NET) offers a systematic way to derive the local
entropy production rate, σ, of a system. The total entropy production rate is the inte-
gral of the local entropy production rate over the volume, V, of the system, but, in a
stationary state, it is also equal to the entropy flux out, JS

o, minus the entropy flux
into the system, JS

i :

��
V

σdV�JS
o�JS

i � 0 (1)

The entropy balance and the integral over σ can be calculated independently, and
they must give the same answer. The entropy production rate governs the transport
processes that take place in the system. We have

σ��
i

JiXi � 0 (2)

where Ji and Xi are conjugate flux–force pairs. Each flux is a linear combination of
all forces:

Ji��
j

LijXj (3)

This means that NET gives flux equations in agreement with the second law of ther-
modynamics, and that the theory offers a possibility, through Equation (1), to check
for consistency in the models that are used.

The usefulness of NET in describing industrial problems has been questioned,
because these problems are frequently non-linear. It is then important to know that the
flux–force relations in Equation (3) also describe non-linear phenomena. The phe-
nomenological coefficients Lij can, for instance, be functions of the state variables. By

dSirr
�

dt
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including internal variables in the thermodynamic description, one can extend the
application of NET to activated processes; see Chapter 2. For this reason, NET appears
today as a non-linear and versatile theory that applies to many practical conditions.1–9

It is a misunderstanding that flux equations need to be linear on the global level.10

The total entropy production rate times the temperature of the environment is
equal to the exergy destruction rate in a process. Processes with small losses in
exergy have a high second law efficiency. A high second law efficiency, or exergy
efficiency, is seldom a specific aim in process design. An increasing worldwide con-
cern with CO2 emission may change this. Multiobjective optimisation, with small
entropy production as one target, may then be interesting in chemical engineering
design.

2 Developments and Status of NET
Non-equilibrium thermodynamics was founded by Onsager.11,12 The theory was fur-
ther elaborated by de Groot and Mazur13 and Prigogine.14 The theory is based on the
hypothesis of local equilibrium: a volume element in a non-equilibrium system is in
local equilibrium when the normal thermodynamic relations apply to the element.
Evidence is emerging to show that many systems of interest in the process industry
are in local equilibrium by this criterion.1–3 Onsager prescribed that each flux be con-
nected to its conjugate force via the extensive variable that defines the flux.11,12,15

Onsager assumed that the variables and the rate laws were the same on the macro-
scopic and the microscopic level; this is the so-called regression hypothesis. Also
using the assumption of microscopic reversibility, he proved the reciprocal relations:

Lij � Lji (4)

These assumptions restrict the validity of NET, but as stated above, they have a
wide range of validity. It has long been known that the Navier–Stokes equations are
contained in NET.13 More recently, NET has been extended to deal with transport
across surfaces,4 quantum mechanical systems,5 and mesoscopic systems;6–8 see
Chapter 2. We have chosen to illustrate NET with cases of transport through surfaces
in the following sections.

3 NET Applied to Phase Transitions
Phase transitions are central in many industrial problems, for instance, in distillation,
absorption, condensation, manufacture of liquid natural gas, and multiphase flow.
We shall use the liquid/vapour transition to illustrate the basic hypotheses and use-
fulness of NET for surfaces, a relatively new application. For applications to homo-
geneous phases, we refer the reader to the basic literature; see Section 2.

Røsjorde et al.9 studied the phase transition in a pure fluid using non-equilibrium
molecular dynamics simulations (NEMD). The NEMD method solves Newton’s
equations of motion for several thousand particles in an imaginary box; see
Hafskjold16 for a review. The particles interacted with a Lennard-Jones-type pair

2 Chapter 1
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potential. The phase diagram and the surface tension as a function of temperature of
the system were first determined.2 The ends of the box were thermostatted to give an
enormous temperature gradient: for argon-like particles, the gradient was 108 K�1 m.
The temperatures of the ends were also chosen so that a liquid–vapour interface estab-
lished itself. The position of the surface was then determined according to Figure 1.
The surface started where the equation of state for the vapour was no longer valid and
ended where the density in the liquid phase started to vary in a linear manner.

It was established that the surface was in local equilibrium: the surface tension
calculated for the system with a gradient was indeed the same as for the system in
global equilibrium at a given temperature; see Figure 2. The fluxes for heat and mass
across the surface can be written as

J�q��lqq∆� ��lqµ R ln (5)

J��lµ q∆� ��lµµR ln (6)

with lik being the surface transfer coefficients. The coefficients obey Equation (4).
Equation (6) indicates that evaporation or condensation takes place when there is a
thermal force (a difference in inverse temperature) and/or when there is a chemical
potential difference (the pressure of the vapour differs from the saturation pressure
at the temperature of the liquid). Equation (5) can be rewritten as 

J�q��λ∆T � q*J (7)

Here, λ is the stationary-state thermal conductivity and q* is the heat of transfer. The
results of the simulations for λ and q* are shown as a function of surface tension in
Figures 3 and 4. The transfer coefficients decrease in magnitude as we move from the
critical point in the phase diagram (zero surface tension) to the triple point (maximum
surface tension). It is reasonable that the surface becomes more resistive at high surface

p
�
p*(Tl)

1
�
T

p
�
p*(Tl)

1
�
T
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Figure 1 Density variation across a non-isothermal NEMD cell. The extension of the surface
is indicated by vertical bars
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tensions. In the same figures, the results are compared to computations from kinetic the-
ory. Kinetic theory predicts the properties of hard spheres and dilute gases. Indeed, we
observe from the figures that the closer one comes to the triple point, the closer the
agreement between theory and simulations. The heat of transfer can be significant; its
minimum value here is 20% of the heat of evaporation. The last term is frequently neg-
lected in thermal modelling of interface transport. In this case, it was found that the flux
equations were linear in the forces, even for large gradients. It was thus not necessary
to invoke a nonlinear dependence on the forces, as is done in statistical rate theory.17

Little systematic information is available on surface transfer coefficients. There
are indications that the surface transfer coefficients may depend on the range of par-
ticle interaction.18 The entropy production rate per m2 of area can be high for the sur-
face, implying that the surface conductivity per m is smaller than the conductivity of
the homogeneous phases. But since the homogeneous phases are thicker than the
surface, these phases may still give the dominating total contribution to the entropy
production of the system.19
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Figure 3 Heat of transfer for the Lennard-Jones spline surface and from kinetic theory
according to Røsjorde et al.9
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Figure 2 Surface tension as a function of surface temperature in equilibrium (whole line) and
in a temperature gradient (points)
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4 NET Equations for Distillation Columns
Distillation columns are made to separate at least two different components. There
are several different types of columns. The assumption of equilibrium between the
liquid and vapour that leave each tray is still in common use to model tray distilla-
tion. The work of Krishna and Wesselingh20 shows, however, that non-equilibrium
models give results that are very different from those obtained with the equilibrium
assumption.

A description consistent with NET is the Maxwell–Stefan equations.20 In the
application of Maxwell–Stefans equations, one frequently neglects the heat of trans-
fer, q*. This assumption may be good for gases. It is not so good for liquid mix-
tures.16 According to Section 3, it is likely that the heat of transfer plays an important
role in flux equations of interface transport. Olivier21 showed that failure to include
the heat of transfer leads to an error of up to 20% in the heat flux calculated for some
typical phase transition conditions.

The entropy production rate and the complete set of equations that follows can
be most conveniently written for the liquid film, the interface, and the vapour film
in series.22 Film layers of thicknesses δ L and δ V in the liquid and the vapour 
are illustrated in Figure 5. With constant fluxes (in stationary states), the integration
is easy. The approach was called the integrated interface approach.22 For the 
three layers, the integrated overall force is the sum of the integrated force across
each layer:

∆� ��∆ i
f� ��∆ i,o� ��∆o

f� �
∆� ��∆i

f� ��∆ i,o� ��∆o
f� �

(8)µj
�
T

µj
�
T

µj
�
T

µj
�
T

1
�
T

1
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Figure 4 Thermal conductivity of a Lennard-Jones spline surface and from kinetic theory
according to Røsjorde et al.9
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With constant fluxes of energy and mass through the interface and adjacent films,
the overall resistance coefficients were defined through the parentheses in the fol-
lowing equations:

∆� ��(ree
f,i�ree

s �ree
f,o)Je��

n

k�1

(rek
f,i�rek

s �rek
f,o)Jk

�∆� ��(rje
f,i�rje

s �rje
f,o)Je��

n

k�1

(rjk
f,i,e�rjk

s,e�rjk
f,o,e)Jk

(9)

With these relations, the combined films and interface is regarded as an “effective
interface”. There is no need to assume phase equilibrium between liquid and vapour.
The entropy production rate can alternatively be expressed by the measurable heat
flux in the vapour and fluxes of mass.18,22 This set of flux equations was used to
explain the entropy production in tray distillation columns. However, it has not yet
been used for predictive purposes. Much work remains to be done to include these
equations in a software that is useful for industrial purposes.

5 The Second Law Optimal Path of Operation
A process, natural or industrial, follows a path between states. In industry, this is
called “the path of operation”. Prigogine14 investigated the dissipation of energy in
a system out of equilibrium, and found that the entropy production rate was at a min-
imum in the stationary state close to global equilibrium. Schechter23 gave a varia-
tional formulation of the problem by solving the partial differential equations that
resulted from substituting the flux equations into the conservation equations. He
confirmed that the entropy production was minimum in the stationary state, provided
the phenomenological coefficients were constant. This may have strengthened the
belief that processes need to be globally linear4 for NET to be useful, an assumption
that would limit the applicability of the theory seriously.

µj
�
T

1
�
T
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Rather than asking for the general nature of a system that dissipates energy at the
stationary state, like Prigogine and Schechter did, we find it more appropriate, at
least for industrial purposes, to ask about the nature of the operating path, given cer-
tain constraints. A typical example would be: how can we minimise the entropy pro-
duction of a system while maintaining a given production (or heat exchange)? The
solution to this minimisation problem can be found for conditions far from global
equilibrium, and is different from the solution found by Prigogine14 or Schechter.23

The question of constrained optimisation is answered in a standard manner by
Euler–Lagrange optimisations. By formulating the problem with optimal control
theory, Johannessen and Kjelstrup24 explained that the “Hamiltonian” of the problem
was constant in a study of chemical reactors. The total entropy production for a plug
flow reactor was written as a function of a position-dependent state variable vector
x(z) and the control variable u(z):

�L

0

σ (x(z), u(z))dz (10)

The Hamiltonian for the problem was constructed as

H(x(z), u(z))�σ �λT� ��λP� ���
m

i

λki� � (11)

The solution to the problem is given by 2(m�2) differential equations for the tem-
perature, pressure, degrees of conversion, and for Lagrange multipliers (T, P, ki, λT,
λP, and λki

), with partial derivatives of H, where m is the number of reactions
between the components.24 The constant Hamiltonian of this problem was reduced
to a solution with constant entropy production, σ, in the case of a heat exchange
process. Using NET, it was also found that this solution was approximated by a solu-
tion with constant driving force, Xi.

25 How to realise this in practice, remains to be
solved.

6 Second Law Optimal Distillation Columns
For an adiabatic distillation column separating a binary mixture, the path of opera-
tion is shown through a McCabe–Thiele diagram in Figure 6. The compositions in
the liquid and vapour streams at different trays are shown. Linear operating lines
result when the heats of vaporisation of the two components are equal. For a diabatic
distillation column,26 however, the operating lines are curved and tend to follow the
equilibrium line, as shown in the right part of Figure 6. This kind of operation is pos-
sible if heat is added or withdrawn on each tray. As a consequence, the entropy pro-
duction rate in the column plus heat exchangers decreases.

A reduction of 38% in the entropy production rate was obtained for a binary sep-
aration of benzene and toluene in an equimolar mixture. The heat added on each tray
in the optimal diabatic column and the corresponding vapour flows are shown in
Figure 7.

The results for the corresponding adiabatic column are also shown for compari-
son. The most important trays for distributed heating were the trays closest to the
reboiler and condenser.

dki
�
dz

dP
�
dz

dT
�
dz

dSirr
�

dt
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A new design that takes the varying vapour flows into account was proposed.27 The
effect of the changing hydrodynamic conditions has not yet been explored. It is still
too early to conclude on the precise outcome of these optimisation studies, since the
assumption of equilibrium on each tray was also used in the model. Progress in the
methods of Section 4 may lead to improvements in the future. It is documented that
the lost work can be reduced, but the increased investment costs are not yet clarified.
Nevertheless, it is important to understand the thermodynamic conditions for optimal
performance, independent of technical-economic considerations.

7 Second Law Optimal Chemical Reactors
The entropy production of a sulfur dioxide oxidation (exothermic) reactor with heat
exchangers was minimised in two different cases.28,29 Case 1 was a four-bed reactor
with intermediate heat exchangers of a given total area,28 see Figure 8. The entropy
production rate was calculated from the entropy balance over the system. All inlet
and outlet flow conditions were kept constant, except the pressure at the outlet. The
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problem was to find the inlet and outlet temperatures of the intermediate heat
exchangers. These were found, and shown to give a saving of 16.7% in lost exergy.

Case 2 was a typical plug flow reactor with temperature profiles as shown in
Figure 9.29 The entropy production rate was calculated from NET. The coolant 
temperature profile that gave the minimum entropy production rate was determined.
Inlet and outlet conditions were kept constant, and so was the area of heat exchange.
The bold lines in Figure 10 represent a case with 11% smaller exergy loss. In the
next case, three constant boiling liquids were used as coolant. The length and tem-
perature of the heat exchangers were set free to vary. The result is indicated by the
grey lines in Figure 10. The lengths of the coolers are given by the vertical lines in
the figure, and their temperature is shown on the ordinate axis. The lost work was
now reduced by about 7%.29
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Figure 9 Temperature of the reaction mixture, T, and of the coolant, Ta, in the plug flow reac-
tor for sulfur dioxide oxidation according to Johannessen and Kjelstrup29

CTI_CHAPTER_01.qxd  5/31/2004  10:35 AM  Page 9



8 Conclusions
By referring to a few selected examples, we have discussed the following:

• Entropy production is important for a proper definition of fluxes and forces in
non-equilibrium systems that are relevant to the industry. A higher accuracy in
the fluxes can be obtained using NET.

• NET can be used to describe transport of heat and mass in the presence of sub-
stantial gradients in systems far from global equilibrium.

• Transport of heat and mass across interfaces can be described without using
assumptions of equilibrium at the phase boundary.

• Expressions for the entropy production rate can serve as object functions in
optimisations. NET offers an insight into the nature of the solution by charac-
terising the system’s H, σ, or Xi.

These properties of NET may prove useful for modelling and in the design of
more energy-efficient chemical processes in the future.

Acknowledgement
The Research Council of Norway and the Statoil Vista Program are thanked for
financial support.

References
1. B. Hafskjold and S. Kjelstrup Ratkje, J. Stat. Phys., 1995, 78, 463.
2. A. Røsjorde, D. W. Fossmo, S. Kjelstrup, D. Bedeaux and B. Hafskjold, J. Colloid Interf.

Sci., 2000, 232, 178.
3. S. Kjelstrup, C. Jesudason and B. Hafskjold, Proceedings of ECOS 2003, Copenhagen,

Denmark, 2003.

10 Chapter 1

0 1 2 3 4 5 6
600

700

800

900

1000

Position/m

T
em

pe
ra

tu
re

/K

T
Ta

Figure 10 Temperatures T and Ta in the reactor with minimum entropy production. The cases
of a continuous and a discrete coolant profile are shown according to Johannessen
and Kjelstrup29

CTI_CHAPTER_01.qxd  5/31/2004  10:35 AM  Page 10



4. D. Bedeaux, Adv. Chem. Phys., 1986, 64, 47.
5. D. Bedeaux and P. Mazur, Physica A, 2001, 298, 81.
6. D. Reguera and J.M. Rubi, Phys. Rev. E, 2001, 64, 61106.
7. A. Perez-Madrid, J. M. Rubi and P. Mazur, Physica A, 1994, 212, 231.
8. J. M. G. Villar and J. M. Rubi, PNAS, 2001, 98, 11081.
9. A. Røsjorde, D. W. Fossmo, S. Kjelstrup, D. Bedeaux and B. Hafskjold, J. Colloid Interf.

Sci., 2001, 240, 355.
10. Y. Demirel, Nonequilibrium Thermodynamics. Transport and Rate Processes in Physical

and Biological Systems, Elsevier, Amsterdam, 2002.
11. L. Onsager, Phys. Rev., 1931, 37, 405.
12. L. Onsager, Phys. Rev., 1931, 38, 2279.
13. S. R. de Groot and P. Mazur, Non-Equilibrium Thermodynamics, Dover, London, 1984.
14. I. Prigogine, Thermodynamics of Irreversible Processes, Charles C. Thomas, Springfield,

1955.
15. B. D. Coleman and C. Truesdell, J. Chem. Phys., 1960, 53, 28.
16. B. Hafskjold, in Thermal Nonequilibrium Phenomena in Fluid Mechanics, W. Kohler and

S. Wiegand (eds), Springer, Berlin, 2002.
17. G. Fang and C. A. Ward, Phys. Rev. E, 1999, 59, 441.
18. S. Kjelstrup, T. Tsuruta and D. Bedeaux, J. Colloid Interf. Sci., 2003, 256, 451.
19. G. M. de Koeijer and S. Kjelstrup, Chem. Eng. Sci., 2003, 58, 1147.
20. R. Krishna and J. Wesselingh, Chem. Eng. Sci., 1997, 52, 861.
21. M.-L. Olivier, Proceedings of ECOS 2003, Copenhagen, Denmark, 2003.
22. D. Bedeaux and S. Kjelstrup, Proceedings of ECOS 2003, Copenhagen, Denmark, 2003.
23. R. S. Schechter, The Variational Method in Engineering, McGraw-Hill, New York, 1967.
24. E. Johannessen and S. Kjelstrup, Proceedings of ECOS 2002, Berlin, Germany, 2002.
25. R. Rivero, Energy, 2001, 26, 561.
26. E. Johannessen, L. Nummedal and S. Kjelstrup, J. Heat Mass Transf., 2002, 45, 2649.
27. G. M. de Koeijer, Energy efficient operation of distillation columns and a reactor apply-

ing irreversible thermodynamics, Ph.D. Thesis, Department of Chemistry, Norwegian
University of Science and Technology, Trondheim, 2002.

28. G. M. de Koeijer, E. Johannessen and S. Kjelstrup, Energy, in print.
29. E. Johannessen and S. Kjelstrup, Energy, in print.

Non-Equilibrium Thermodynamics in Industry 11

AQ1
AQ2

CTI_CHAPTER_01.qxd  5/31/2004  10:35 AM  Page 11



Manuscript Queries  
 
Title: Chemical Thermodynamics for Industry 

Chapter-1 
 

 
Page  Query Number Query 

11 Aq1 Please update 
11 Aq2 Please update 
 


