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Second law optimization of a tubular steam reformer
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Abstract

We present a numerical method that finds the path of operation that gives minimum total entropy production rate in a tubular steam reformer.
The method was applied to the three main reformer reactions in a tubular plug flow reactor with pressure drop and heat exchange. The total
entropy production rate was minimized subject to a given production of hydrogen, a fixed inlet pressure, a fixed total molar flow rate at the
inlet, and a fixed molar flow rate of inert gas. The inlet and outlet temperatures, the outlet pressure, and the inlet mixture composition were
allowed to vary. The temperature profile of the furnace gases was the control variable. Compared to a typical path of operation, we obtained a
reduction of more than 60% in the total entropy production rate for the optimal path. The results suggested that a shorter reactor may perform
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qually well. Interestingly, the optimal path showed regions of either a constant thermal force or a constant chemical force. The n
peration was not realistic, however, so more work is needed to realise some of the potential gain.
2004 Elsevier B.V. All rights reserved.
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. Introduction

The steam reformer is widely used in the industry for con-
ersion of natural gas into synthesis gas, see e.g Rostrup-
ielsen[1]. The reformer is operated at different conditions
epending on the purpose to produce the synthesis gas; for in-
tance for methanol or ammonia production. The reformer is
lso used for production of hydrogen, for instance for power
eneration[2]. A sustainable society may in the future use
ydrogen as the energy carrier. While we are waiting for
roduction routes that use renewable energy sources only,
ydrogen must be produced from natural gas.

Due to their highly endothermic nature, the chemical re-
ctions in the steam reformer require a substantial amount
f added heat. The catalyst filled reactor tubes of the tubular
team reformer are therefore placed inside a large furnace.
he exergy loss in this tubular reformer is high, much higher

han for instance the losses in the ammonia reactor[3]. The
xergy loss of the reformer in the hydrogen fired gas power
lant is also large[4]. For these reasons, the tubular steam

∗ Corresponding author. Tel.: +47 73594179; fax: +47 73591676.
E-mail address:signekj@phys.chem.ntnu.no (S. Kjelstrup).

reformer is a good target for studies of exergy loss minim
tions, or entropy production minimizations.

Already 50 years ago, Denbigh[5] pointed to the larg
exergy loss in chemical reactions, and suggested that d
ent modes of operation be sought for. Thanks to large
computers and developments of numerical methods, i
now become feasible to search for the path of operation
minimum entropy production rate in the reactor system it
and to study the nature of this path.

The trivial solution to a minimization of the total entro
production rate of a system is zero, or equilibrium. This
lution is found when the system is not subject to constra
and is not interesting. A unit that operates in the rever
limit, does not produce chemical products at any signifi
rate—and the transfer of heat is only infinitely slow. We n
to apply constraints to have a meaningful optimization.
immediate constraint to choose, that also shall be chosen
is that of a given production. Other relevant constraints
late to the mode of operation, but we shall leave the que
of finding such practical constraints for the time being.
purpose of our work is first to establish a method for
tropy production minimization, and to study the nature of
solution.
255-2701/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
oi:10.1016/j.cep.2004.06.005
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Methods of constrained optimization have been used by
many authors, also to study the steam reformer. Kvamsdal et
al. [6] optimized the methane conversion for changing feed
flow, with a constraint on the outer reactor tube wall temper-
ature. Multi-objective minimization studies are also in rapid
progress. Rajesh et al.[7,8] simultaneously minimized the
inlet total molar flow rate of methane and the outlet total mo-
lar flow rate of carbon monoxide. They also simultaneously
maximized the total molar flow rate of product hydrogen and
export steam for an industrial hydrogen plant. We present
here a method for minimization of the system’s entropy pro-
duction rate, for a given production of hydrogen, and with
the temperature of the heating system as the control vari-
able. This is a relatively simple example, but complicated
and new, if one wants to calculate the local fluxes and forces
in the system. Our previous work on chemical reactors has
been on systems with only one chemical reaction[9–12].

We shall use irreversible thermodynamics to find the total
entropy production rate of the system[13,14]. In the tubular
steam reformer, there are at least three reactions that should
be considered. We have therefore needed to extend and re-
formulate the calculation presented before[9–11]. We report
here a way to find optimal operating conditions for a chem-
ical reactor with several reactions; operating conditions that
are compatible with minimum entropy production rate. Val-
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Fig. 1. One reactor tube of the steam reformer.

In addition to the five substances given above, nitrogen is
present in the reactor as an inert. All substances are in their
gaseous states under the operating conditions that are used.
Coke formation and dusting are disregarded.

The tubular steam reformer consists of a set of vertical
catalyst-filled tubes placed inside a large furnace[1]. The
role of the furnace is to heat the reaction mixture. We study
one such tube surrounded by a furnace/hot reservoir. We used
a plug flow reactor (PFR) model with heat transfer perpen-
dicular to the reactor wall from the furnace gases to the re-
action mixture, seeFig. 1. The reaction mixture is perfectly
mixed in the radial direction with respect to temperature, pres-
sure and chemical composition. There are also no thermal or
chemical mixing processes in the axial direction. Reactor di-
mensions (seeFig. 1) and other parameters were taken from
Xu and Froment[15,16]. Enthalpies and heat capacities were
taken from Jensen[18], and Daubert and Danner[19], respec-
tively. A reference system is calculated using the parameters
in Table 1.

The entropy production minimization was carried out with
the reference system as a bench mark. The overall heat trans-
fer coefficient and the viscosity of the reaction mixture were
kept constant.
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es for other properties such as reaction rates, and th
nd chemical driving forces along the reactor, follow fr

he optimal operating conditions and shall also be prese
e shall finally proceed to discuss the nature of the solu
We minimize the entropy production rate of a reactor

s well documented in the literature. All important parame
nd expressions of the reference system were taken fro
nd Froment[15,16]. One steam reformer tube, surroun
y a heat reservoir/furnace, is studied. The temperature
le of the furnace gases is the control variable. The temp
ure and the flow rates of all substances, except the iner
ate, are allowed to vary both at the inlet and at the ou
he total inlet molar flow rate and the production of hydro
re fixed, though. The pressure is fixed at the inlet but
t the outlet. The entropy produced by the steam refor
eactions, the pressure drop, and the heat transfer be
he furnace and the reaction mixture are included, while
ntropy produced by the furnace gas combustion proce
ot taken into account. A preliminary version of the work
een presented[17].

. The system

The most central chemical reactions, that take place o
i(Al 2O3) catalyst in the steam reformer are[15,16]:

H4 + H2O = CO+ 3H2 �rHI > 0 (I)

O+ H2O = CO2 + H2 �rHII < 0 (II)

H4 + 2H2O = CO2 + 4H2 �rHIII > 0 (III)
able 1
eference reactor parameters

arameter Symbol Value

nlet temperature of reaction
mixture

Tin 793.15 K

urnace gas temperature Ta (Wc/Wc,Tot) 170+ 990 K
verall heat transfer coefficient U 100 J/Km2s
eaction mixture viscosity µ 3.720× 10−5 kg/m s

nlet total pressure Pin 29× 105 Pa
atalyst density ρc 2355.2 kg/m3

atalyst void fraction ε 0.65
atalyst pellet diameter Dp 5 × 10−3 m
fficiency factor of reactioni ηi 0.03
otal catalyst weight Wc,Tot 74.32 kg
nlet methane molar flow rate FCH4,in 1.436 mol/s
nlet water molar flow rate FH2O,in 4.821 mol/s
nlet hydrogen molar flow rate FH2,in 1.751× 10−1 mol/s
nlet carbon monoxide molar flow

rate
FCO,in 2.778× 10−3 mol/s

nlet carbon dioxide molar flow
rate

FCO2,in 8.039× 10−2 mol/s

nlet nitrogen molar flow rate FN2,in 2.354× 10−1 mol/s
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3. Reactor modelling

Energy, momentum, and mole balances were written ac-
cording to standard texts,[20,21]. The balance equations in
differential form, the reaction rates, and the various thermo-
dynamic properties are given below.

The mole fraction of component k is expressed by its molar
flow rate divided by the total molar flow rate:

xk(Wc) = Fk(Wc)

FT (Wc)
(1)

wherexk andFk are the mole fraction and molar flow rate of
component k, andWc is the accumulated catalyst weight.FT
is the total molar flow rate. The accumulated weight is propor-
tional to the position in the reactor when the cross-sectional
area of the tube is constant, and the catalyst distribution is
homogeneous. We shall useWc as a measure of the distance
from the inlet of the tube, where

dWc = (1 − ε)ρcAcdz (2)

where symbols are defined below.

3.1. Conservation equations
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Mole balances for all chemical substances in the reaction
mixture, give for the control volume inFig. 1(see[21]):

dFCH4

dWc
= −rI − rIII (5)

dFH2O

dWc
= −rI − rII − 2rIII (6)

dFH2

dWc
= 3rI + rII + 4rIII (7)

dFCO

dWc
= rI − rII (8)

dFCO2

dWc
= rII + rIII (9)

dFN2

dWc
= 0 (10)

The balance equations have been formulated as functions
of the molar flow rates instead of conversions. This is done
for numerical reasons, and in order to ensure that the flow
rates are free at the inlet and the outlet. Only three of the
six mole balances are independent. The significance of these
details are addressed inSection 8.
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The energy balance of a control volume of infinitesi
hickness in the axial direction of the reactor tube, for a
odel (seeFig. 1), is

dT

dWc
= [1/ρc(1 − ε)][4/dti ]U(Ta − T ) −∑i ri�rHi∑

k FkCp,k
(3)

hereT andTa are the temperature of the reaction mixt
nd the furnace gases, respectively,U is the heat transfe
oefficient for heat transfer between the furnace gase
he reaction mixture,ρc andε are the catalyst density a
he void fraction,dti is the inner diameter of the reactor tu
ndCp,k is the heat capacity of component k. For reac
, �rHi andri are the enthalpy of reaction and the reac
ate, respectively.

The pressure drop or momentum balance in the re
as modelled by Ergun’s equation, see[20]. With a negligible
hange in the compressibility factor, Ergun’s equation is

dP

dWc
= −

(
150µ (1 − ε)

Dp
+ 1.75G

)

× 1

Dpε3Acρc
v0
FT

FT0

P0

P

T

T0
(4)

hereDp is the catalyst pellet diameter,G is the superficia
ass velocity,Ac is the cross-sectional area of the rea

ube,v0 is the entering superficial gas velocity, andFT0 and
T, P0 andP , andT0 andT are the total molar flow rate, th

otal pressure, and the temperature at the inlet and at po
c, respectively.
.2. Reaction rates

The reaction rates of reactions (I)–(III) were given by
nd Froment[15]

I = ηI
kI

P2.5
H2
DEN2

(
PCH4PH2O − P3

H2
PCO

KI

)
(11)

II = ηII
kII

PH2DEN
2

(
PCOPH2O − PH2PCO2

KII

)
(12)

III = ηIII
kIII

P3.5
H2
DEN2

(
PCH4P

2
H2O − P4

H2
PCO2

KIII

)
(13)

hereηi, ki, andKi are the efficiency factor, the rate co
tants, and the equilibrium constants of reactioni, respec
ively. The subscripti indicates reaction I, II, or III.Pk is the
artial pressure of component k, and

EN = 1 +KCOPCO +KH2PH2 +KCH4PCH4

+ KH2OPH2O

PH2

(14)

hereKk is the adsorption constant of component k. H
H2O is the dissociative adsorption constant of water.

.3. Thermodynamic forces

The thermodynamic driving forces are defined from
ntropy production rateσ in irreversible thermodynamic th
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ory [13,14]. This gives for the chemical reactions:

−�rGI

T
= −R ln

PCOP
3
H2

PCH4PH2OKI
(15)

−�rGII

T
= −R ln

PCO2PH2

PCOPH2OKII
(16)

−�rGIII

T
= −R ln

PCO2P
4
H2

PCH4P
2
H2OKIII

(17)

where�rGi is the reaction Gibbs energy (of reactioni), andR
is the universal gas constant. It has been customary to use the
affinity, Ai, for the chemical driving force[13], whereAi =
−�rGi. We have chosen instead to use the reaction Gibbs
energy, because this property is more common in the chemical
engineering community. These forces shall be referred to as
chemical forces.

The force for heat exchange, or the thermal force, between
the furnace gases and the reaction mixture is, when integrated
across the thickness of the wall:

�

(
1

T

)
= 1

T
− 1

Ta
(18)

The thermodynamic force on the flow, or the viscous flow
force, is:
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mass of catalyst:

dSirr

dt
=
∫ Wc,Tot

0
σ dWc

=
∫ Wc,Tot

0

[
rI

−�rGI

T
+ rII −�rGII

T
+ rIII −�rGIII

T

+ 1

(1 − ε)ρc

4

dti
U(Ta− T )�

(
1

T

)
−Acv

1

T

dP

dWc

]
dWc

(20)

whereWc,Tot is the total catalyst mass in the reactor, andv
is the superficial gas velocity. The three first terms in the
equation express the entropy produced by the three chemical
reactions; the next term is the entropy production rate due
to the heat transfer from the furnace gases to the reaction
mixture, and the last term is the entropy production rate due
to viscous flow.

The temperature of the reaction mixture, the pressure, the
flow rates of the substances and the temperature of the furnace
gases (the control variable) are functions of the accumulated
catalyst weight. The total entropy production rate depends on
these functions and is therefore a functional, see e.g. Trout-
m
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herez is the Cartesian coordinate of transport.

. The optimization problem

The optimization problem consists of minimising the
al entropy production rate of the chemical reactions, o
eat exchange process between the furnace gases and
ction mixture, and of the pressure drop, subject to ce
onstraints. The control variable is the temperature pr
f the furnace gases,Ta(Wc). The inlet composition and th

emperature of the reaction mixture at the inlet are allo
o vary. Other parameters like the inlet pressure, the re
eometry, and catalyst properties are fixed. At the outle

emperature, the pressure, and the composition are al
o vary, but the production of hydrogen is kept constant.
inimization problem has therefore only few degrees of f
om.

We formulate the optimization problem using the Eu
agrange method. The objective function and the
traints of the system are given in the two following sub
ions.

.1. The objective function

The total entropy production rate of the reactor is the
ral of the local entropy production rate,σ [13] over the tota
-

an[22]:

dSirr

dt
= dSirr

dt
(T (Wc), P(Wc), FCH4(Wc), . . . , Ta(Wc)) (21)

This is the objective function.

.2. The constraints

To have a meaningful optimization, we have to includ
east one constraint on the duty of the reactor (cf.Section 1).
n addition, the solution must fulfil the energy, moment
nd mole balances. We divide the constraints into two cla
he first class of constraints contains the conservation e

ions (all the equations inSection 3.1), while the secon
lass contains the rest. For the current case, we have
onstraints in the second class: The hydrogen produ
f the unit, the inlet pressure, the total molar flow rat

he inlet and the flow rate of nitrogen (inert). This clas
onstraints can be expanded or changed with practical
traints, like on the ratio of water to carbon in the inlet an
utlet reaction mixture. This is the topic of a future arti
owever.

The hydrogen production in the steam reformer is:

H2,out − FH2,in = F ref
H2,out − F ref

H2,in (22)

hereFH2,in andFH2,out are the hydrogen flow rate at t
nlet and outlet, respectively. Superscript ref means the v
or the reference system. The three other constraints i
econd class are:

T,in = F ref
T,in (23)
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FN2,in = F ref
N2,in (24)

Pin = P ref
in (25)

4.3. The Euler-Lagrange functional

The Euler-Lagrange functional corresponding to the ob-
jective function and the constraints described in the last two
sections is:

L =
∫ Wc,Tot

0

{
σ(T (Wc), P(Wc), FCH4(Wc), . . . , Ta(Wc)) + λq(Wc)

[
dT

dWc
− 1/ρc(1 − ε)4/dtiU(Ta − T ) −∑i ri�rHi∑

k FkCp,k

]

+ λp(Wc)

[
dP

dWc
+
(

150µ(1 − ε)
Dp

+ 1.75G

)
1

Dpε3Acρc
vin

FT

FT,in

Pin

P

T

Tin

]
+ λFCH4

(Wc)

[
dFCH4

dWc
− (−rI − rIII )

]

+ λFH20(Wc)

[
dFH20

dWc
− (−rI − rII − 2rIII )

]
+ λFH2

(Wc)

[
dFH2

dWc
− (3rI + rII + 4rIII )

]
+ λFCO(Wc)

[
dFCO

dWc
− (rI − rII )

]

+ λFCO2
(Wc)

[
dFCO2

dWc
− (rII + rIII )

]
+ λFN2

(Wc)

[
dFN2

dWc
− 0

]}
dWc + λH2[(F ref

H2,1 − F ref
H2,0) − (FH2,out − FH2,in)]

+ λFT,in [F ref
T,in − FT,in] + λFN2,in

[F ref
N2,in − FN2,in] + λPin [P ref

in − Pin] (26)

where λH2, λFT,in , λFN2,in
, and λPin are scalar Lagrange

multipliers related to the total production of hydrogen, the
t of
n unc-
t
λ r
f

nu-
m f the
p

5

lly,
w t
c -
c
1 re-
v
a

(

wherej is the control volume number. Subscriptm means
that the variable values used were the average of the values
at the neighbouring discretization points.

The differential balance equations for energy, momentum,
and moles,Eqs. (3)–(10), (the first class of constraints) were
discretized as follows:

Tj+1 − Tj

u

otal inlet molar flow rate, the inlet molar flow rate
itrogen, and the inlet pressure, respectively. The f

ions λq(Wc), λp(Wc), λFCH4
(Wc), λFH2O(Wc), λFH2

(Wc),
FCO(Wc), λFCO2

(Wc), andλFN2
(Wc) are Lagrange multiplie

unctions related to the conservation equations.
We shall proceed to solve the optimization problem

erically. The necessary changes to the formulation o
roblem are given in the next section.

. The optimization problem on discrete form

In order to solve the minimization problem numerica
e converted the objective function,Eq. (20), and the firs
lass of constraints,Eqs. (3)–(10), from continuous to dis
rete equations. The equations were discretized intoj =
, . . . , n− 1 control volumes. The functions used in the p
ious section, e.g.Ta(Wc) andFCH4(Wc), became vectorsTa
ndFCH4 with n elements.

The discretization of the total entropy production rate,Eq.
20), gave:

dSirr

dt
=
n−1∑
j=1

[
rI

−�rGI

T
+ rII −�rGII

T
+ rIII −�rGIII

T

+ 1

(1 − ε)ρc

4

dti
U(Ta− T )�

(
1

T

)
−Acv

1

T

dP

dWc

]
m

× (Wc,j+1 −Wc,j ) (27)
Wc,j+1 −Wc,j

=
[

1/ρc(1 − ε)4/dtiU(Ta − T ) −∑i ri�rHi∑
k FkCp,k

]
m

(28)

Pj+1 − Pj
Wc,j+1 −Wc,j

= −
[(

150µ(1 − ε)
Dp

+ 1.75G

)

× 1

Dpε3Acρc
vin

FT

FT,in

Pin

P

T

Tin

]
m

(29)

FCH4,j+1 − FCH4,j

Wc,j+1 −Wc,j = [−rI − rIII ]m (30)

FH2O,j+1 − FH2O,j

Wc,j+1 −Wc,j = [−rI − rII − 2rIII ]m (31)

FH2,j+1 − FH2,j

Wc,j+1 −Wc,j = [3rI + rII + 4rIII ]m (32)

FCO,j+1 − FCO,j

Wc,j+1 −Wc,j = [rI − rII ]m (33)

FCO2,j+1 − FCO2,j

Wc,j+1 −Wc,j = [rII + rIII ]m (34)

FN2,j+1 − FN2,j

Wc,j+1 −Wc,j = 0 (35)

The second class of constraints (Eqs. (22)–(25)) remained
nchanged by the discretization.
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From the equations given in this section, we see that there
are 8(n− 1) constraints in the first class. There are four
additional constraints in the second class. The total num-
ber of constraints in the numerical optimization is therefore
8(n− 1) + 4.

6. Calculations

The temperature, pressure, and molar flow rate profiles
of the reference system were found by numerical integration
of the energy, momentum, and mole balances,Eqs. (3)–(10),
over the accumulated catalyst weight. Reactor parameters
and inlet conditions for the reference system were taken from
Table 1. All results from the reference system calculations are
labelled ref. in subsequent figures. The results from the en-
tropy production minimization shall be compared with these.

The entropy production rate,Eq. (27), was then minimized
subject to the discretized constraints discussed earlier. As
variables in the optimization, we used all the variable vectors:
T, P, FCH4, . . ., FN2, andTa. The total number of variables
was therefore 9n. The minimization was performed numeri-
cally using the Matlab® 6.0.0 (R12) Optimisation Toolbox
functionfmincon[23]. The constraints on the inlet molar flow
rate of nitrogen and the inlet pressure were implemented us-
i
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Table 2
Total entropy production rate [J/K s] of the reference and minimized system

dSirr/dt ref. min.

Reaction 4.80 6.06
Viscous flow 3.34 3.81
Heat transfer 26.03 1.57
Total 34.18 11.45
Total�FH2 26.77 8.97
% Reduction – 66.5

the heat transfer from the furnace gases to the reaction mix-
ture, are shown for the reference and the minimized system
in Table 2.

Table 2shows that the entropy production is reduced by an
amazing 66.5% upon minimization. The reduction is only due
to a change in the heat transfer part in the objective function.
The other terms in the entropy production rate have in fact
increased. The total pressure dropped almost linearly from
29 bar at the inlet to about 27 bar at the outlet (not shown)
in both cases. In the minimized case the outlet pressure was
slightly lower than in the reference case.

The results from the reference system calculations (ref.)
and the system with minimization of the total entropy produc-
tion rate (min.) are presented as functions of the accumulated
catalyst weight,Wc, and shown inFigs. 2–7. All figures give
details of the path of operation in the optimum state versus the
reference state. The local entropy production rate is plotted in
Fig. 2. The areas under the curves give the total entropy pro-
duction rates inTable 2. The reaction mixture and furnace
gas temperatures in the reference (ref.) and the minimized
(min.) system are shown inFig. 3.

We see that the inlet values of both temperatures in the
reference system are raised significantly in the reactor with
minimum entropy production rate. It is surprising to see that
the shape of the area enclosed by the two temperature profiles
f al

F lated
c .
ng the upper and lower boundary functionality infmincon.
he profiles of the reference system were used as st
oint in the optimization.

We used a non-uniform grid of discretization points al
he reactor in the numerical optimization. As the hydro
ow rate of the optimal solution inFig. 4shows, the majorit
f the points was put close to the inlet and the outlet. This
one after initial calculations with uniform grids had sho

hat the profiles of the optimal solution change most rap
lose to both ends of the reactor.

The optimal solution that we present in the next sec
as found using a grid of 60 (n = 60) discretization point
he necessary number of discretization points was foun

ncreasingn until the calculated minimum total entropy p
uction rate reached a stationary value, see Nummeda

11]. The entropy production rates of the reference sy
nd of the optimal solution were calculated using the tr
oidal rule with a grid of 2000 discretization points. The
ended variable vectors that were needed to do the num
ntegration were found by spline interpolation.

To check for consistency and errors in the optimiza
ethod, we tested it on previous results[11]. The method w
resent here, reproduced those results using a coarser
iscretization points.

. Results

All results are given for a hydrogen production of�FH2 =
.277 mol/s in the reactors. The contributions to the ent
roduction from the chemical reactions, the viscous flow,
f

or the optimized system inFig. 3is almost anti-symmetric

ig. 2. The local entropy production rate as a function of the accumu
atalyst weight in the reference (ref.) and the minimized (min.) system
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Fig. 3. The temperatures of the reaction mixture and furnace gases as functions of the accumulated catalyst weight in the reference (ref.) and the minimized
(min.) system.

Fig. 4. The molar flow rates as functions of the accumulated catalyst weight in the reference (ref.) and the minimized (min.) system.

across a vertical axis. The inner and outer temperatures be-
come the same at the boundaries.

The molar flow rates of the reference system (ref.) and
the minimized system (min.) are plotted inFig. 4. The molar

Fig. 5. The reaction rates, as functions of the accumulated catalyst weight, of reaction I and II in the reference (ref.) and the minimized (min.) system.

flow rate of nitrogen,FN2, was left out since it is constant
(0.235 mol/s in both systems).

Fig. 4 shows that hydrogen is produced in very different
ways in the two reactors, even if the amount is the same.
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Fig. 6. The chemical force, as a function of the accumulated catalyst weight, for reaction I and II in the reference (ref.) and the minimized (min.) system.

The amount (�FH2 = 1.277 mol/s) can be read from the fig-
ure as the difference between the outlet and the inlet flows.
Compared to the reference reactor, the hydrogen flow into the
reactor is more than ten times larger in the optimized system.
The values of the input and output variables of the minimum
solution are compared to the corresponding variables of the
reference case in Table3. Half of the hydrogen production
comes from methane and the other half from water in both
reactors. The main change is that the inlet molar flow rate of
methane decreased from 1.436 to 1.101 by the minimization;
but it decreased less than the inlet molar flow rate of water. On
the other hand, the inlet molar flow rates of carbon monoxide
as well as carbon dioxide increased.

The reaction rates of reactions (I) and (II) in the reference
(ref.) and the minimized (min.) system are presented inFig. 5.
The reaction rate profiles of the first and third (not shown)
reaction show similar behaviour. They sink sharply from a
high value at the inlet to a small, almost zero value. The shift

ight,

Table 3
Productions and molar flow rates [in mol/s] of the reference and the mini-
mized system

Variable ref. min.

�FCH4 −0.332 −0.333
�FH2O −0.613 −0.610
�FCO 0.050 0.056
�FCO2 0.281 0.277
FCH4,in 1.436 1.101
FH2O,in 4.821 2.534
FH2,in 0.175 2.098
FCO,in 0.003 0.675
FCO2,in 0.080 0.107
FN2,in 0.235 0.235

reaction increases slightly at the inlet before it returns to a
low value.

The nature of the optimal paths is most interestingly char-
acterised by the driving forces.Fig. 6displays the chemical
force distribution for the first two reactions in both systems.
We see, as inFig. 5, that the chemical production is shifted
toward the reactor inlet by the optimization. The chemical
forces are very close to zero after the first 5% of the total
tube length of the minimized system. In the reference system,
the driving forces are also high at the reactor inlet, but they
decrease more slowly, and without becoming zero. InFig. 7,
the thermal forces in both systems are plotted as functions
of the accumulated catalyst weight. This figure shows most
clearly the difference between the two systems. The thermal
force of the minimized system is constant through the reactor
except at the outlet and inlet. The value of the thermal force
in the minimized system is about one sixth of what it is in the
reference system.

8. Discussion

We have presented a numerical method that can be used
to minimize the total entropy production rate of a chemical
Fig. 7. The thermal force, as a function of the accumulated catalyst we
in the reference (ref.) and the minimized (min.) system.
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reactor withi reactions, pressure drop and external heating
or cooling. The formulation is somewhat more general than
what we have used before[11,17], and was tested for accuracy
against these earlier results.

The method was applied to the tubular steam reformer.
This important reactor is endothermic and has more than one
chemical reaction. We discuss the reactor results first, before
we give more comments on the method.

8.1. The optimal path of operation

Table 2andFig. 2 give the main results of the investiga-
tion. It was possible to reduce the entropy production rate of a
steam reformer tube by more than 60% compared with a typi-
cal reference system.Fig. 2shows that the entropy production
dropped rapidly from a high value at the inlet of the reactor,
to a small and rather constant value. The inlet temperatures
of the optimal solution put the value of about 65% saving into
a negative perspective, however. A realisation of the optimal
solution in practise, means that preheating is necessary of the
gases that enter the reactor. This, of course means that more
energy must be spent upstream of the reactor system. The
number obtained, 66.5%, must therefore not be taken liter-
ally: In a final solution it must be traded off with the extra
exergy costs from preheating. The entropy produced by the
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The complete shape of the optimal temperature profiles is
also interesting: There seems to be a kind of anti-symmetry
across the vertical axis. The outer and inner temperatures are
equal at both ends because the inner temperature is free to
vary at both end points. This property of the solution was
explained by Johannessen and Kjelstrup[12]. They formu-
lated the optimization problem using optimal control theory.
Equal temperatures at both ends is the direct consequence
of the “natural boundary conditions”. This type of boundary
conditions is well known in optimal control theory and vari-
ational calculus, and they apply whenever a (state) variable
can vary freely at an end point.

The optimal system has a higher value of the inlet flow
rate of hydrogen, than the reference system has (seeFig. 4).
The difference between the outlet and inlet values ofFH2

are of course the same in both cases. The difference is by
definition the constraint on the optimization, the hydrogen
production. The increased inlet molar flow rate of hydrogen
gave a lower reaction rate at the inlet compared to a case
where only the inlet temperature is increased. By increasing
both the inlet temperature as well as the inlet molar flow
rate of hydrogen, the optimizer acquired more heat for the
reactions, without getting a skyrocketing entropy production
rate from the chemical reactions.

The result presented here is a result of an optimization
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urnace flames must also be included in the optimization
24]. The fact that there is a high potential for savings in
ntropy production in the reformer, gives, however, hop
n overall saving.

The reduction in the entropy production rate came
rom the heat transfer part of the objective function. The
ributions from the reaction and the viscous flow increa
ather than decreased, in the optimization. There is clea
rade-off situation between the contributions that this me
s able to weigh. The result of the trade-off is that the ch
cal reaction is shifted to the start of the reactor, while, a
rom each end of the reactor, the reactor operates as a
xchanger, mainly.

Figs. 5 and 6show that the chemical reactions gave t
ontributions to the entropy production rate in the start o
eactor. The optimal chemical driving force was very sm
n most of the reactor, seeFig. 6.

The most interesting finding is that the optimal ther
orce was finite and constant in a large part of the reacto
ig. 7. The Hamiltonian of this type of optimal control pro

em is constant[12]. When and how this condition reduc
o the theorem of equipartition of entropy production[25],
r equipartition of driving forces[26,27]is not yet clear. Bu

he fact remains that the optimal system develops into a
ith a constant thermal force after inlet and outlet bou
ry conditions are met with. In the absence of constrain

he heat transfer, also the chemical force becomes con
n a similar optimization[28]. It is interesting to specula
n the optimal dissipative structure of process units on
ackground: Should we seek for designs that have con

orces?
t

,

f three simultaneous processes. The entropy is produc
hemical reactions, by viscous flow and by heat excha
nd the optimizer makes a trade-off between the three
omena. Here, it pays off to increase the entropy produ
ate of the chemical reactions and the viscous flow a l
ince the reduction by the heat exchange process can th
o large. The fact that the reaction rates go to zero so
uggests that the set production can be maintained also
shorter reactor. The entropy production from the rea
ay decrease somewhat, and the contribution from pre
rop will decrease. This may save reactor material. A sim
bservation was made earlier[11]. It may be interesting t
ee how a varying reactor length affects the calculation

In their modelling of adiabatic reactors for the partial
dation of methane to synthesis gas,[29] obtained simila
ooking profiles for the molar flows to the ones presente
ig. 4. Their work did not concern any optimization. It
owever, interesting to note the similarity between the
erature profile of our optimal system and the tempera
rofile of the adiabatic reactor model—which has no the
ontribution to the entropy production rate.

The ammonia reactor[11] and the sulphur dioxide ox
ation reactor[12] have been studied earlier. The ammo
eaction is exothermic, and a comparison with our cur
ndothermic reaction system is of interest. A shape of
erature profiles, that was anti-symmetric about the ve
xis, was also observed for the exothermic ammonia

or [9–11]. Also in the ammonia reactor, there were regi
f constant driving forces. The fact that the two soluti
re similar, can be taken as a support for both results b
orrect.



438 L. Nummedal / Chemical Engineering and Processing 44 (2005) 429–440

8.2. A valid theory

According to Ross and Mazur[30] the entropy produc-
tion rate of a chemical reaction is the product of its rate and
its driving force, even if the rate is no linear function of the
driving force. The theory is thus not limited to cases close
to chemical equilibrium or close to global thermodynamic
equilibrium. It has been a misunderstanding in the literature
that the theory of irreversible thermodynamics applies only
close to global equilibrium, see e.g. Elliott et al.[31] for a
recent example. The only assumption that need be fulfilled,
to use the theory, is that of local equilibrium in a volume
element, meaning that we are allowed to write thermody-
namic equations for that element. The theoretical method
has therefore no restriction in its applications to the present
case.

The local values of the forces and fluxes are therefore
reliable, and can be used to understand the optimal behaviour
of the process unit.

8.3. The optimization method

The Euler-Lagrange method, as formulated in the present
work, can be used to find the path of minimum entropy pro-
duction rate in a chemical reactor. The method allows us to
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The work done so far on entropy production mini-
mization has focused on optimization of process units
[9,12,17,25,28,32]. In a process optimization, there will in
general be more constraints than we have used here. Con-
straints stem from other parts of the process. Upstream or
downstream process requirements may be included among
the second class of constraints (seeSection 4.2). Efforts are
now being made to put two or more process units together and
to optimize that system as a whole. By introducing more con-
straints, we expect that the regions of constant forces become
smaller, and the nature of the dissipating structure becomes
less transparent.

9. Conclusions

We have presented a numerical method for the minimiza-
tion of the total entropy production rate of a reactor system
with several chemical reactions. The method was verified
with data from the literature, and was shown to work for
a reactor with several chemical reactions, viscous flow, and
the heating/cooling process of the reaction mixture. Results
were given for the tubular steam reformer, where the furnace
temperature profile was the only control variable. The inlet
composition and the inlet temperature of the reaction mixture
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The numerical calculations were rather difficult. Pre
usly reported procedures[11,27]broke down, when applie

o the current reactor, as negative mole fractions were
rated. A stable, reproducible solution to the optimiza
roblem was found here by rewriting the mole balances
aking these functions of the molar flow rates. The m

ow rates replaced the conversions as concentration
bles. The re-formulation of the mole balances remove

imitation in the procedures presented earlier[11,27]. The
urrent formulation of the mole balances allows all m
ow rates to vary freely at the reactor inlet. The inert i
olar flow rate must be fixed or given upper/lower bound

alues, however.
A test on the program was made, by letting the inlet m

ow rates of inerts vary freely. The result was a zero flow
n the endothermic reactor, and a high inert flow rate in
xothermic reactor. These results are expected. Inerts a
eat, and can be used in an exothermic reactor to re
eaction heat very effectively. It is thus not surprising tha
ptimal situation has a high inert flow rate, since this

ower the external cooling requirement, and thus lower
ntropy production rate by the heat transfer in the coo
rocess. In an endothermic reactor, a heat absorbing

s not favourable, since the supplied heat preferably sh
eat the substances that take an active part in the rea
he optimal situation consequently has a zero flow ra

nert.
.

ere allowed to vary. The data suggests that a shorter re
ay perform equally well. Relative to a typical reference

em, the total entropy production rate was smaller by a
5%. In practice, one cannot expect to reduce the lost
y this large amount, because the solution implies losse
ociated with (i) preheating of the reacting fluid mixture,
ii) increase of the hydrogen flow input rate (and other
mportant things).

The optimal solution showed interesting character
eatures. The optimal thermal force was constant in l
arts of the reactor, away from the boundaries. A furthe
erstanding of the origin of this behaviour may have im
n energy efficient engineering design.
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ppendix A. Nomenclature

c cross-sectional area of the reactor tube (m2)
p,k heat capacity at constant pressure of substan

(J/K mol)
Cp,i

∑
productsνkCp,k −∑reactantsνkCp,k of reaction

i (J/K mol)
p catalyst pellet diameter (m)

ti inner tube diameter of the reactor (m)
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Fk molar flow rate of component k (mol/s)
Fk,in entering molar flow rate of component k (mol/s)
FT total molar flow rate (mol/s)
FT,in total entering molar flow rate (mol/s)
�FH2 hydrogen production (mol/s)
G superficial mass velocity (kg/m2 s)
�rGi change in Gibbs energy of reactioni (J/mol)
�rHi enthalpy of reactioni (J/mol)
i reaction index
j control volume index
Ki equilibrium constant of reactioni
Kk adsorption constants of component k
k component index
ki rate constant of reactioni
L Euler-Lagrange functional
n number of steps in the optimization
P total pressure (Pa)
Pin total pressure at the inlet (Pa)
Pout total pressure at the outlet (Pa)
Pk partial pressure of component k (Pa)
R universal gas constant (J/K mol)
ri reaction rate of reactioni (mol/m3s)
rH rate of formation of hydrogen (mol/kg cat. s)
dSirr/dt total entropy production rate (J/Ks)
T temperature of the reaction mixture (K)
T

T

T

�

U

v

v

W

W

z

G
ε

η

λ

µ

ν

ρ

σ

R
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in entering reaction mixture temperature (K)
out exiting reaction mixture temperature (K)
a coolant temperature (K)
(1/T ) integrated thermal force (1/K)

overall heat transfer coefficient (J/K m2s)
superficial gas velocity (m/s)

in entering superficial gas velocity (m/s)
c accumulated catalyst weight (kg)
c,Tot total catalyst weight (kg)

axial position in the reactor (m)

reek symbols
catalyst void fraction

i efficiency factor of reactioni
Lagrange multiplier
gas mixture viscosity (kg/ms)

k stoichiometric coefficient
c catalyst density (kg/m3)

local entropy production rate (J/K m3s)
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