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Minimum entropy production rate in plug flow reactors: An
optimal control problem solved for SO2 oxidation
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Abstract

We present a way to minimize the entropy production rate in plug flow reactors using optimal control
theory, a well known branch of optimization theory. A general formulation is first presented for a plug
flow reactor with several reactions, when the temperature of the cooling/heating medium is the control
variable. The Hamiltonian of the optimal control problem is constant. We present some solutions of the
optimization problem for SO2 oxidation. It is shown that reductions in the entropy production rate up to
25% can be achieved by varying the reactor length and controlling the utility. Furthermore, the results
shed light on properties of the optimal states. An hypothesis is proposed that a reactor with high energy
efficiency has relatively long sections with almost constant driving forces and entropy production rate.
# 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The energy efficiency of a process or a process unit is best evaluated with the second law of
thermodynamics [1,2]. The first step in such an evaluation is to find the actual efficiency. The
lost work of the process is then central. The lost work is the entropy production rate times the
temperature of the environment (The Gouy Stodola theorem). The lost work is commonly cal-
culated from an overall analysis of the system, but it can also be calculated using irreversible
thermodynamics. More details of the process are then needed.

When the entropy production in a process is found, the next problem is to find if a reduction
is possible. This kind of optimization is now well established for many kinds of process equip-
ments [1,3]. The study of chemical reactors in this context is not so well developed, however.
Our aim is therefore to contribute to better second law analyses and optimizations in the chemi-
cal process industry, in particular of reactor systems. The present work is a continuation of
earlier efforts in this field [4–8].



Nomenclature

Cp,i heat capacity of component i (J/K mol)
D reactor diameter (m)
Dp catalyst pellet diameter (m)
EoEP equipartition of entropy production
EoF equipartition of forces
FA molar flow rate of component A (mol/s)
FT total molar flow rate (moles/s)
Fi molar flow rate of component i (mol/s)
DrGj Gibbs energy of reaction j (J/mol)
�DrGj=T chemical force of reaction j (J/K mole)
H Hamiltonian of the optimal control problem (J/K m s)
DrHj heat of reaction j (J/mol)
Jq sensible heat flux (J/m2 s)
L reactor length (m)
MW molecular weight (kg/mol)
P pressure (Pa)
R gas constant (J/K mol)
ðdS=dtÞirr total entropy production rate (J/K s)
S entropy (J/K mol)
T temperature of reaction mixture (K)
Ta temperature of utility (K)
D(1/T) thermal force (1/K)
U overall heat transfer coefficient (J/K m2 s)
fT right-hand side in Eq. (5) (K/m)
fP right-hand side in Eq. (6) (Pa/m)
fnj

right-hand side in Eq. (8) (1/m)

rj rate of reaction j (mol A/kg cat s)
u control variable
v gas velocity (m/s)
x state variable vector
xi mole fraction of component i
z position in the reactor (m)
e catalyst bed void fraction
k vector with multiplier functions
kP multiplier function (J/K Pa s)
kT multiplier function (J/K2 s)
knj

multiplier function (J/K s)

l gas viscosity (kg/m s)
mj,i stoichiometric coefficient of component i in reaction j
X cross-sectional area (m2)
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Hi;HT molar flow ratio defined in Eq. (3)
qB apparent catalyst density (kg/m3)
q gas density (kg/m3)
r local entropy production rate (J/K m s)
nj conversion of reaction j
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In our first studies of entropy production rate minimization, we proposed that processes of
heat exchange and chemical reactors could be approximated by parallel production paths (paths
that do not interfere with each other) [9,10]. Over the last years, it has become clear to us, that
this approximation does not hold true when conservation equations are linking variables at dif-
ferent positions in the process [11]. We shall see that this is also the case in the present work.
The approximation of parallel production paths that led to the theorem of equipartition of
forces (EoF) does not hold true. When we took the conservation equations for the system into
account in the simple heat exchange problem studied earlier [11], we found that equipartition of
entropy production (EoEP) was optimal. This finding cannot be transferred to reactor systems.

It is therefore necessary to pay more attention to the role played by the conservation equa-
tions in the formulation of the optimization problem for chemical reactor systems. Nummedal
and coworkers [6–8] started this using numerical methods. In this paper, we formulate the
entropy production rate minimization problem for chemical reactors using optimal control
theory, in an attempt to strengthen the analytical basis of the optimization method. This theory
includes conservation equations properly from the outset. We report here our first findings
using this theory, with one control variable, namely the temperature of the reactor utility (i.e.
cooling/heating system).

We shall formulate the problem for a general plug flow reactor, and explain that the Hamil-
tonian of the optimal control problem is constant. This property reduces to EoEP for the simple
heat exchange problem studied earlier [11]. We have not been able to find such a strong physical
interpretation for the Hamiltonian for chemical reactors, however. But the results lead us to the
formulation of an hypothesis for the state of minimum entropy production rate. According to
the hypothesis, the system is seeking a state of operation that has regions of fairly constant driv-
ing forces.

We have chosen to solve the equations for a standard reactor that oxidizes sulfur dioxide [12].
This reactor was studied before [4], so progress in method development can therefore be docu-
mented more easily. A short version of the work with a practical application of the theory has
already been presented [13].
2. The system

The system we study is a tubular reactor with diameter D and length L, see Fig. 1. The reac-
tor is filled with catalyst pellets with diameter Dp and apparent density qB (per unit volume of
reactor). The total void fraction of the catalyst bed is e.
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We use a simple model for the reactor. We assume that the gas velocity profile is flat, and

that there are no radial gradients inside the reactor. All heterogeneous effects due to diffusion

and reaction inside the catalyst pellets are neglected. Transport in the z-direction is only by con-

vection, and there is no back-mixing. These are the assumptions of the plug flow model for

tubular reactors. A cooling/heating medium is placed on the outside of the reactor tube in

order to remove/supply heat. We call this medium ‘the utility’ from now on. The heat is trans-

ferred in the radial direction.
We model the state of the reacting stream as it moves from the inlet at z ¼ 0 to the outlet at

z ¼ L. The state is fully specified by the temperature, T(z), pressure, P(z), and chemical compo-

sition. When, in addition, the temperature of the utility, Ta(z), is known, the system is fully

characterized.
We use conversions to keep track of the composition along the reactor (see for instance [12]),

and we consider a gaseous reacting mixture with n components. At the catalyst surface, a total

of m reactions take place. A component, A, that participates in all reactions is chosen as refer-

ence. In order to obtain all conservation equations on standard form, we arrange the reactions

as follows:

0 ¼ �A þ
X
i;i 6¼A

mj;iBi j ¼ 1; . . . ;m (1)

Here, Bi is component i and mj,i is the stoichiometric coefficient of component i in reaction j. In

all indexes and summations, i is reserved for components and j is reserved for reactions. The

stoichiometric coefficients are defined as usual; negative for reactants and positive for products.

The stoichiometric coefficient for A is always �1.
The conversion of reaction j is defined as

nj ¼
moles of A consumed by reaction j

moles of A at the inlet

The molar flow rate of component i, Fi, then becomes

Fi ¼ F0
A hi þ

X
j

ðmj;injÞ
" #

i ¼ 1; . . . ; n (2)
Fig. 1. System sketch.
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where

hi ¼
F0

i

F0
A

hT ¼ F0
T

F0
A

(3)

Here, superscript 0 means values at the inlet (z ¼ 0), and FT is the total molar flow rate. Finally,
the mole fractions are

xi ¼
Fi

FT
¼

hi þ
P

j½mj;inj	
hT þ

P
j½nj
P

i mj;i	
i ¼ 1; . . . ; n (4)

2.1. Conservation equations

The state variables are governed by the conservation equations. These are the energy balance,
the momentum balance and the mole balances, see for instance [12]. The energy balance gives

dT

dz
¼

pDJq þ XqB

P
j½rjð�DrHjÞ	P

i½FiCp;i	
(5)

Here, Jq is the heat flux through the reactor wall, X is the cross-sectional area of the reactor, rj
is the rate of reaction j, DrHj is the enthalpy of reaction j, and Cp,i is the heat capacity of
component i. The apparent density of the catalyst bed, qB, enters the energy balance because rj
is given per kilogram of catalyst. (The same is the case in Eq. (8).)

Ergun’s equation is used to describe the momentum balance or pressure drop:

dP

dz
¼ � 150l

D2
p

ð1� eÞ2
e3

þ 1:75q0m0

Dp

1 � e
e3

 !
m (6)

Here, l is the gas viscosity, q0 is the gas density at the inlet, v0 is the gas velocity at the inlet,
and v is the gas velocity. We use the ideal gas law, meaning that the gas velocity is

m ¼ ðFT=XÞRT
P

(7)

where R is the gas constant.
Finally, the mole balances give

dnj
dz

¼ XqB

F0
A

rj j ¼ 1; . . . ;m (8)

2.2. The entropy production rate

In a plug flow model, there are three phenomena that produce entropy: reactions, heat trans-
port through the reactor wall, and frictional flow (pressure drop). The local entropy production
rate (on a unit length basis), as formulated by irreversible thermodynamics [14,15], is therefore

r ¼ XqB

X
j

rj � DrGj

T

� �	 

þ pDJqD

1

T
þ Xm � 1

T

dP

dz

� �
(9)



E. Johannessen, S. Kjelstrup / Energy 29 (2004) 2403–24232408
Each term in Eq. (9) contains a product of a flux and its conjugate force. The first term is a sum
over all reactions; the flux is the reaction rate, rj, and the chemical force is �DrGj=T . The
second term is due to heat transfer; the flux is the sensible heat flux, Jq, and the thermal force is
Dð1=TÞ ¼ ð1=TÞ � ð1=TaÞ. The last term is due to frictional flow; the flux is the gas velocity, v,
and the force is �ð1=TÞðdP=dzÞð Þ.

The total entropy production rate is the integral of r over the reactor coordinate z:

dS

dt

� �
irr

¼
ðL

0

rdz (10)

The total entropy production rate of the reactor can also be calculated from the entropy bal-
ance over the system:

dS

dt

� �
irr

¼ Fout
T Sout � F in

T Sin þ DSu (11)

where Sin and Sout are the entropies of the inlet and the outlet flow, respectively, and DSu is the
entropy change of the utility. The entropy of the utility changes because heat dQðzÞ ¼
�pDJqðzÞdz is transferred to the utility in each element of the reactor with thickness dz. The
total entropy production rate is therefore

dS

dt

� �
irr

¼ Fout
T Sout � F in

T Sin � pD
ðL
0

JqðzÞ
TaðzÞ

dz (12)

Eqs. (10) and (12) are equivalent, so one can be used for consistency check of the other. The lat-
ter equation is the expression for the entropy production rate that is often used to find the lost
work by the Gouy Stodola theorem. Eq. (10) gives more details on the physics of the system,
and it needs more information for a calculation.
3. Optimal cooling/heating of plug flow reactors

3.1. The optimization problem

We want to find the cooling/heating of the reactor which gives minimum total entropy pro-
duction rate in the reactor. More precisely, we want to find the temperature of the utility, Ta(z),
that determines the minimum.

We have chosen to use the expression for the total entropy production rate from irreversible
thermodynamics, Eq. (10), in the minimization. This choice was done to compare with earlier
work, and to obtain more insight in the physics of the system. The other form, Eq. (12), was
used for consistency checks.

A meaningful entropy production minimization must be constrained. Since the primary goal
of a chemical reactor is to produce some chemical(s), we shall always put constraints on the
amount of the chemicals produced in the reactor. The constraints on production of chemicals
can be stated in different ways. We shall formulate them as boundary conditions and restrict
ourselves to the following situation: all conversions are zero at the inlet. At the outlet, all the
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conversions have specified values;

n0
j ¼ 0 and nLj specified j ¼ 1; . . . ;m (13)

This means that the chemical composition of the inlet and outlet streams are fixed.
We shall also sometimes put constraints on the inlet and the outlet temperatures and pres-

sures. We have

T0 specified or T0 free
P0 specified or P0 free
TL specified or TL free
PL specified or PL free

(14)

Different combinations of boundary conditions are appropriate for different situations. There
are 16 different possible combinations of the boundary conditions above.
3.2. The optimal control formulation

The system is governed by the conservation equations, Eqs. (5), (6) and (8). The optimization
is thus an example of a standard problem in optimal control theory [16]. Following optimal
control terminology there are two classes of variables. The first class is the state variables. These
are the variables which are governed by the differential equations that describe the system. The
second class is the control variables. These variables are not governed by the equation. They
influence the behavior of the state variables, and we are free to chose them.

Our state variables are TðzÞ, PðzÞ, and njðzÞ ðj ¼ 1; . . . ;mÞ. The control is Ta(z). In order to
formulate the optimization problem according to optimal control theory, we rephrase the con-
servation equations, Eqs. (5), (6) and (8), as

dT

dz
¼ fTðxðzÞ; uðzÞÞ

dP

dz
¼ fPðxðzÞÞ

dnj
dz

¼ fnj
ðxðzÞÞ j ¼ 1; . . . ;m

(15)

and the total entropy production rate as

dS

dt

� �
irr

¼
ðL

0

rðxðzÞ; uðzÞÞdz (16)

where the state variable vector, x(z), and the control, u(z), are

xðzÞ ¼ ½TðzÞ;PðzÞ; n1ðzÞ; . . . ; nmðzÞ	
uðzÞ ¼ TaðzÞ

(17)

respectively.
The optimization problem is to find the control, u zð Þ ¼ Ta zð Þ, which minimizes Eq. (16) sub-

ject to Eq. (15) and the boundary conditions discussed in the previous section.
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3.3. Necessary conditions for minimum total entropy production rate from optimal control theory

The necessary conditions for a minimum from optimal control theory are derived from the

Hamiltonian of the optimal control problem:

HðxðzÞ; uðzÞ; kðzÞÞ ¼ r þ kTðzÞfT þ kPðzÞfP þ
X
j

½knjðzÞfnj 	 (18)

The Hamiltonian contains the local entropy production rate and products of multiplier func-

tions, k’s, and the right-hand sides of the conservation equations, Eq. (15) (see for instance [16]

for more details on the Hamiltonian). The Hamiltonian of our optimal control problem is

autonomous. This means that it does not depend on z explicitly. It has only indirect dependence

on z through the state variables, the control variable and the multiplier functions.
The necessary conditions for a minimum are given by the following set of 2ðmþ 2Þ differen-

tial equations

dT

dz
¼ @H

@kT
(19)

dP

dz
¼ @H

@kP
(20)

dnj
dz

¼ @H

@knj

j ¼ 1; . . . ;m (21)

dkT

dz
¼ � @H

@T
(22)

dkP

dz
¼ � @H

@P
(23)

dknj

dz
¼ � @H

@nj

j ¼ 1; . . . ;m (24)

and the algebraic equation

Ta ¼ argmin
Ta2<0;1>

H for all z 2 ½0;L	 (25)

In addition, we have 2ðmþ 2Þ boundary conditions. The first 2m boundary conditions are

given by Eq. (13). These boundary conditions fix the chemical production as stated earlier. The

boundary conditions for the temperature and the pressure are more complicated. We want to be

able to handle both specified and free temperatures/pressures at the ends, see Eq. (14). If a tem-

perature or pressure is free in this way, the corresponding multiplier function should be zero at

that end point. This condition is called a natural boundary condition. In summary, the last four
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boundary conditions are

T0 specified or k0
T ¼ 0 (26)

TL specified or kL
T ¼ 0 (27)

P0 specified or k0
P ¼ 0 (28)

PL specified or kL
P ¼ 0 (29)

The solution of the optimization problem is found by solving Eqs. (19)–(24) with the boundary
conditions discussed above. In addition, Eq. (25) must be fulfilled at every position. This is a
non-linear two-point boundary value problem, which has to be solved numerically.

Eqs. (19)–(24) can be compared to the conservation equations in Section 2.1. The first (m þ 2)
differential equations, Eqs. (19)–(21), are the same as the conservation equations for the system.
The remaining differential equations are additional equations to be fulfilled.

The algebraic equation, Eq. (25), can be simplified. As stated in the equation, we allow Ta to
have any positive value. Experience has shown that zero and infinity are not optimal values of
Ta for this problem. We shall here restrict ourselves to cases where @H=@Ta always exists and is
continuous. Eq. (25) simplifies therefore to

@H

@Ta
¼ 0 for all z 2 ½0;L	 (30)

To summarize, we need to solve 2ðmþ 2Þ differential equations to optimize the system, whereas
we only need to solve (m þ 2) differential equations to model it. Further more, the optimization
requires also that Eq. (30) is fulfilled at every position.

Furthermore, we shall need two properties of the Hamiltonian:

1. An important property of the solution is that the Hamiltonian is constant. This is a general
property of optimal control problems where the Hamiltonian is autonomous (see for instance
[16: p. 49–50]). This property of the solution is what reduces to equipartition of the entropy
production rate for heat exchange in Johannessen et al. [11].

2. We shall use the reactor length as a degree of freedom in the optimization. The optimal reac-
tor length, L, is characterized by H ¼ 0 (if we put no restrictions on the value of L). This
property is a result of the boundary conditions that apply when the final state is specified,
but the final length is not (see for instance [16: p. 71–75]).
4. Case study: oxidation of SO2

The exothermic oxidation of SO2 in a tubular fixed-bed reactor:

SO2 þ
1

2
O2 ¼ SO3

shall be used to illustrate solutions of the necessary conditions for minimum total entropy pro-
duction rate. We consider the case when all boundary conditions (temperature, pressure and
conversion) are fixed at both ends to the values of a reference reactor. This means that
upstream and downstream units are not affected by the optimization. We can then compare the
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entropy production of the reference and optimal cases directly without worrying about the other
units in the process.

The data for the plug flow model were taken from Fogler [12]. Details on the reaction rate,
heat capacities, enthalpies and entropies are given in Appendix A.

The reference reactor has constant cooling medium (utility) temperature, 702.6 K, and inlet
conditions given in Table 1. These are the same conditions as used by Fogler [12], except that
the inlet mole fraction of SO3 has been increased from 0 to 0.01.1

There are four components (SO2, O2, SO3 and N2 (inert)) and one reaction in this example.
Eqs. (19)–(24) apply with n ¼ 4 and m ¼ 1. The following expression for the heat flux through
the reactor wall was used:2

Jq ¼ UT2D
1

T
(31)

where U is the overall heat transfer coefficient. The algebraic optimization equation, Eq. (30),
reduces in this case to a result for the temperature profiles:

Ta ¼ T 1 þ kTT

2
P

i FiCp;i

	 
�1

(32)

It is possible to set the temperature at both ends free. It follows that kT is zero (cf. Eqs. (26) and
(27)), and that T ¼ Ta at both ends.
5. Calculations

The model for the reference reactor, Eqs. (5), (6) and (8) with n ¼ 4 and m ¼ 1 and the initial
conditions in Table 1, constitute an initial value problem (IVP). We solved the IVP using the
Table 1
Inlet conditions of the reference reactor
Inlet temperature, K
1 It is not possible to put xSO3
¼ 0 in the rate expression because this

Eq. (33) in Appendix A). Fogler [12] solved this problem by setting the r
fixed number. We chose instead to increase the inlet concentration of SO
ences in the results.

2 Fogler [12] used the expression Jq ¼ UðTa � TÞ ¼ UTTaDð1=TÞ. T
almost the same value, and it simplifies the numerical solution method.
777.78

Inlet pressure, Pa
 202650

Initial flow rate, mol/s
 0.2149

Cooling temperature, K
 702.6

Inlet mole fractions

SO2
 0.11

O2
 0.10

SO3
 0.01

N2 (inert)
 0.78
means that we have to divide by zero (see
eaction rate for low SO3 concentrations to a

3. The two procedures give negligible differ-

he expression in Eq. (31) gives numerically
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Matlab1 6.1.0 function ode15s. The inlet temperature and pressure in Table 1 and the outlet
temperature, pressure and conversion found by integration of the IVP were the boundary con-
ditions used in the optimization.

The necessary conditions for a minimum, Eqs. (19)–(24) with n ¼ 4 and m ¼ 1, Eq. (32) and
the boundary conditions discussed above, constitute a two-point boundary value problem
(BVP). The BVP could not be solved by simple shooting methods because of instability prob-
lems. We therefore solved the BVP by collocation with the Matlab1 6.1.0 function bvp4c. The
collocation method needs a reasonably good initial guess of the solution in order to converge.
We have found good initial guesses using the method described by Nummedal et al. [7]. This
method is based on a discretization of the optimization problem and the solution by sequential
quadratic programming using the Matlab1 6.1.0 function fmincon.

Nummedal et al. [7] reported that they had to use a fine grid (3–400 points) in order to get
high accuracy in the results. This makes the calculations very time consuming. We have found
that only a coarse grid (10–30 points) is needed to create a sufficiently good initial guess for the
collocation method to converge. The method we used therefore finds accurate solutions within a
few minutes.

The calculations were done in four consecutive steps:

1. The model for the reference reactor was solved. The results gave the boundary conditions for
the optimizations in 2, 3 and 4.

2. The first optimization was done with the Ta-profile as control variable. We call the result
‘The (Ta)-optimal reactor’.

3. The same optimization was done for reactor lengths between 4.25 and 7.62 m.
4. Finally, we optimized the reactor, again with the Ta-profile as control variable, but with the

reactor length as an additional variable. We call the result ‘The (Ta, L)-optimal reactor’.

We checked the consistency between the two expressions for the total entropy production
rate, Eqs. (10) and (12), for the reference reactor and some of the optimized cases. The differ-
ence between the values obtained from the two expressions was up to 6% when we used the
equilibrium constant in Fogler [12]. These differences were due to inconsistency between the
equilibrium constant and the heat capacities given by Fogler [12]. We found small differences
of the order of the numerical accuracy when we calculated the equilibrium constant from the
standard enthalpies of formation, the standard entropies and the heat capacities, as described
in Appendix A. We therefore used the latter equilibrium constant expression for all calcu-
lations.
6. Results

6.1. The reference reactor

The temperatures of the reaction mixture and the utility for the reference reactor are given in
Fig. 2. The utility (dashed line) has a constant temperature (702.6 K). The reaction mixture
(solid line) is hotter than the utility and goes through a maximum, ‘a hot spot’, close to the
inlet. The reason for the hot spot is that most of the chemical conversion takes place close to
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the inlet (see Fig. 3, thin solid line). It is the enthalpy of the reaction that causes the rapid tem-
perature rise. Beyond the hot spot, the reaction mixture temperature falls monotonically
towards the utility temperature because the reaction slows down and produce less heat. This
behavior is typical for an exothermic reactor with a boiling liquid as the utility (cooling
medium), and is well understood [12]. We shall give some additional explanations in order to
have a frame of reference for the optimized cases.

Fig. 4 (thin solid line) shows the chemical force, �DrG=T , for the reference reactor. We see
that the force decreases very fast close to the inlet. This is consistent with the high reaction rate
here. The force goes through a minimum approximately at the same position as the maximum
in the temperature profile. Next, high cooling rates increase the force by moving the tempera-
ture away from the equilibrium temperature of the mixture. (The equilibrium temperature of the
reaction mixture (solid line) and the utility (dashed l
Fig. 2. The temperatures of the ine) as functions of the scaled
position, z/L.
3. The conversion as a function of the scaled position, z
Fig. /L.
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mixture is always higher than the temperature when the reaction is exothermic.) Finally, in the
last 2/3 of the reactor, the force does not vary much.

The local entropy production rate of the reference reactor is shown in Fig. 5 (thin solid line).
We see that it has a peak at the inlet and that it is close to constant in the last 2/3 of the reac-
tor. The peak is caused by high reaction rate and high heat flux in the first third of the reactor
compared to the rest (cf. Figs. 2 and 3). The local entropy production rate is completely domi-
nated by the frictional flow contribution in the last 2/3 of the reactor. This contribution is
almost constant since it is proportional to the pressure gradient (see the last term in Eq. (9)).
The pressure gradient is approximately constant for the nearly linear pressure profile of the ref-
erence reactor (not shown).

The total entropy production rate of the reference reactor is given in the second column of
Table 2. The table shows that the largest contribution of the total entropy production rate is
chemical force, �DrG=T , as a function of the scaled po
Fig. 4. The sition, z/L.
l entropy production rate, r, as a function of the scaled
Fig. 5. The loca position, z/L.
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from frictional flow. The other two contributions (from reaction and heat transfer) are also
important.

The outlet temperature, pressure and conversion of the reference reactor are 704.4 K, 1.461
bar and 0.8547, respectively. The inlet temperature and pressure in Table 1, n0 ¼ 0 and the outlet
conditions given here were used in the optimization as boundary conditions for Eqs. (19)–(24)
with n ¼ 4 and m ¼ 1.
6.2. The (Ta)-optimal reactor

The (Ta)-optimal reactor, the reactor with optimal cooling/heating and the same reactor
length as the reference reactor, is presented in the third column of Table 2, in Fig. 2, and by the
dashed lines in Figs. 3–5.

The temperatures of the reaction mixture and the utility for the (Ta)-optimal reactor are given
in Fig. 2. We see that the reaction mixture temperature (solid line) and the utility temperature
(dashed line) increase rapidly and go through a maximum close to the inlet. Then they decrease
almost linearly up to about 1/3 of the reactor length. After that, the temperatures fall rapidly
and goes through a minimum before they rise again towards the outlet.

The most striking feature of the temperature profiles is that the two temperatures cross each
other at approximately 3/4 of the reactor length; heat is transferred to the reaction mixture in
the last quarter of the reactor. This might seem a bit surprising since the reaction is exothermic.
The reason is that we have fixed temperature and pressure at both ends of the reactor. We shall
see in the next section that this crossover disappears if we let the reactor length be free. The
same happens if we let one of the boundary conditions be free (not shown).

The (Ta)-optimal reactor can be divided into three main parts. The first third of the reactor is
dominated by high temperature (see Fig. 2) and rapid conversion of SO2 (see Fig. 3, dashed
line). The chemical driving force (see Fig. 4, dashed line) decreases rapidly at first and becomes
almost constant in this section of the reactor. The thermal force, 1=T � 1=Ta, is also close to
constant when the chemical force is close to constant (compare Figs. 2 and 4 (dashed line)). The
local entropy production rate is dominated by a peak at the inlet in this first part of the reactor
(see Fig. 5, dashed line). This peak is due to the high reaction rate/high chemical force there.

The second part of the reactor is a quenching stage. This takes place approximately at 1/3 of
the reactor length (see Fig. 2). The quenching is the reason for the second peak in the local
entropy production rate in Fig. 5 (dashed line).
Table 2
Total entropy production rates, (J/K s)
Reference
(L ¼ 6:096 m)
(Ta)-optimal
(L ¼ 6:096 m)
(Ta, L)-optimal
(L ¼ 5:128 m)
Reaction
 0.4465
 0.3026
 0.2660

Heat transfer
 0.3942
 0.3929
 0.2261

Frictional flow
 0.5601
 0.5600
 0.5631

Total
 1.4008
 1.2555
 1.0551

% reduction
 –
 10.4
 24.7
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After the quenching, the reaction rate is low (see Fig. 3, dashed line) even though the chemi-
cal force is relatively large (see Fig. 4, dashed line). This last part of the reactor is mainly used
to decrease the pressure to the required outlet pressure. The local entropy production rate is
caused mainly by frictional flow and is low and almost constant (see Fig. 5, dashed line).

The total entropy production rate in the (Ta)-optimal reactor is 10.4%3 lower than the refer-
ence value (see Table 2). It is only the contribution from the reaction that has decreased signifi-
cantly. The contributions from heat transfer and frictional flow are approximately the same in
the (Ta)-optimal reactor and the reference reactor. The contribution from the reaction is lower
in the (Ta)-optimal reactor than in the reference reactor because the chemical production takes
place at higher temperatures where the chemical driving force is relatively low.
6.3. The (Ta,L)-optimal reactor

The total entropy production rate of the optimal reactor is shown as function of the reactor
length in Fig. 6 for the various phenomena. We see that the total entropy production rate (thick
solid line) goes through a minimum at L ¼ 5:128 m. The entropy production rate of heat trans-
fer (thin solid line) shows the same behavior as the total production rate. The entropy pro-
duction rate of the reaction (thick dashed line) is almost constant but has a broad minimum
approximately at the optimal reactor length. The entropy production rate of frictional flow
(thin dashed line) is essentially independent of the reactor length.

The (Ta,L)-optimal reactor, the reactor with optimal cooling/heating and optimal reactor
length, is presented in the fourth column of Table 2, in Fig. 2, and by the thick solid lines
in Figs. 3–5. The table shows that the reactor length has a large effect on the total entropy
3 A short version of this work
in the short version because we
duction rates of the optimal reactor as a function
Fig. 6. The total entropy pro of the reactor length, L, for
L 2 ½4:25; 7:62	 m.
has been presented earlier [13]. Some of the numbers in Table 2 are not the same as
have changed the expression for the equilibrium constant.
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production rate of the optimal reactor. The (Ta,L)-optimal reactor had a 24.7% reduction of the
total entropy production rate compared to the reference reactor, while the (Ta)-optimal reactor
had only a 10.4% reduction. In the (Ta,L)-optimal reactor, we also see that the contribution
from both reaction and heat transfer have been reduced significantly compared to the reference
reactor. There is no significant change in the entropy production of frictional flow.

The main feature of the (Ta,L)-optimal reactor is that the temperatures decrease linearly in
most of the reactor (see Fig. 2). The chemical force (see Fig. 4, thick solid line) and the thermal
driving force, Dð1=TÞ ¼ 1=T � 1=Ta, are both almost constant in this part of the reactor. The
local entropy production rate (see Fig. 5, thick solid line) is also more or less constant here.
There is also such a section in the first 1/3 of the (Ta)-optimal reactor, but it is much shorter.
7. Discussion

7.1. The nature of the optimal states

We have been searching for the temperature profile of the utility (cooling/heating medium)
which is consistent with minimum entropy production rate in plug flow reactors. We formulated
the mathematical problem according to optimal control theory, with the temperature profile of
the utility as the control variable. The Hamiltonian of the optimal control problem, Eq. (18), is
constant in the optimal state. This is a general property of optimal control problems, where the
Hamiltonian is autonomous like here [16].

The constant Hamiltonian generalizes earlier attempts to formulate a theorem for the optimal
state, namely the theorems of equipartition of forces (EoF) [9] and equipartition of entropy pro-
duction rate (EoEP) [18]. The solutions we have presented here are neither characterized by
EoF nor by EoEP. We have not been able to find such a strong physical interpretation for the
Hamiltonian in this case. It is, however, possible to find a strong physical interpretation for the
fact that the Hamiltonian is constant in some special cases. One such case is the process of sim-
ple heat exchange in [11]. In that case, the optimal solution is characterized by EoEP, as a direct
consequence of the constant Hamiltonian.

Another general property of solutions of optimal control problems is that the solution in a
subsection of the system is optimal in itself. If we for instance consider the (Ta,L)-optimal reac-
tor, then the subsection between z=L ¼ 0:2 and z=L ¼ 0:7 is optimal for the following problem:
Minimize the total entropy production rate of a reactor that is half the length of the (Ta,L)-optimal
reactor. The inlet conditions are the temperature, pressure and conversion at z=L ¼ 0:2 in the
(Ta,L)-optimal reactor, and the outlet conditions are the temperature, pressure and conversion at
z=L ¼ 0:7 in the (Ta,L)-optimal reactor. The solution of this problem is characterized by approx-
imately constant thermodynamic forces and approximately constant local entropy production
rate. In other words, if we could choose the boundary conditions freely, meaning that the total
chemical production is not fixed also, the solution is close to both EoF and EoEP. It is neither
given by EoF nor by EoEP, though, since the forces and the local entropy production rate are
only approximately constant.

Furthermore, we have seen that EoF and EoEP are approached as more variables are added
to the optimization. This is demonstrated when the (Ta)-optimal reactor and the (Ta,L)-optimal
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reactor are compared. The section with approximately constant thermodynamic forces and

approximately constant local entropy production rate is larger in the (Ta,L)-optimal reactor

than in the (Ta)-optimal reactor.
The results discussed above suggest the following hypothesis: The state of minimum entropy

production rate is characterized by subsection(s) where the thermodynamic forces and the local

entropy production rate are relatively constant compared to the rest of the system. These sub-

sections grow, as more variables are added and restrictions are lifted. The reason why the

hypothesis use the thermodynamic forces and the local entropy production rate with ‘logical

and’, is that both are usually relatively constant at the same time [11]. The word relative reflects

that the hypothesis is qualitative since neither the forces nor the local entropy production rate

are exactly constant. The hypothesis is a post-optimization tool, or rule of thumb, that can be

used to judge if the solution of the entropy production minimization problem is reasonable. We

still need to do the optimization to find the result.
It is important to note the difference between the hypothesis and the EoF and EoEP theo-

rems. The theorems were proposed from analytical derivations of limited validity. The hypoth-

esis is based on observations, and we are not able to give any proof for it. Secondly, the EoF

and EoEP theorems claim to be valid for the whole system, meaning that the whole system

should have constant forces or constant local entropy production rate. The hypothesis allows

some subsections of the system to have large variations in the forces and the local entropy pro-

duction rate. It just states that these subsections become smaller as more variables are added

and more restrictions are lifted. Furthermore, the theorems have been suggested as tools to find

the state of minimum entropy production rate, meaning that they should be used in the opti-

mization process itself. The hypothesis is a post-optimization tool.
7.2. Comments on earlier work on entropy production minimization in plug flow reactors

Some work on entropy production minimization in plug flow reactors has been done in our

group earlier. In the first attempts [4,17,19], we tried to use the EoF theorem as a design tool.

We found large potentials for improvement of the entropy production rate, but we realized soon

that the EoF theorem had major weaknesses: The conservation equations of the system are not

accounted for properly in the proof of EoF. The optimal control formulation presented here

takes the conservation equations properly into account from the outset.
The first works in our group that took the conservation equations properly into account were

purely numerical [6–8]. The results showed large reductions in the entropy production rate of the

reactors studied, but there were some properties of the solutions that could not be explained prop-

erly. One such property was that the optimal temperatures of the reaction mixture and the utility

were equal at the inlet and the outlet. The optimal control formulation gives us a better math-

ematical grip on the problem. We know now that the reason is that the inlet and outlet temper-

atures were allowed to vary freely in [6–8]: The corresponding kT’s of the optimal control problem

should be zero, and T ¼ Ta as discussed earlier (cf. Eq. (32) and the discussion around it).
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7.3. Practical consequences

We have seen that the total entropy production rate has been reduced significantly by chang-
ing the temperature profile of the utility and the reactor length (10.4% and 24.7%). The practical
implication of these numbers is a higher quality of the net heat output to the utility. Fig. 2
shows that heat is transferred both to and from the utility in the optimal cases. The net heat
output to the utility is fixed and positive though, since it is given by the inlet and outlet states of
the reaction mixture. If we had not fixed the inlet and outlet states, the practical implications of
a reduced entropy production rate would have been more complex. We could have gotten lower
quality net heat output to the utility because all the gain were ‘hidden’ in the exergy difference
between the inlet and outlet streams. This was the case in an earlier work [8]. The tubular steam
reforming of methane was studied. It requires a net heat input because the reactor is endo-
thermic. Entropy production minimization without fixed inlet and outlet states resulted in
higher quality heat input.

The optimized reactors have continuously varying utility temperatures. It is probably difficult,
or maybe impossible, to realize this in practice. We showed in a preliminary version of this
work [13], that it is possible to approximate the solutions by reactors with a finite number of
sections having constant utility temperature in each section.

An important issue concerning the implementation of the optimized solution is the stability
and robustness of the reactor. We have not taken these criteria into account in this work,
because we are interested in the properties of the state of minimum entropy production rate. We
see from Fig. 2 that the maximum temperature of the reaction mixture is higher for the opti-
mized reactors than for the reference reactor. The optimized reactors could therefore have prob-
lems with large catalyst deactivation and maybe even a risk of run-always and explosions. The
stability and robustness constraints must therefore be taken into account before any implemen-
tation takes place.

One of the long term goals of this work is to contribute to the development of new and more
energy efficient chemical reactors. It might be possible to develop a design tool. Such a tool
would require that important issues like stability and robustness are accounted for. It might be
sufficient that the results of entropy production minimizations give important rule of thumb for
energy efficient reactors. More energy efficient reactors can be designed as compromises between
these rules of thumb and other relevant objectives.
8. Conclusion

We have presented a way to minimize the entropy production rate in plug flow reactors using
optimal control theory, with the temperature of the cooling/heating medium as the control vari-
able. The optimal solution is characterized by a constant Hamiltonian function. The problem
was solved for the exothermic oxidation of SO2 with fixed inlet and outlet states of the reaction
mixture. The total entropy production rate was reduced with 10.4% compared to a standard
textbook example with constant external cooling. When the reactor length was allowed to vary,
the reduction increased to 24.7%. The results suggested the following hypothesis: The state of
minimum entropy production rate is characterized by subsection(s) where the thermodynamic
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forces and the local entropy production rate are relatively constant compared to the rest of the
system. These subsections grow, as more variables are added and restrictions are lifted.
Acknowledgements

The Research Council of Norway is thanked for a grant to Eivind Johannessen.
Appendix A.

The reaction rate rSO2
, is given by Fogler [12] as

rSO2
¼ kr

ffiffiffiffiffiffiffiffiffiffi
PSO2

PSO3

s
PO2

� PSO3

PSO2
KP

� �2
" #

(33)

where

kr ¼ 9:8692 � 10�3exp
�97782

T
� 110:1 lnT þ 848:1

� �
(34)

and

KP ¼ 0:003142exp
98359

RT
� 11:24

� �
(35)
Table 4
Reactor parameters
Reactor length (reference), m
 6.096

Reactor diameter, m
 0.0706

Void fraction, –
 0.45

Catalyst density, kg/m3 catalyst
 984.40

Catalyst density, kg/m3 reactor
 541.42

Catalyst pellet diameter, m
 4:572 � 10 3
Gas viscosity, kg/m s
 3:7204 � 10 5
Overall heat transfer coefficient, J/m2 K s
 56.783
Table 3
Standard enthalpies of formation, standard entropies, molecular weights and heat capacity coefficients
S
O2
 O2
 SO3 N
2
DfH
0, J/mol �
2:78 � 10 5
 0:12 � 10 5
 �3:71 � 10 5 0
:12 � 10�5
s0, J/K mol 2
48.888
 204.994
 256.185 1
91.470

MW, kg/mol 6
4 � 10 3
 32 � 10 3
 80 � 10 3 2
8 � 10 3
ACp , J/K mol 3
0.178
 23.995
 35.634 2
6.159
BCp , J/K mol 4
2:452 � 10 3
 17:507 � 10 3
 71:722 � 10 3 6
:615 � 10 3
CCp , J/K mol �
18:218 � 10 6
 �6:628 � 10 6
 �31:539 � 10 6 �
2:889 � 10 7
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KP is the equilibrium constant for the reaction. In order to get the same total entropy pro-
duction rate from Eqs. (10) and (12), we used

KP ¼ exp
�DrG

0ðTÞ
RT

	 

ð1:013� 105 PaÞ�1=2 (36)

instead. We calculated �DrG
0ðTÞ=RT from the heat capacities, standard enthalpies of

formation and standard entropies of the components (see Table 3). The two expressions for the
equilibrium constant give almost the same value in the temperature interval of interest.

Fogler [12] gives the heat capacities as

Cp;i ¼ A
Cp

i þ B
Cp

i T þ C
Cp

i T2 (37)

where the coefficients A
Cp

i , B
Cp

i and C
Cp

i are given in Table 3. The same table contains also the
standard enthalpies of formation and the standard entropies at 298 K and 1 atm [20], and the
molecular weights [21].

The entropies of the inlet and outlet flows in Eq. (12) were calculated with

S ¼
X

i

xi s0
i þ

ðT

298

Cp;i

T
dT

� �
� R

X
i

xi ln xi � R ln
P

1:013� 105 Pa
(38)

Here, s0
i is the standard entropy of component at 298 K and 1 atm (see Table 3).

We used the reactor parameters given in Table 4. These are the values given by Fogler [12].
We have converted them into SI units.
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