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Abstract

We explain that the path of minimum entropy production in a system with nonlinear
flux-force relations, which do not depend explicitly on the state variables of the
system, can be characterised by equipartition of driving forces and equipartition of
entropy production. The explanation is based on an optimal control theory formula-
tion of the optimisation problem. The finding helps explaining recent numerical ob-
servations on the second law optimal state of chemical reactions.

1. Introduction

Studies of systems with minimum entropy production have given two important the-
orems: the theorems of equipartition of entropy production (EoEP, see for instance
[1]) and of equipartition of forces (EoF, see for instance [2]). Both theorems apply
to systems with linear flux-force relations. Some works have considered the extension
of EoF to nonlinear flux-force relations [3–8]. The main focus has then been on
chemical reactions. The reaction rate is generally a nonlinear function of its driving
force, except in a linear regime close to chemical equilibrium. In these earlier works,
the transfer paths of the system were assumed to be parallel and disconnected, how-
ever. This means that earlier proofs do not apply to systems in which memory e¤ects
play a role; for example, in systems where di¤erential equations (e.g., conservation
equations for energy, mass, and momentum) connect locations in space or instances
in time. Such systems are by far the more common ones.

This work is a contribution to the discussion of EoEP and EoF for systems with non-
linear flux-force relations and memory e¤ects. We shall show that both EoEP and
EoF can apply also to a large class of nonlinear flux-force relations. We show this



using an optimal control theory formulation of the entropy production minimisation
problem. This means that we can take the governing di¤erential equations of the
problem into account from the outset. We are therefore able to give a complete set
of assumptions leading to EoEP and EoF for systems with a particular class of non-
linear flux-force relations. In this manner, we shall extend the range of validity of the
theorems.

In two recent papers [9, 10], we studied entropy production minimisation in plug flow
reactors. Among other things, we studied a single reaction controlled by the temper-
ature of the reacting mixture. We found numerically that EoEP and EoF were very
good approximations to the optimal solution even though the flux-force relation was
nonlinear. We suggested that the small deviation from EoEP and EoF was caused by
relatively small nonlinearities in the reaction rate. Here, we shall give another possi-
ble explanation of these results.

2. Optimal control theory formulation of entropy production
minimisation

The entropy production minimisation problem that we study is a standard problem
in optimal control theory [11]. The state of the system is described by a state variable
vector y. Our control variables are the thermodynamic forces in the system, x. We
assume that x can take any real value. The state variables are governed by ordinary
di¤erential equations on the following form:

dy

dz
¼ AðyÞGJðy; xÞ: ð1Þ

Here, z is a spatial dimension or time. The matrices AðyÞ and G contain proportion-
ality factors and geometric constants, respectively. Furthermore, Jðy; xÞ is a vector
with the fluxes in the system. In this matrix formulation, the total entropy production
of the system is

dS

dt

� �
irr

¼
ðL

0

xTGJðy; xÞ dz: ð2Þ

We have indicated in Eqs. (1) and (2) that G is a constant matrix, A depends on
the state variable vector (through heat capacities, flow rates, enthalpies, etc.), and J
depends on both the state vector and the forces. The models which have been used in
most studies of the state of minimum entropy production (see for instance [12, 13]),
are contained in this matrix formulation.

Following the standard procedure of optimal control theory [11], we write the Ham-
iltonian of the optimal control problem:

Hðy; x; lÞ ¼ xTGJðy; xÞ þ lTAðyÞGJðy; xÞ; ð3Þ

where l is a vector with multiplier functions. The Hamiltonian is autonomous,
meaning that it does not depend explicitly on z. The Hamiltonian should therefore
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be constant along the z-coordinate [11]. The necessary conditions for minimum en-
tropy production are

dy

dz
¼ qH

ql

� �T

;
dl

dz
¼ � qH

qy

� �T

;
qH

qx
¼ 0: ð4Þ

The last of these conditions gives

qH

qx
¼ ðGJðy; xÞÞT þ xT qðGJðy; xÞÞ

qx
þ lTAðyÞ qðGJðy; xÞÞ

qx
¼ 0: ð5Þ

By solving this equation for lTA and introducing the result in Eq. (3), the Hamilto-
nian becomes

H ¼ �ðGJðy; xÞÞT qðGJðy; xÞÞ
qx

� ��1

ðGJðy; xÞÞ: ð6Þ

The right-hand side of this equation is the Spirkl-Ries quantity [12]. The equation
says that the Spirkl-Ries quantity, like the Hamiltonian, is constant along the z-
coordinate.

As an example of the formalism given above, consider a chemical reactor with a
single reaction and where heat is exchanged with a heating/cooling medium on the
outside of the reactor wall [9, 10, 14]. We neglect the pressure drop due to frictional
flow. The governing di¤erential equations for this system are derived from the con-
servation of energy and a mole balance (see for instance [9, 14, 15] for details). For
this example, Eq. (1) is

dT
dz

dx

dz

2
4

3
5 ¼

pDJqþWrBrDrHP
i
FiCp; i

WrBr

F 0
A

2
664

3
775 ¼

1P
i
FiCp; i

� DrHP
i
FiCp; i

0 1
F 0

A

2
64

3
75

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
AðyÞ

pD 0

0 WrB

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

G

Jq

r

� �
|fflffl{zfflffl}
Jðy;xÞ

ð7Þ

and the integrand in Eq. (2), the local entropy production, s, is

s ¼ pDJqD
1

T
þWrBr �DrG

T

� �

¼
D 1

T

� DrG
T

2
4

3
5

T

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
xT

pD 0

0 WrB

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

G

Jq

r

� �
|fflffl{zfflffl}
Jðy;xÞ

: ð8Þ
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Here, the state variables are the temperature, T , and the conversion in the reaction,
x. The state variable vector is thus y ¼ ½T ; x�T. The other vectors and matrices are
defined in Eqs. (7) and (8). The conversion is referred to the inlet molar flow rate of
the reference component A, F 0

A. The length coordinate is z. The variables D, W, and
rB, are reactor diameter, cross-sectional area, and density of the catalyst bed, respec-
tively. The flux Jq is the sensible heat flux from the heating/cooling medium to the
reaction mixture. The molar flow rates and the molar heat capacities are Fi and
Cp; i, respectively. The reaction rate is r, and DrH is the reaction enthalpy. The chem-
ical force is �DrG=T , where DrG is the reaction Gibbs energy, and the driving force
for heat transfer across the reactor wall is Dð1=TÞ ¼ 1=T � 1=Ta, where Ta is the
temperature of the heating/cooling medium.

A thorough discussion of entropy production minimisation in chemical reactors was
given by [9, 10, 14]. In those works, Ta was the only control variable, meaning that
all the forces could not be controlled independently. This lack of control of the forces
is often the case (see also [16, 17]). In this work, we consider the ideal situation when
all the forces can be controlled independently, and we focus on the e¤ect of nonlinear
flux-force relations. One such example is a reactor with a single reaction where the
heat transfer resistance is zero, meaning that T ¼ Ta, and we can consider T as the
control variable. This situation was discussed in [9, 10], and we shall use it as an
example in Section 4.

3. EoEP and EoF and nonlinear flux-force relations

We now consider the class of flux-force relations where the fluxes are functions of the
forces only, that is J ¼ JðxÞ. There is no dependence on the state vector, y. When
this is the case, the local entropy production is only a function of the forces, meaning
that the local entropy production is constant (EoEP) whenever all the forces are con-
stant (EoF).

A system with one flux/one force is a special case. In this case, EoF and EoEP follow
directly from the Spirkl-Ries quantity, Eq. (6), when J ¼ JðxÞ. The reason is that the
right-hand side of Eq. (6) is then only a function of the single force in the system. The
functional form of JðxÞ does not matter, meaning that the flux-force relation can be
nonlinear. When there is more than one flux/one force, the situation is more com-
plicated. For J ¼ JðxÞ, the Spirkl-Ries quantity says that a function of the forces
should be constant. This does not imply, however, that all the forces, and therefore
also not the entropy production, are constant.

In order to obtain EoF and EoEP for N > 1 fluxes/forces, we must assume that the
matrix A is constant. This means that the Hamiltonian does not depend on y any
more (cf. Eq. [3]). The second necessary condition in Eq. (4) then gives that l is
constant. So, when A and l are constant, Eq. (5) is a set of N algebraic equations in
the N forces. Since the forces are independent, the solution of the algebraic equations
is that all forces, and the local entropy production, are constant (EoEP and EoF).
Once again, the functional form of JðxÞ does not matter, and the flux-force relation
can be nonlinear.
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In summary, we have shown that the state of minimum entropy production is
characterised by EoEP and EoF, even for nonlinear flux-force relations, when some
additional assumptions are made:

1) We can control all the forces independently, and there are no constraints on their
values.

2) The fluxes depend only on the forces, J ¼ JðxÞ.
3) The matrix A is constant, i.e., it does not depend on y.

The first assumption was made from the outset, but should not be forgotten. It is
often not considered as a separate assumption, but rather as a feature of the optimi-
sation problem itself (see for instance [1–3, 12, 13]). The second assumption was re-
quired in the one force/one flux case, as well as in the general case (N > 1). The last
assumption was only needed for N > 1.

In reality, the fluxes usually depend on both the forces and the state variables. This
means that EoF and EoEP are not strictly valid. When the force dependence is much
larger than the state variable dependence, the discussion above suggests that EoF
and EoEP are good approximations also when the system has nonlinear flux-force
relations. This requires, of course, that the other assumptions leading to EoEP and
EoF for systems with nonlinear flux-force relations hold.

We can extend this analysis to systems with flux-force relations like J ¼ Jðz; xÞ. In
this case, the Hamiltonian and the Spirkl-Ries quantity are not constant, since the
Hamiltonian is not autonomous any more. Bedeaux et al. [3] studied this class of
flux-force relations. They studied in particular the form J ¼ fðzÞgðxÞ, and found
that EoF applies for any gðxÞ. Note that EoEP does not apply in this case since the
local entropy production now depends on the forces and the z-coordinate. By intro-
ducing J ¼ fðzÞgðxÞ in Eq. (5), we find the same result as [3], provided that we also
assume that A is constant (assumption 3 above). Bedeaux et al. [3] did not need this
additional assumption since they did not consider governing equations like Eq. (1).
Their treatment concerned parallel and completely disconnected transfer paths, while
our statement applies to systems with memory e¤ects.

4. A single chemical reaction

Many works on the equipartition theorems and nonlinear flux-force relations have
studied chemical reactions [4–8]. In two recent papers [9, 10], we found that EoEP
and EoF were good approximations to the state of minimum entropy production
for a single reaction controlled by the temperature of the reacting mixture. We shall
therefore illustrate the equations above, using the elementary reaction ASB as an
example. The state variable in this optimal control problem is the conversion of the
reaction. Measures for the composition, like the concentrations (cA and cB), can be
calculated from the conversion. The control variable is the temperature, T .

The rate expression for the reaction is well known from reaction kinetics,

r ¼ k1cA � k�1cB ¼ k1cA 1 � cB

KeqcA

� �
; ð9Þ
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where k1 ¼ A1 expð�E1=RTÞ and k�1 ¼ A�1 expð�E�1=RTÞ are Arrhenius type rate
constants, and Keq ¼ k1=k�1 is the equilibrium constant.

In order to compare with the results in the last section, we need to replace the tem-
perature, T , by the force of the reaction, � DrG

T
, everywhere in the rate expression.

We start with the expression for the force:

�DrG

T
¼ �DrG

m

T
�R ln

cB

cA

� �
¼ �R ln

cB

KeqcA

� �
; ð10Þ

which gives

� 1

T
¼ 1

DrHm
�DrG

T
� DrS

m þ R ln
cB

cA

� �� �
: ð11Þ

Here, we have assumed that DrH
m and DrS

m are constant. When we introduce this
result in Eq. (9), we obtain

r ¼ ~AAcA
cB

cA

� �b

exp
b

R
�DrG

T

� �� �
1 � exp � 1

R
�DrG

T

� �� �� �
; ð12Þ

where ~AA ¼ A1 expð�bðDrS
m=RÞÞ and b ¼ E1=DrH

m. This form of the rate expres-
sion shows that the reaction rate normally is not only a function of � DrG

T
. It is also

a function of the state variable (the conversion of the reaction) through the factor
cAðcB=cAÞb. This means that EoEP and EoF do not apply for this rate expression.
The same is true for more complicated rate expressions, like for instance rate expres-
sions from heterogeneous catalysis.

Even though EoF and EoEP do not apply in a strictly mathematical sense for chem-
ical reactions, these equipartition results can be good approximations to the state
of minimum entropy production outside the range of linear flux-force relations.
Taking the reaction ASB as an example, we expect that EoEP and EoF are good
approximations whenever cAðcB=cAÞb is relatively constant, compared to the force-
dependent part of the rate expression. This applies for other rate expressions too,
and could be the reason why we obtained good agreement between EoEP/EoF and
the true optimum for a single reaction in two earlier papers [9, 10]. Another explana-
tion, which we suggested in [9], is that relatively small nonlinearities in the rate
expression lead to small deviations from EoEP and EoF. It is hard to decide which
of these explanations is most appropriate for a given reaction. First, to quantify the
relation between a deviation from EoEP/EoF and the degree of nonlinearity is not
trivial. Second, the two explanations might coincide, meaning that they both hold at
the same time. We shall therefore not try to decide here which explanation is the
best. We just conclude that there are two possible explanations of our result in [9,
10].
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5. Conclusion

On the basis of an optimal control theory formulation of entropy production minimi-
sation, we have showed that EoEP and EoF apply to systems with nonlinear flux-
force relations, when the fluxes do not depend explicitly on the state variables of the
system. We gave the complete set of assumptions needed to obtain this result. Most
nonlinear flux-force relations have an explicit dependence on the state variables,
though. When the dependence on the state variables was relatively small, compared
to the force dependence, we explained that EoEP and EoF were good approxima-
tions to the true optimum. A chemical reaction was used as an illustration. This
gave one possible explanation to the finding that the state of minimum entropy pro-
duction for a single chemical reaction, controlled by the temperature of the reacting
mixture, agreed well with EoEP/EoF [9, 10].
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