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Abstract 

The time variation in emf caused by pressure differences has been used to find transference coefficients 
of water as well as water permeabilities in ion exchange membranes. Previous experimental methods 
have been corrected and facilitated. The cation exchange membrane CR61 AZL 386 was investigated. 
Equilibrium solutions contained 10-4 kmol_m-3 < CKC~ < 10-1 kmol_m-3, or constant concentration of 
chloride, Cc~- =0.03 kmol-m -3 and different mole fractions of H + and K +. We report here that the 
transference coefficient of water, tw, is constant and close to 11 for CKCI•10 -1 kmol-m -a when the 
membrane is in the K+-form. When the membrane is in the H+-form, the transference coefficient of 
water is close to 2. A new result is that the number of water molecules carried by each ion may be taken 
as constant also when both cations are present in the membrane. The water permeability, Lp, increases 
with increasing water activity, and is larger in the HM membrane than in the KM membrane. While the 
total water content of the membrane is the same in both cases, a larger number of water molecules is 
available for diffusion in the HM-membrane. Results are derived from a new theoretical basis avoiding 
the use of zeta potential, but rather emphasizing operationally defined thermodynamic variables. Hy- 
drodynamic equations are not needed to describe transport in these membranes. 

Keywords: concentration polarization; ion-exchange membranes; membrane potentials; theory; water 
transference number; water permeability 

I n t r o d u c t i o n  

I o n - e x c h a n g e  m e m b r a n e s  are  i m p o r t a n t  in 
e.g. s e p a r a t i o n  technology.  Q u a n t i t a t i v e  infor-  
m a t i o n  on  w a t e r  t r a n s p o r t  is needed  to  calcu- 
la te  s e p a r a t i o n  eff iciencies  of  m e m b r a n e s  [ 1 ]. 
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One  pu rpose  of  th is  s tudy  is to  p r e s e n t  a new 
way  of  ob t a in ing  q u a n t i t a t i v e  d a t a  on  w a t e r  
t r a n s p o r t  in ion-exchange  m e m b r a n e s  us ing  the  
s t r e a m i n g  p o t e n t i a l  me thod .  

As a mode l  m e m b r a n e  we have  used  the  ca t -  
ion exchange  m e m b r a n e  CR61 A Z L  386, in 
equi l ib r ium wi th  aqueous  so lu t ions  of  KC1, or  
aqueous  so lu t ions  of  HC1 a n d  KC1. T h e  iso- 
t h e r m a l  cell m a y  be r e p r e s e n t e d  as: 

A g ( s )  [ A g C l ( s ) [  HCI(CHCl), KC1 (CKcl)p[[, 
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HC1 (CHcI), KC1 (CKc,), P + Ap I AgC1 ( s ) I Ag (s) 

(a) 

The streaming potential is defined as the ob- 
served electric potential, A~obs, divided by the 
pressure difference, zip, across the cell, when the 
electric current is equal to zero (see e.g. Ref. 
[21 ] ). The electroosmotic flux is defined as the 
volume flux across the cell divided by the elec- 
tric current for zip = 0. The streaming potential 
and the electroosmotic flux are of equal mag- 
nitude, but of opposite sign. The electroos- 
motic flux can be reversed by changing the di- 
rection of the electric current. Irreversible 
transport  processes like diffusion cannot be re- 
versed in this manner. 

The following questions are at centre in the 
present work: How can we explain the irrever- 
sible and reversible contributions to the water 
flux? How does water transport  vary with 
membrane composition, or external salt com- 
position? Does each ion carry a constant num- 
ber of water molecules? Is accumulation of 
water in the membrane possible during trans- 
port? We shall extend our previous discussion 
on these questions [2,3 ], using new data and a 
more detailed analysis of the experimental 
situation. 

The experimental procedure for the deter- 
mination of transference coefficients of water 
from streaming potentials, was developed by 
Brun and Vaula [4,5] for aqueous solutions of 
single, strong electrolytes in equilibrium with 
an ion-exchange membrane. The method was 
applied by Ostvold and Trivijitkasem [6] and 
Khedr et al. [7]. Brun [4] pointed out the pos- 
sibility of obtaining also the water permeability 
from the experimental results. This idea has not 
been pursued further. We shall extend this 
method using a different theoretical starting 
point [ 2 ]. The theory of Fvrland et al. [ 2 ] uses 
operationally defined thermodynamic vari- 
ables and measurable electric potentials. We 

shall use this method and avoid quantities like 
the unmeasurable, electrostatic zeta potential. 
We shall see that  an accurate method for deter- 
mination of transference coefficients of water, 
as well as a rapid new method for determina- 
tion of water permeabilities results. Physical 
models for ion and water transport  shall be de- 
veloped on this base. 

Theory 

Basic equations 
The flux equations of cell (a) may be written 

[2]: 

JHo  = -L11 V 1- L12 - V 3- 

JKc, = --L21 P/z1-L22 V/~ -L23 V/53-L24 V~ 

Jn20 = -L31 V1~1- L32 V/12 -L33 V#3- L~4 V¢~ 

j =  --541 ~7~1--L42 ~7/22 -L43 tT#a -L44 VO 

(1) 

(2) 

(3) 

All transport  occurs in the x-direction, so V 
means d/dx. The gradient in electric potential 
is V~=lim (AO/Ax) for zix-.0. The A~ is de- 
fined for AgLAgC1 electrodes and j is the elec- 
tric current density. The dimensions of A~ and 
j are J-F -1 and F-m-%sec -1, respectively. The 
unit  F means one mole of elementary electric 
charges). The coefficients, Lij, are phenome- 
nological coefficients. The components of the 
solution, HC1, KC1 and H20 are numbered 1, 2 
and 3 respectively. Their chemical potential 
gradients are Vjui. 

The components of the membrane are HM, 
KM, and H20, where M -  is a cation site in the 
membrane. The composition anywhere in the 
membrane has a corresponding equilibrium 
composition of the HC1-KC1-H20 solution. 
This means that one membrane component can 
be chosen as the reference for the fluxes with- 

(4) 
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out changing eqns. (1 ) - (4 )  (see Ref. [2] for 
further details). Also, integration across the 
membrane can be carried out over the solutions 
in equilibrium with the membrane,  over Vpi. 
The chemical potential gradient in an isother- 
mal system, 

V/Ai = JT/Ai( c ) -+- Yi lTp (5)  

has two parts, the concentration dependent  
part, V~i (c), and the pressure dependent  part, 
ViVp, where p is the hydrostatic pressure and 
Vi is the partial molar volume. For the strong 
electrolyte, HCI, we have 

]h(c)  = #~(c) +RTln(yrmlCn+Ccl- ) (6) 

where ]~ (c) is the chemical potential of the 
standard state, YHC~ is the activity coefficient of 
HCI and CH+, Ccl- are concentrations of the 
cation and anion respectively. 

When  a pressure difference is maintained 
across the membrane the observed electric po- 
tential 3¢iob . is related to ACi in eqns. (1 ) - (4 )  
by 

Z~)ob s =zJ¢--,4VelZ~p (7)  

where AVa= VAg-- VAgCl is the volume change 
due to the electrode reaction, and VAg, VAgCl are 
molar volumes of Ag and AgC1. We have 
A~ob~ = EF, where E is given in volts and F is 
Faraday's constant  ( = 96,500 C-equiv- 1 ). 

The expression for the streaming potential 
EF/AP=AOobJAP is obtained by integrating 
eqn. (4) for V/~i= ViVp, i.e. with identical solu- 
tions on both sides of the membrane.  The so- 
lutions are identical only in the start  of the ex- 
periment,  at t ime equal to zero. By introducing 
eqn. (7) into eqn. (4) we obtain 

EF/AP= - ~ ti Vi - A V ~  (8) 

where ti is the transference coefficient of HC1, 
KC1, or H~O, defined by ti= (Ji/J)a~=o =L~/L44. 
The transference coefficients for HC1 and KC1 
are related to the transference numbers of the 

cations [2]. With the present electrodes we 
have, tHCl = tH+ and tKCl = tK+. In the solution 
tH+ + tK+  + t c I -  =1,  so that  tHCI+tKCI<I .  We 
have chosen experimental conditions so that  in 
the cation selective membrane tH+ +tK+----1. 
The membrane values will be denoted tH+ (m) 
and tg+ (m) from now on. These numbers en- 
ter  eqn. (8) because the integration is per- 
formed across the membrane.  When the trans- 
ference numbers and partial molar volumes are 
known, and the streaming potential has been 
determined, the transference coefficient for 
water, tn~o, can be calculated from eqn. (8). 

The irreversible water flux 
The pressure difference causes a water flux 

across the membrane.  By eliminating V~ in 
eqns. ( 1 ) -  (4), we obtain 

JHcl = -- l l l  V/.ll --112 J7/~2 --113 V~13 -}-tlj (9)  

J i c l  =-121F'~l-122V~2-12aVi~3+t2j (10) 

JH20 = -131V/~1-132Vi~2-13aVi~a-[-t3j (11) 

where the phenomenological coefficients for 
diffusion lij=Lij-Li4L4j/L44. In a cation ex- 
change membrane there are the following re- 
lations for lij [2] 

lii+12i-~O; i= 1,2,3 (12) 

The volume flux, Jv, is equal to 

Jv = ~,iJi Yi + AYelJ (13) 

By introducing eqns. (9)-  (11 ) into eqn. ( 13 ), 
we obtain 

Jv = - 111 (V~I - VZ2)(V1 - V2) 

-- 113 ( ~7~/I -- ~7~2) V3 (14)  

-ll~ V~( W~ - W2) -13~ V/~ W~ 

"q- { 2 i t i  Vi +z]Vel}J 

The final term in eqn. (14) describes the re- 
versible volume transfer (electroosmotic flux), 
while the other terms on the right hand side 
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describe the irreversible ( t ime-dependent)  vol- 
ume flux. In the emf measurement  j ~ 0. Fur- 
thermore, we have 113 << 133 (see Ref. [3] ) and 
F~ul - F#2 ~ 0 for this system. We may then as- 
sume that  the fourth term on the right hand 
side of eqn. (14) will be leading over the first 
three terms 

J ,  ~ Jn20 V3 ~ -- 133 V/Z3 V3 

= - 133 Y ~ A p / d  = - L p A  p (15) 

Here L" is the water permeabili ty and d is the 
membrane thickness. "Hydrodynamic  perme- 
ability" has been used in the literature for L ". 
For reasons to be discussed later we shall avoid 
the term "hydrodynamic".  The flux, JH20, has 
dimensions mol-m -2-sec-  1, while Jv is given in 
m-s -1. This gives L " the dimension m4-(J - 
s e c ) - I  or m2-sec-kg -1. For Ap<0,  the volume 
flux of eqn. (15) leads to a dilution of the so- 
lution to the right of the membrane,  while the 
solution to the left will be more concentrated 
with time. This concentration polarization is 
illustrated in Fig. 1. 

E m f  of a cell w i th  concentration polarization 
One result of the concentrat ion polarization 

is seen in Fig. 2. The emf due to the pressure 
difference varies with time. The expression for 
the emf can be obtained by integrating eqns. 
(4) and (5). We shall use instead an alterna- 
tive procedure [2,8]. We analyse first the con- 
tributions to the emf from the concentration 
changes in the cell. Consider again the concen- 
tration profiles given in Fig. 1. The cell is di- 
vided into five compartments  as indicated in 
the figure. 

We shall examine the local mass changes of 
HC1 and KC1 when 1 F is transferred from left 
to right. In the first compartment ,  the electrode 
compartement  on the left hand side, 1 equiva- 
lent of C1- is leaving the compartment  by the 
electrode reaction, and tcl- equivalents are en- 
tering from compartment  II. The number of 

c,l 
Ci(O) 

;Y Ci(m) c i (2)  

ci(o) 

I 
I 
I 
IfH * 

_ ~ -  LfK÷ 

I 

I 
I I II 

solution 

fH+(m) 
fK+(m) 

Ill 

membrone 

x 

I 
I 

fH ÷(m) ~'-H+ 1 ~ . ~  

~ I fct  - 

I 
I 

IV I v 

soLufion 

Fig. 1. Example of salt concentration profile due to pres- 
sure driven water flux in a cell with a cation exchange 
membrane. Mass changes due to transfer of 1 Faraday of 
positive charges across the cell are also indicated. 

t~ 
i 

--_-J ~ 
I 

qs t2 

Fig. 2. E m f  as  a f u n c t i o n  o f  t i m e  in  t h e  c a t i o n  e x c h a n g e  
membrane CR61 AZL 386 in 0.03 kmol-m -3 KC1 at Ap = 200 
mmHg. At t--t1 the pressure is applied and at t2 it is re- 
moved. The signal returns to base line after some minutes 
(the change in speed of the recorder can be seen in the 
graph). 

equivalents of H + in the compar tment  de- 
creases by tn+, the corresponding number for 
K + is tK+. This means that  altogether, tn÷ 
moles of HC1 and tn+ moles of KC1 are leaving 
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this compartment. The reverse changes occur 
in compartment V, at the right hand side elec- 
trode. Since the chemical potentials of HC1 and 
KC1 are the same in compartments I and V, the 
decrease in Gibbs energy in compartment/wil l  
balance the increase in compartment V, and no 
net contribution to ziG or E of the cell due to 
mass transfer, arises from these compartments. 

The change in Gibbs energy in a compart- 
ment is generally z iG=f~i f l id t  i. The integra- 
tion is carried out over the compartment, and 
the summation is over all components. The 
contribution from water to this expression can 
be neglected. No mass accumulation takes place 
in the membrane when tH+ (m) and tK+ (m) are 
constants. Thus, there is no contribution to ZIG 
in the membrane. This leaves us with the emf 

E F =  - ( tH+(m)VHo+tK+(m)VKcl (16) 

"{- zi Yel ) Ap -- ztGii - ziGiv 

The contributions from compartments II and 
IV, ZIGH and ziGiv are obtained from 

~,,]~,dt, = [ ~ , ~ , t , -  ~ ~, tidl~i ZIG= 

i=HC1, KC1 (17) 

For ZIGII the integration limits are the bulk, 
denoted (o), and the membrane surface, de- 
noted (1). We assume that the transference 
numbers in the solutions are constant, and ob- 
tain from eqn. (17) 

ZIGII ----/~nCl(1)tH+ (m) +/~KCI(1)tK+ (m) 

- -  flHcl(O)tH+ -- flKcl(O)tK+ (18) 

--tH+ [/LHCl (1) --  ~/HcI(O) ] 

- tK+ [#KCl(1 ) - -  # K O  ( 0 )  ] 

A similar result is obtained for compartment 
IV: 

AGw = /~HCt ( O ) tH + +/~KCI(0)tK+ 

-- ~HC1(2) tH÷ (m) -- PKCI(2) ts+ (m) 

- - t H +  [ ~/HCl ( O ) - -  f l H C l ( 2 )  ] ( 1 9 )  

- -  tU+ [ / ~ S O  ( O )  - - / Z K O  ( 2 )  ] 

where the paranthesis, (2), denoted the right 
hand side membrane surface. Equations (17) 
and (18) are combined, eqn. (6) is introduced 
using constant values for YHO and YKCI, and the 
result is introduced into eqn. (16) 

EF=  - [tn+ (m) VHC l -btK+ (m) VKC l +AVel]Ap 

+ [tH+ (m)--tH+] 

xRTln[CH÷(1)  eel- (1) ] +  
CH+~C~I-(2)J [tK+ (m) 

-tK+ ]RT l n [ ~  )Ccl- (1) l 

(20) 

The time variation in emf caused by a pres- 
sure difference can be obtained by introducing 
the concentrations as functions of time into eqn. 
(20). 

The concentration variation with time 
The time variation in CH+ and CK+ due to Jv 

may be derived by rewriting eqns. (9)- (11 ) and 
(15). Assume again that j ~ 0. The phenome- 
nological coefficients lij are estimated using the 
Nernst-Planck assumption, Lix ~ L~ and L12 ~ 0 
[2], and the definition of transference num- 
bers. We obtain 

In =/11 - L14L41/Ltt = tH+ (1 - tn+ )Ltt 
(21a) 

112 = L12 - Li 4 L42/ L44 = - tn+ tK+ L44 
(21b) 

Equations (21) are introduced into eqn. (9) 
to give; 

JHO = - -  tH + tK + L44 ( V~I - -  ~7]~2 ) 

- tH+ to-  L44 VZi -- 113 V/~8 (22) 

The first term on the right hand side of this 
equation represents interdiffusion of H + and 
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K +, while the second term represents diffusion 
of HC1. A similar equation is obtained for KC1. 

For the condition V#I = Vtt2=O, we obtain 
JHcl/Jv= 113/133V3. The phenomenological 
coefficients do not depend on the forces, so this 
is a general result. We may furthermore assume 
that  JHc{J~= Cncl. Introduction of these re- 
sults into eqn. (22) gives 

J H O  = - -  tH + tK+ L44 ( Vfil - -  Vfi2 ) 

--tH+ tcl-L44 Vth--CHcl J~ (23) 

In the present experiment, the term in pa- 
rentheses ( Vtt~ - V/~2) will be small on the time 
scales we deal with (seconds). Thus it will be a 
good approximation to use the following flux 
equation for HC1, even in the presence of KCh 

JHcl  = - -  tH + t e l -  L44 V~tl - -  CHCIJv (24) 

or ,  

JHC, = -- DHC, VCHC, -- CHCIJ~ (25) 

where DHcl= 2RTtH+ tcl-Ltt/cHcl is consistent 
with the Nernst-Planck assumption when 
cH+ =Cc,- [2]. The equation for conservation 
of HC1 is then: 

OCHcl/Ot = DHCI 02CHcI/OX 2 (26 )  

--JvOCnc,/OX i= 1,2 

The time evolution of CHCl for small times is 
given from eqn. (26) by 

CHC I = C~ICI (I -- 2J~ v/t/xDHcl ) (27) 

(see Appendix). For each zip, Jv was taken as 
constant. The membrane is perfectly cation- 
selective. Equation (27) differs from the equa- 
tion obtained by Brun [4] by a factor 2. The 
conditions of Fubini's theorem were not ful- 
filled in Brun's derivation of his equation 
(3.14). The limit behaviour of CHC,(0,t) for 
t= oo obtained by Brun, is also physically im- 
possible. By introducing eqn. (27) for HCI and 
KCI into eqn. (20) we obtain: 

EF~ - [tH+ (m) VHC, + tK+ (m) VKC,+ZIVe,]ZIp 

- 4R TJv x/~/ r 

X {[tH+ --tH+ (m)] ( ~ - - x / I / D x c ,  ) 

o o 1D C K C I ~  "~" C HC, ~ 
- t c , -  ( [  ~ 1 

L C KCI "t- C HCI J 

+ X/1/DKc, )} 
(28) 

This gives E as a linear function of v/t for 
constant Ap: 

EF~ - [tH+ (m) VHCl +tK+ (m) VKCl +ZIVe,]Zlp 

-Ax/~ (29) 

The slope A can be used to find Jv or Lp when 
the other parameters of eqn. (28) are known. 
From eqns. (15), (28) and (29) we have 

Lp=A/fjzip j=1 ,2  (30) 

where/2 is the factor 

[2=-4RTv /~{[ tH+ - tH+ (m)] 

X (~/1/DHcI--X/1/DKc,) 

, ,Fc o, 
- oc,- 'L c c, + C c, J 

+ ~ ) }  (31a) 

and/i is the corresponding expression for a pure 
KCI solution: 

f, = -8RTx /~ t c~_  ~ ( 31b ) 

We shall use the equations above in our eval- 
uation of data. 

Experimental 

Chemicals 
All chemicals were analytical grade com- 

pounds from Merck, Darmstadt. KC1 solu- 
tions, with accuracy of + 1%, were made from 
salt, dried at 200 °C for 24 hr and dissolved in 
distilled, de-ionized water. Acid solutions were 
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from Merck, Titrisol ampullae, with an accu- 
racy of + 1%. Mixtures were made volumetri- 
cally in volumetric flasks, type A. Solutions 
were made with different concentrations of KC1 
alone. Mixtures of HC1 and KC1 had concen- 
tration ratios CHc1/CKc  I = 1/15, 1/7, 1/3, 3/5, 1/ 
1, 5/3, 3/1, 7/1. Solutions of the single salts 
were also studied. The total concentration of 
C1- was 0.03 kmol-m -3 in all cases. No chlo- 
ride can be detected in the membrane at this 
concentration [3 ]. 

Membranes 
The cation-selective membrane,  type CR61 

AZL 386, from Ionics Inc., Watertown, MA was 
used in all experiments. The membrane con- 
sists of crosslinked sulfonated coplymers of vi- 
nyl compounds, cast in sheet form, homogene- 
ous films on synthetic reinforced fabrics. The 
ion exchange capacity is 2.44 mequiv.-g-1 dry 
resin and the water content  is 46% of wet resin. 
This percentage corresponds to ca. 19 mole- 
cules of water per monovalent  cation site M - .  
The thickness of the membrane was measured 
by a micrometer to 0.558 mm. Membranes  were 
cut into discs of 20 mm diameter, and equili- 
brated for at least 1 month in 1 dm -3 of the 
appropriate solutions, prior to measurements.  
Solutions were replaced at least 3 t imes during 
the equilibration. The equilibrium constant  for 
the cation exchange equilibrium between mem- 
brane and solution is close to 1 for the given 
electrolytes [ 12 ]. 

Streaming potential measurements. Methods 
for data reduction 

The main body of the cell for streaming po- 
tential measurements  is made from plexiglass 
(see Ref. [7] for further references). By mak- 
ing teflon central gaskets in the cell we avoided 
leakage around the membrane. AgIAgC1 elec- 
trodes were prepared according to the proce- 
dure of Ives and Janz [9]. The electrolytes were 
de-aerated with nitrogen gas bubbling over- 

night, before starting the experiment. The elec- 
trodes differed by no more than + 20 pV after 
preparation. 

Nitrogen gas pressure was applied to one of 
the half cells, by opening a magnetic valve on 
either side of the cell, while the other was kept 
at atmospheric pressure. A Hg manometer  was 
used to monitor the pressure difference with an 
accuracy of ___ 1 mmHg. Reversal of the pres- 
sure gradient gave emfs of opposite polarity. 
The electric potential was measured by a John 
Fluke model 895A DC differential voltmeter to 

200 

150 

i 

lOO 

o 

o 

D 

i i i i i i J ~  

Fig. 3. Emf as function of square root of time for pressure 
difference 200 mmHg with electrolytes. (a) 0.03 kmol-m -3 
KC1, (b) 0.15 kmol-m -3 KCI+0.15 kmol-m -~ HCI, (c) 
0.03 kmol-m -~ HC1. Cation exchange membrane CR61 AZL 
386. 

150 ~ ~ ---- 

100 f ' "  

r 50 

loo 20o ?oo ~oo 5oo 

Ap/mm Hg 

Fig. 4. Emf  at t = 0 as a function of pressure difference for 
electrolytes. (a) 0.03 kmol-m -3 KC], (b) 0.15 kmol-m -3 
KC]+0.15 kmol-m -3 HC], (c) 0.03 kmol-m -3 HC]. Cation 
exchange membrane CR61 AZL 386. 
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1 5  . . . . . . . .  b . . . . . . . .  ] ' ' ' ' ' ' "  

10 

o 

5 

CR61AZL~86 

,o-3 10-2cKct/kmol.m 1-°;' 

Fig. 5. The transference coefficient of water, $H20, in the 
cation exchange membrane CR61 AZL 386 in equilibrium 
with aqueous solutions of KC1. 

the nearest  1/~V. The time evolution of the po- 
tential was followed on a Houston Ins t rument  
OmniScribe TM recorder. 

Results  and calculat ions 

All emfs were recorded as functions of t ime 
( see Fig. 2), and plotted as functions of v/ t  as 
illustrated in Fig. 3. Apart from the initial phase 
of the experiment values fitted a straight line. 
In this respect our results confirm the results 
of previous authors [4-7 ]. 
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The intercepts taken at t = 0, were plotted as 
functions of Ap. Examples are given in Fig. 4. 
The straight line through the origin confirms 
eqn. (8). The variation in the slope of this curve 
is the main source of error in the results for 
tH2o. The results were reproducible within + 2% 
after 7 days with the same membrane in the 
cell. The slope of this plot gave the streaming 
potential according to eqn. (29). 

Our streaming potentials are similar to those 
reported previously [ 6,7,10 ]. The reproducibil- 
ity in the determination varies with the electro- 
lyte concentration. For solutions of 10 -4 kmol- 
m -3, the accuracy is within + 13%. The accu- 
racy is improved to + 2% for higher salt con- 
centrations; 5-7% has been reported before 
[6,11 ] for the same concentration range. 

Transference coefficients of water tH20, were 
calculated from eqn. (8). Results for different 
KC1 solutions are shown in Fig. 5. The trans- 
ference coefficient of water is constant  for 
CKCI< 10 -1 kmol_m -3. 

Streaming potentials for the binary electro- 
lyte solutions are given in Table 1. The error of 
the results is + 3%. Transference numbers for 
H + in the membrane are also given in Table 1. 
These values are taken from Ottoy et al. [12 ]. 

TABLE1 

The streaming potential of cell (a) for different compositions of HC1 and KC1 in the half cells. The concentration of C1- is 
3 + constant and equal to 0.03 kmol-m- . The transference number of H is taken from Ottey et al. [ 12 ] 

Concentration Streaming potential Transference number Transference number 
r a t i o ,  C H c I / C K c  I ( 10 4 m3_equiv.- 1 ) of H +, tH+ of H20, tH20 

KC1 2.11 0 11.2 
1/15 1.81 0.212 9.5 
1/7 1.56 0.363 8.3 
2/6 1.26 0.568 6.7 
3/5 0.99 0.693 5.2 
1/1 0.81 0.780 4.3 
5/3 0.72 0.852 3.8 
6/2 0.61 0.913 3.3 
7/1 0.55 0.952 2.9 
HC1 0.44 1 2.3 
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Fig. 6. The transference coefficient of water in the cation 
exchange membrane CR61 AZL 386 in equilibrium with 
aqueous solutions of KC1 and HC1 as a function of the 
transference number of H +, tH÷, in  t he  m e m b r a n e .  
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Fig. 7. The water permeability Lp in the cation exchange 
membrane CR61 A Z L  386 in equilibrium with aqueous so- 
lutions of KCI. 

The water transference coefficient is a linear 
function of tH+ (see Fig. 6). The curve fitted by 
linear regression to Fig. 6 gives 
tH2o = 2.5 tH+ + 1 1 . 3  tK÷. 

The water permeability Lp was calculated 
from eqns. (30) and (31). Diffusion coeffi- 
cients for KC1 and HC1 were taken from Con- 
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Fig. 8. The water permeability/~ in the cation exchange 
m e m b r a n e  CR61 AZL 386 in equilibrium with aqueous so- 
lutions of KC1 and HC1. The chloride concentration is con- 
stant, Cc~- = 0 . 0 3  k m o l - m - 3  b u t  the mole fraction of HC1 
varies. 

way [ 10 ]. Transference coefficients of the salts 
in solution were estimated from ionic mobili- 
ties at infinite dilution [ 10 ]. 

Results for Lp and Lpfl for the KC1 solutions 
are given in Fig. 7. The plot of L. fl has a higher 
accuracy than the plot of L.. We have plotted 
L. as a function of lnCKCl. The water permea- 
bility L. for the binary electrolyte solutions is 
shown in Fig. 8. The magnitude of L. is similar 
to values obtained from permeability studies 
[3]. 

Discuss ion  

The method  
The transference coefficient of water in the 

system HM-KM has been related to the 
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streaming potential by a new basic theory of 
Forland et al. [2 ]. In this theory the streaming 
potential describes the ability of the system to 
do electric work, when the chemical potential 
gradients in the cell vary because of a hydro- 
static pressure difference. This electric work is 
related to mass and charge transfer in the cell. 
It gives a dynamic description, which is not re- 
lated to electrostatic considerations. 

Only one-component membranes have been 
analysed earlier. We present a theory for two 
electrolytes and water in the membrane. All 
variables used are measurable. Some improve- 
ment in the reproducibility of the experiments 
has also been obtained. 

We have further demonstrated how the water 
permeability Lp can be obtained from stream- 
ing potential measurements within a few min- 
utes. The usual determination of Lp from eqn. 
(15) takes several hours. This means that time- 
consuming permeability studies, see e.g. Ref. 
[13], are not needed when diffusion coeffi- 
cients and transport numbers are known. 

Reversible water transfer 
The transference coefficient of water is con- 

stant in a one-component membrane, even if 
the external composition varies substantially 
(Fig. 5 ). This means that 

tH20 = r K  + tK  + 

Because tK+=l ,  we have tH~o=tK+~ll .  
This number may be taken as the number of 
water molecules carried by K +. The reduction 
in tn~o for CKC,> 10 -1 kmol-m -3 has been ex- 
plained by tH~O = rK+  tK+ - -  r c l -  t c l -  [ 2,7 ]. Pres- 
ence of C1- gives tc,- > 0 and a reduction of 

t H 2 0  " 

The transference coefficient for water in the 
two-component membrane (Fig. 6) can be mo- 
delled in a similar way: 

tH20 ----rH+ tH+ "{- rK+ tK+ 

The transference coefficient for water varied 
between 2 and 11 in the experiments illustrated 
in Fig. 6. The straight line means that ri can be 
taken as constants in the above model. Accord- 
ing to the model, protons carry approximately 
2 molecules of water, while K + carries close to 
11. The values of ri are smaller than the num- 
ber of water molecules available per cation site 
M -1, 19. Scibona et al. [11] related the de- 
crease in streaming potential with decreasing 
radius of alkali metal ion in the solution, to the 
decrease in ionic hydration. The numbers 2 and 
11 should not be taken as hydration numbers 
or strongly bound water, they represent water 
molecules carried by the ions. 

It is too early to claim any reason for the 
straight line in Fig. 6. Observations on the sys- 
tem NaM-HM [2,14] do not indicate a linear 
relationship. The error in the determination, 
however, is smaller in the present than in the 
previous study. Preliminary data indicate a 
small difference between the two systems. 

Irreversible water flux 
The results of Fig. 7 show that even a small 

variation in water activity in the membrane 
(which is equal to the water activity in the so- 
lution) causes a significant variation in Lp. 
From this we deduce that the higher the possi- 
bility is for water to cross the membrane (high 
activity), the higher the water permeability will 
be. 

The results of Fig. 8 show that the salt com- 
position in the membrane also influences Lp. In 
the HM membrane, Lp is twice the value of the 
KM membrane. The water content, on the other 
hand, is almost constant [3 ]. The result may 
be explained as follows. In the KM membrane, 
there are fewer free water molecules available 
for diffusion than in the HM membrane, and 
Lp expresses the water transport without the 
simultaneous transport of ions. 
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Membrane-water interactions, further 
comments 

The small number of water molecules avail- 
able in the membrane per cation site (19) and 
the smaller numbers of molecules carried with 
the ions (2 and 11 ) indicate that the membrane 
may be regarded as a concentrated solution of 
fixed cation sites, mobile cations and water. The 
interactions between cation sites in the mem- 
brane, mobile cations, and water must be strong. 
Gradients in velocity in the direction perpen- 
dicular to the pore axis are furthermore un- 
likely when bulk transport can be excluded. We 
question the use of hydrodynamic equations 
(Navier-Stokes equations) in the description 
of volume fluxes in ion-exchange membranes 
and do therefore not use the name "hydrody- 
namic" permeability for Lp. Also, the calcula- 
tions of effective pore radii from Poiseuille's 
equation become merely an academic exercise 
if Navier-Stokes equations are irrelevant. The 
pathway through a concentrated solution must 
be irregular. 

We have previously found [2,3] that the 
transport number of one of the ions in a mem- 
brane containing two cations, depends on the 
concentration of the other ion. These results 
are not in conflict with the present model given 
above for tH~O ; the movement of an ion may be 
retarded by the presence of an another ion, 
without losing the water molecules on the way. 
The constant values obtained for rK÷ and rH÷ 
indicate further that there is no water accu- 
mulation during transport, and thus no build- 
up of pressure gradients. 

Conclusions 

An improved analytical procedure for treat- 
ment of streaming potential measurements has 
been developed from a new set of basic equa- 
tions. The procedure corrects a suggestion from 
1957 [4]. 

The procedure allows simultaneous and ac- 

curate determination of water transference 
coefficients and water permeabilities for single 
and binary electrolyte solutions. An accuracy 
of water transference coefficients of _+ 2% can 
be expected, except for electrolyte concentra- 
tions of 10-4 kmol-m-3 or less. When diffusion 
coefficients and transference numbers are 
known, this way of obtaining Lp is several times 
more rapid than procedures common today. 

Electroosmotic water transfer across ion ex- 
change membranes is related to conduction of 
ions. The number of water molecules carried 
with K + and H + is constant. This means that 
no water accumulation takes place in the 
membrane. 

Hydrodynamic equations are not needed in 
the description of transport in membranes 
showing concentration polarization. Neither 
are the classical treatments using zeta 
potentials. 

The irreversible water flux superimposed 
upon the reversible water transfer during the 
emf measurement, has a leading term contain- 
ing the water permeability. The water perme- 
ability increases with the increase in water ac- 
tivity and with the number of water molecules 
in the membrane available for diffusion. 

The models used for this system should be 
tested for other systems. 
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List of symbols 

cl concentration of i (kmol-m -3) 
Di diffusion coefficient of i (m-sec- 1 ) 
E emf (V) 
fi factor defined by eqn. (31) 
F Faraday's constant (96,500 C-equiv. -1) 



190 T. 0KADA ET AL. 

G Gibbs energy (J) 
j electric current density (F-m-e-sec -1) 
Ji flux of component  i (mol-m-2-sec -1) 
Jv volume flux (m-sec -1) 
l~j phenomenological coefficient for diffusion 

(mol 2- (J-m-sec) -1 ) 
Lij phenomenological coefficient related to 

charge and mass transfer [mol2-(j-m - 
sec)-ll 

Lp water permeability ( m 2-sec-kg - 1 ) 
p pressure (bar or mmHg) 
rj number of water molecules carried by ion j 
t~ transference coefficient of component i 

(tool-equiv.- 1 ) 
Vi partial molar volume (m~-mol - 1 ) 
Yi activity coefficient 

Greek letters 
tti chemical potential of 

(J-tool -1) 
zl@ electric potential ( J -F-  1) 
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A p p e n d i x  

Equation (25) with the appropriate initial 
and boundary conditions can be written in the 
form 

Oc _02c Oc 
Ot-t~-~x2-V~ (x#O,t>O) 

c(x,O) =Co (t=O) 

Oc 
ve-D~x=j (x=O) 

The function c(x,t) is the concentration of 
component 1 or 2. The volume flow, now given 
the symbol v, is constant, Co is the initial con- 
centration of solute, and j ( t )  the flux of solute 
past the point x-- 0. 

We now scale the variables as follows: 

x=4DX'v t=4~T, C=coC, j=vcoJ (A.1) 
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where X, T, C, and J are the dimensionless ver- 
sions of the corresponding scaled quantities. 
This transforms the basic problem into the fol- 
lowing form: 

OC 1 02C OC 
O T - 4 0 X  2 0 X  ( X ¢ 0 , T > 0 )  (A.2a) 

C(X,O)=I (T=O) (n.2b) 

10C J T C--:-:-,~= ( ) ( X = 0 , T > 0 )  (A.2c) 
4 0 2 ~  

In order for the problem to have a unique so- 
lution, we must  adopt an additional boundary 
condition at X= oo, namely that  C(X,T) stays 
bounded as X-~ ~ .  

The differential eqn. (A.2a) and initial con- 
dition (A.2b) apply either for X > 0  or X < 0 .  
This means that  we consider the events on the 
two sides of the membrane as separate prob- 
lems. We shall refer to these cases as the right- 
hand side and left-hand side problem 
respectively. 

The Laplace transform of a function F is de- 
fined by 

~F(s) = F(T)e-sTdT (A.3) 

The forward and reverse Laplace transforms 
of many functions can be found in mathemat-  
ical tables, see e.g. Ref. [15]. 

We shall apply the Laplace transform with 
respect to the scaled time variable T on the 
function C. The initial condition (A.2b) im- 
plies that  the Laplace transform of OC/OT is 
- 1  +s~C, so (A.2) is transformed to the fol- 
lowing two equations: 

- I + s ~ C - - ~ 0 2 ~ C  O~C 
OX 2 - ~  ~C (A.4a) 

1 0 ~ C  , j  
4 ~ = ~  (X=O) ( t .4b)  

where (A.4a) can be viewed as an ordinary dif- 
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ferential equation for ~ C  as a function of X. 
Its general solution is 

~q~C (X,s ) =l+ Ae2('+',/i-~)X + Be2('-'JT~)x 
S 

(A.5) 

Solving th ri~_t-hand side problem 
As 1 + x/1 + s has a positive real part  when 

Re s > 0, the boundary condition at X -  ~ im- 
plies that  A=O. By substituting (A.5) with 
A--O into (A.4b) we get 

1 1 
s+S-~B(l-x/l+s)=~J 

which yields 

1 
~fJ(s) - -  

s 1 - 1 V / - ~  
B=2 

l + x / l + s  1-- l~/ri+s 

--2--[1--~1 [1-s~J(s)] --82 

and so (A.5) takes the form 

_ 1 + 2  
~ C ( X , s ) -  s ~ [ 1 - l x / / ~  ] e2 ( ' -  ~ / i ~ ) x  

X [ 1 - s ~ J ( s )  ] (A.6) 

We now restrict ourselves to the case of no 
salt flux through the boundary, or J=  0. To find 
the solution at X - 0  we will need the inverse 
Laplace transform ~-I[~/s2] ,  which is 
computed as follows. From the well known [ 15 ] 
Laplace transform ~q~[ Te T] (s) = (s - i ) -2 and 
the rule of the transform of a derivative we have 
~[  (I + T)e T] (s) =s (s -  I ) -2. Combining this 
with another well-known transform, 
2z [T-1/21 (s)=F(1/2)s- ' /2=x/~/s via the 
convolution theorem we compute (the -- sign 
below is where these ingredients are combined): 
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(s-l>.S ] - - - - e - - T ~  - 1  x~/~ (T) 

• I - 1  = e -T ( I + T _ T )  eT-MT 
o N/7~T 

1 ~T(I+T x/~)e_~d T 

We now use this result to find C(0,T) from 
equation (A.6): 

C(O,T) =I+2T-2£t~-I[~-~I](T) 

= 1+ 2 T -  2N/~e-T  

- (1 + 2T)erf(x/~) 

_ - ( l+2T)e r f c (x /~  ) - 2  / ~ e  -T 

We expand this as a power series in x /~  up 
to and including the first power in T, noting 
that 

erfc (u) = 1--~27[Ue-W2dw 
N/7EJo 

2 =l-- fo (1-w2+...)dw 

so we have 

C(O,T) = ( l + 2 T ) ( 1 - - ~ v / T + . . . )  

- 2 ~ ( 1 -  T+.. .)  

= 1 - 4 N ~ + 2 T + . . .  

(A.7) 

and the approximation C(O,T) ~ 1 -  4x/~-/~t is 
a good one provided T << 1. 

Solving the left-hand side problem 
We solve the problem on the left-hand side 

analogously, by working in the domain X <  0 
rather than X >  0 and leaving everything else 
unchanged. The general solution (A.5) is the 
same as before, but this time B-- 0, and A must 
be determined from the boundary condition at 
x= O. The computation is the same as before, 
with a few sign changes, resulting in 

1 " 2 ' I+~  ~ ) X  ~C(X,s) = - + A e  ' ~ ' *~  (A.8) 
S 

1 2 + ~ ]  

X e2(1+ Ix/Q%~)x [ 1-s~J(s) ] 

(A.9) 

C(O,T) = ( l+2T) [1  +erf(v/T) ] + 2 ~ / ~ e  -T 

= l + 4 N ~ + 2 T + . . .  

Summary of the solution 
The unscaled variables are reintroduced: By 

(A.1), (A.7), and (A.9) the concentration ad- 
jacent to the membrane on the two sides is 

C~Co 1+2v ~ provided T=~-~t<<l 

(A.10) 

Typical values v~ 10-7 m_sec-1, t~  10 sec, 
and D ~ 2 × 1 0  -9 m2-sec -1 yield the dimen- 
sionless time T ~  10-5, so the above approxi- 
mation for c should hold for all practical 
purposes. 


